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ATRCRAFT ENGINEERING MANUAL

VOLUME 1 (DESIGN)

ERRATA - SECTION V (Stress)

The following errors have been noted in the Stress
Manual and should be corrected pending re-issue of the
relevant pages.
(1) Sub-Sect. 2.2.2, Table 2.2.2-3, Row 14, column "Reference":
Figure 2.2.2-3 should read 2.2.2-6
Rows 35, 36, 37,column "Reference”:
Sec. 6.1 should be deleted .
Figure 2.2.2-13 - Indexing of ofdinates Rg:
For 1,1 read 1.2; for 1.2 read 1.4,
(2) Sub-Sect. 4.2,1. At D =11/ in., t = .049 in., column Cx:
Value .1250 should read .4250,
(3) Sub-Sect. 6.5.7, Fig. 6.5.7=-1. Curves "B" and "D" are

incorrect and should not be used.

This page should be inserted at the front of your copy of
the Stress Section.

C?f%ﬁy

C.L. Moon,
Standards Supervisor.
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Tension Field Beams

2.2.2.7 General

Beam: Aaalysis

The following secticns present a method of
analysis for partial tension field beams with parallel
flanges and perpendicular uprights. Information,
largely in the form of graphs, is provided for the
analysis of beams constructed of 24S-T and 75S8-T
alloys.

Beam Design

For convenience, a table (Table 2.2.2-2) giving
properties of standard extruded angles used as single
uprights is included. A table of design information
(Table 2.2.2-1) is presented which should enable the
designer to select approximate web gauge, upright
size, rivet sizes, etc. For a given shear flow, the
necessary web gauge is listed, along with a large and
small upright spacing, thus allowing the designer to
determine the effect of this spacing on the remaining
design variables. The information in this table applies
only when the beam flanges are very stiff; nevertheless
it should be useful as a first approximation for tension
field beam design.

Effective Beam Depth

It is considered sufficiently accurate to take the
distance between flange centroids, h, as a common
dimension for the effective depth of the beam, depth
of the web, and length of the upright.

Limitations
The curves given herein are believed to give
reascnable assurance of conservative strength predic-

tdons provided that normal design practices and
proportions are used. The most important points are:

(i) The upright should not be too thin, keep
t
u

— > 0.6
t

(ii) The upright spacing should be in the range
0.2< g <10

A Y
(iii) The method of analysis presented here is
applicable only to beams with webs in the

range 115 < il < 1500.

References

1. “"Strength Analysis of Stiffened Beam Webs”’,
by Paul Kuhn and James P. Peterson, NACA,
T.N. 1364, TJuly 1947.

PLANE TEUNSION FIELD BEAMS

2, “Ulumate Stresses Developed 'by 24S-T and
Alciad 75S8-T Aluminum-Alloy Sheet in Incom-
plete Diagoual Tension”, by L. Ross Levin,
NACA, T.N. 1756, November 1948.

3. “‘Strength Analysis of Stiffened Thick Beam
Webs’’, by L. Ross Levin and Charles W.
Sandlin, Jr. NACA, T.N. 1820, March 1949.

4. A summary of Diagonal Tension Part I by
Kuhn, Peterson, and Levin, NACA T.N. 2661.

5. Strength of Aircraft Elements ANC-5, June

1951.
Symbols
Af Average area of tension and compression
flanges, in.2
Au Actual area of upright, in.2
Au Effective area of upright, iu.2
e
Cl’ C2, C3 Stress concentration factors
C Rivet factor = E=D
r P
D Rivet diameter, in.
E Modulus of elasticity, p.s.i.
. Column yield stress, p.s.i.
Allowable column stress, p.s.i.
col
F Ultimate allowable compressive stress for
max P :
natural crippling, p.s.i.
Fo Ultimate allowable compressive stress for
forced crippling, p.s.i.
F Ultimate allowable ‘web shear stress, p.s.i.
Fs Critical shear stress for initial buckling of
cr  web, p.s.i.
If Average moment of inertia of beam flanges,

4

in.

M,  Secondary bending moment in the flange, in.
1b. ) i

P Applied shear load, Ib..

VRO EA 2447
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Analysis of Web VOL. 1
Pu Upright end load, Ib.

d Spacing of uprights, in.

e Distance from upright centroid to web, in.

Compressive stress at centroid of upright,

cent :
p.S.i.
ff Compressive stress in flange due to horizontal
; component of diagonal tension, p.s.i.
fs Shear stress in web, p.s.i.
f Average lengthwise compressive stress in up-
5 right, p.s.i.
f Maximum compressive stress in upright, p.s.i.
Ymax
h Effective depth of beam, centroid of compres-
sion flange to centroid of tension flange, in.
k Diagonal tension factor
p Rivet pitch, in.
q Beam shear flow, 1b/in.
t Thickness of web, in.
t Thickness of upright, in.
a Angle of diagonal tension, degrees
p Radius of gyration of upright with respect to

its centroidal axis parallel to web, in. (No
portion of web to be included.)

2.2.2.2 Analysis of Web

Web Shear Stress

The web shear flow can be closely approximated

by, q=£

From this it follows that the web shear stress is,

fi =9

it .
Diagonal Tension Factor

The diagonal tensioen field factor, k, can be found
from Figure 2.2.2-4 as a function of the web shear

August 18, 1953

stress, f_, and the ratios d/t and d/h. This factor

specifies the portion of the total shear that is carried
by the diagonal tension action'of the web. The curves
contain a practical approximation for values in the
plastic range and the simplifying assumption is made
that the shear panel has simply supported edges. The
more exact method which attempts to account for vary-
ing degrees of edge restraint, as employed for shear
resistant webs, is considered an unnecessary refine-
ment in the case of tension field webs because the
effect of a more exact value of k is small. Moreover,
the effect of edge restraint is considered in the allow-
able web shear stresses where the difference is
appreciable.

It is. recommended that the diagonal tension
factor at ultimate load be limited to a maximum value,
k = .75 — 2.6t
max

in order to.avoid excessive wrinkling and permanent
set at limit load ‘and thereby inviting fatigue failure.

Allowable Web Shear Stresses

The allowable web shear stress, Fs’ can be

obtained from Figure 2.2.2-11 for. 75S-T Alclad sheet
or Figure 2.2.2-12 for 24S-T Alclad sheet. These
values are based on tests of long webs subjected to
loads approximating pure shear, and contain an allow-
ance for the rivet factor, Cr' This factor is included

because tests have shown that the ultimate allowable
shear stress based on the gross section is almost
constant in the normal range of the rivet factor.
(Cr > 0.6). The values for Fs are given as a function

of the stress concentration factor, C2, which can be

found from Figure 2.2.2—6 as a function of wd. Un-
fortunately the higher values of C, are largely theo-

retical since very few tests, if any, were made with
beams having extremely flexible flanges: On the
basis of a few scattered tests, the indications are
that the values of CZ become increasingly conservative

forthe higher values ofthe flange flexibility parameter.
However, until more test data is available, the present
values remain the closest conservative approximation.

The NACA also gives an additional stress con-
centration factor, Cl’ due to the diagonal tension

angle differing from the 45° angle associated with- the
state of pure diagonal tension.. However, this corre¢-
tion is always small and is, felt to _be unwarranted in

view of the conservatism employed throughout the
analysis. '

<
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2.2.2.3 Analysis of Uprights
Effective Area of Upright

The total cross sectional area of the upright for
double or single uprights is given as Au’ and no part

of the web is to be included in any case. However, if
the wpright is attached to a rib or bulkhead an effec-
Sve width of the bulkhead web may be included. In
order to make the design charts apply to both single

2ad double uprights the following effective upright
areas, Au , are to be used in the analysis.

e .
(1) For double upright symmetrical with respect
to web,
A = A
u u
e

(ii) For single uprights,
A
e u

= 1+ (e/p)2

e

See Table 2.2.2-2 for properties of standard extruded ;

aagles commonly used as uprights.

Desiga Criteria

The uprights or web stiffeners must have suffi-
ciest moment of inertia to prevent buckling of the web
pasel as a whole before formation of the tension field,
2 o prevent column failure under the loads imposed
"= the wpright by the tension field. Furthermore, the
wpeighat must be thick enough to prevent forced crip-
pling failure caused by the waves of the buckled web.
The latter mode of failure is almost always the most
critical. From the values given in Table 2.2.2-1 a

good first approximation for A, seems to be in the

Tamge A equals 0.6 dt w 0.8 dt.

Momear of Inertia

The required moment of inertia of the wupright
sSour its own neutral axis parallel to the web is ob-

ssimed from Figure 2.2.2-7 and is a function of ht> and
®e ratio d/b. Essentially, the curve is derived by
=guatisg the critical buckling stress of the sheet
Serween stiffeners to the general instability stress of
e suiffened web as a whole. As the stiffener spacing
decreases, the required moment of inertia increases

#5 & comsequence ofthe higher critical buckling stress,

of e sheer.

Stresses

The lengthwise average stress in the upright at
the faying surface of the leg attached to the web, fu’

is obtained from Figure 2.2.2-5 as a function of

A :
u

k, £ , and fs as

de

£ = £ (£, / £}

The upright stress varies from a maximum at the
neutral axis of the beam to a minimum at the ends of

the upright due to the gusset effect. The maximum

stress, f » is obtained from Figure 2.2.2-5 as a
max

function of k, d/h, and fu as,

f = f (f
u uu
max

/)

max

" Allowables

The maximum upright stress, fu , should be
max ;
checked against an aliowable forced crippling stress,

Fo’ which is obtained from Figure 2.2.2-10. In the

case of double uprights only, fu should also be
max
checked against an allowable natural crippling stress,

F o ax as calculated from the information given in

Section .3.1.1 of this Manual.

The stress fu should be no greater than the column

yield stress, Fco
Ve

¢ = fu 7‘: should

be checked against an allowable column stress, F

The centroidal upright stress, fceu
A col’
which is obtained from Figure 2.2.2-10 for the slender-
ness ratio, h'/p.

For simplicity, h' may be taken as h, since this effect
is rarely critical. However if necessary, an effective
column length h', may be used where,

h' = h

Viek2 (3 - ii)

«eese..for double uprights

h! = % ....................... «eee.for single uprights

) EA Zaan
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The theoretical ““column’ types of failure are greatly
at variance with test results but strength checks
given are the best available to date.

2.2.2.4 Analysis of Rivets

Rivets: Web-to-Flange

The shear load per inch acting on the web-to-
flange rivets is given in Figure 2.2.2-8. It should be
pointed out that the rivet factor, Cr’ should be not

less than 0.6 in order to justify the allowable web
stresses used and to avoid undue stress concentration.

Rivets: Web-to-Upright

The tensile load per inch acting on the web-to-
upright is given in Figure 2.2.2-9. The tensile loads
on the rivets are exerted by the prying action of the
buckled web. The criteria used is a variation of that
suggested by the NACA because the degree of diag-
onal tension is accounted for which is considered to
be a more reasonable and realistic approximation.
However, these loads should be considered only
tentative because of the meager test data available
at this time, but nevertheless, they do reflect time
tested practice.

The tensile load criteria is believed to insure a
satisfactory design as far as shear strength is con-
cerned. The NACA has suggested a lesser tensile
load criteria for double uprights but added a formula
to check the total rivet strength in shear. This latter
formula does not account for the restraining action of
the web among other things and consequently is not
recommended. )

Rivets: Upright- to- Flange

The shear load on the upright to flange rivets is
given by the formula,

P = (£) (A, )
e

(Note: Aue = Au for double uprights)

This formula ignores the gusset effect in order to be
conservative and also neglects certain other forces,
the net effect of which makes the above formula a
close approximation.

2.2.2.5 Analysis of Flange

The total stress in the flanges is the result of the
superposition of three individual stresses; the primary
beam stress, the compressive stress caused by the
horizontal component of the diagonal tension in the
web, and the secondary bending stress, caused by the
distributed vertical component of the diagonal tension.

Compressive stresses due to the horizontal component
of diagonal tension
ff kqh

28 +.5(1 - k) th

Secondary bending moment due to the distributed
vertical component of diagonal tension:

M = ¢

sb c

1
ﬁkfstd 3

where C3 is given in Figure 2.2.2-6 (Compression is

on the innermost fiber of the flange). Msb is the maxi-

mum moment in the bay and exists at the ends of the
bay over the uprights. If C3 and k are near unity, the

moment in the middle of the bay is half as large as
that given and of opposite sign. Shear beam flanges
are often attached to upper and lower surfaces etc.
The effects of these webs must be computed in the
same manner and superimposed upon those from the
main shear web.

2.2.2.6 Combined Loading

Interaction Curves

This section may be used to solve plane rec-
tangular panels and cylinders subjected to shear and

.normal stress or shear and transverse stress. Refer-

ence N.A.C.A. T.N. 1223.

The combination of shear and axial or transverse
stress that causes plane panels to buckle may be ob-
tained from Figures 2.2.2-13 and 2.2.2-14. When axial
or transverse stress are known to exist in a plane
shear web, it is necessary to alter the beam analysis
in a manner similar to the solution of combined load-
ings shown in Section 2.2.5-1.
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TABLE 2.2.2.-2

PROPERTIES OF STANDARD EXTRUDED UPRIGHTS
Reference: AN Standards, Volume 2

- AND 10134
ANGLE -~ UNEQUAL LEG, EXTRUDED
Dash A B t Au Pyy Iyy A“e
No.

= t 0501 ..625 .500 | .050 | ..0535| .193 | .0020{.0276

0601 750 500 | .063 | .0739]| .235 | .0041[.0357

.y 0602 625 | .063 | .0818| .232 | .0044[.0427

J o 0701 625 | .063 | .0922| .274 | .0069].0470

¥ ~ - 0702 .875 750 | .063 | .100 | .270 | .0073[.0539

. % 0703 125 | .184 | .258 | .0123[.0872

P e e ——— —= 1001 625 | .063 | .100 | .316 | .0100[.0494

B e 1002 125 | .184 | .304 | .0170].0807

- 1003 1.000 750 | .063 | .108 | .313 | .0106[.0565

; 1004 125 | .200 | .302 | .0182[.0037

A 1005 875 | .063 | .116 | .310 | .0111[.0637

P s L 1006 094 | .167 | .305 | .0155].0872

1201 063 | .124 | .400 | .0197[.0616

1202 750 [ .094 | .179 | .393 | .0276/.0845
1203 1.250 125 | .231 | .387 | .0346].104

1204 063 | .139 | .394 | .0217[.0756
1205 1.000 [ .094 | .202 | .389 | .0306].105
pEARN UAEDS 1206 125 | .262 | .382 | .0383[.130

1401 750 | .094 | .204 | .476 | .0463[.0927
AR = BOUAL TRE. EUIRULED 1402 125 | .264 | .465 | .0584].114
1403 004 | .298 | .474 | .0512[.114
D;:l.’ s i A Pyy Tyy A“e 1404 1.500 1.000 | .125 | .295 | .468 | .0647[.142
1405 156 | .361 | .463 | .0772|.169
0401 500 | .063 .0582 .147 .0013 | .0297 1406 094 | .251 | .468 | .0550[.135
0501 063 0749 186 -0026 | .0400 1307 1.250 [ .125 | .327 | .462 | .0698(.170
0502 .625 | .078 .0908 185 0031 | .0467 1308 156 | .400 | .457 | .0834[.201
0503 094 1068 181 0035 | .0525 1601 1.000 | .125 | .327 | .553_ | .0998[.153
0601 063 0908 227 .0047 | .0498 1602 | 1.750 1.250 | .125 | .358 | .549 | .1078].180
0602 750 | .094 130 330 0063 | .0665 1603 1.500 | .125 | .389 | .542 | .1144[.208
0603 125 167 216 .0078 | .0802 1603 156 | .478 | .537 | .1377].248
0701 063 107 265 0075 | .0597 2001 1.000 | .125 | .358 | .637 | .1453].162
0702 875 [ .094 154 262 0106 | .0810 2002 156 | .430 | .631 | .1745[.193

0703 125 198 | .256 0129 | .0990 2003 125 | .392 | .643 | .1576].195 |
1001 063 128 302 0118 | .0735 2004 1.250° [ .156 | .480 | .629 | .1893[.220
1002 | 1.000 | .094 183 296 0160 | .0080 2005 188 | .568 | .622 | .2197].263
1003 125 235 293 10202 | .121 2006 | 2.000 125 | .423 | 620 | .1675].221
1201 063 159 383 0234 | .0932 2007 1.500 [ .156 | .519 | .623 | .2016].263
1202 | 1.250 | .09 230 379 0330 | .129 2008 188 | 615 | .618 | .2346]|.304
1203 125 208 373 0414 | .160 2000 125 | .454 | .623 | .1760[.2490
1204 188 427 362 0561 | .210 2010 1.750 [ .156 | .558 | .617 | .2125].298
1401 063 101 364 0411 | .113 2011 188 | .662 | .611 | .2472|.344
1402 | 1.500 | .094 277 460 0585 | .158 2401 T.250 | .156 | .558 | .796 | .3540].252
1403 | 125 360 454 0741 | .199 2402 188 | .662 | .790 | .4137[.292
1304 188 521 343 1021 | .268 2403 1.500 | .156 | .507 | .795 | .3773|.288
1601 004 330 536 0047 | .192 9404 188 | .700 | .789 | .4416].334
1602 | 1.750 [ .125 429 532 1214 | .242 2405 | 2.500 T.750 | .156 | .636 | .791 | .3978|.324
1603 188 621 521 1683 | .320 2406 188 | .756 | .785 | .4660].376
2001 094 377 617 1436 | .222 2407 2.000 | .156 | .681 | .783 | .4174|.363
2002 | 2.000 [ .125 491 612 1838 | .281 2408 188 | .800 | .777 | .4889].421
2003 188 715 601 2582 | .388 2409 2.250 | .156 | .720 | .776 | .4333/.398
5004 250 921 501 3222 | .475 2410 : A88 | .856 | .770 | .5077].462
7401 125 616 774 3680 | .350 3001 "1.500 | .188 | .800 | .056 | .7387.367
2402 | 2.500 | .188 903 762 5248 | .504 3002 250 | 1.050 | .943 | .0323.458
2403 250 |1.17 751 6628 | .628 3003 | 3.000 2.000 | .188 | .003 | .950 | .8159].451
3001 188 [1.09 924 9306 | .621 3004 250 | 1.17 | .038 |1.034 |.564

3002 | 3.000 | .250 [1.42 912 [ 1.1834 | .783
3003 | 313 |1.75 000 |1.4200 | .932
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Sample Calculations

TABLE 2.2.2.-3
SAMPLE CALCULATIONS FOR BEAM WITH SINGLE UPRIGHT l—'d—"{

. Sl * a4 & 3 T + 4 3+
Given: g = 1300 lb./in., h = 10", d = 8" N K H
- - + +
Boae figi;es? pai e 755—T6 Extruded Angle h ;| vPRiGHT [0 ;:7 i
Upright — 1.00 x 1.00 x 125 755—~T6 Extruded Angle '*/ +
Rivets — web to flange, DD6 at .7 O.C. e & T it
— web to upright, ADS5 at .8 O.C. =
— flange to upright, 2 — DD6 FLANGE
EQUATION REFERENCE VALUE ROW
Shear Flow q 1300 1
Web Thickness t 051 2
Beam Depth h . 10 3
Upright Spacing d 8 4
Upright Thickness tu 125 5
Upright Area Ay .235 6
Upright Radius of Gyration P .203 7
Upright Moment of Inertia Iy .0202 8
Upright Effective Area A“e 221 g
lange Moment of Inertia I . .0561 1035
Web Shear Stress {s [©) @ 25,500 11
P d/t @ 7 @ 157 12
A R d/h @ 7/ @ .80 13
A od " Figure 2.7.2.—3 .46 4
ol Auo/dt oXO) , -206 15
T hi®x 109 ® @7 x 109 1.33 16
‘ e tu/t ® 7/ @ 2.45 17
! S ~ h/p @ [©) 34.2 18
jhgun! Tension Factor k ) Figure 2.2.2.— 4 42 10
Hatio — Upright to Web Stresses fu/fs Figure 2.2.2.—'5 .61 20
Ratio — Upright Stresses fumu/fu Figure 2.2.2.— 5 1.15 21
Stress Concentration Factor — Flange Flexibility Co Figure 2.2.2.—i¢ ) .22 22
. Swress Concentration Factor — Secondary Bend. Mom. C3 Figure 2.2.2.—6 .90 23
- Wizimum Mom. of Inertia Required for Upright Ig Figure 2.2.2. -7 .0013 24
Rivet Load — Web to Flange qr - Figure 2.2.2.~8 1520 25
Rivet Load — Web to Upright ) qg Figure 2.2.2.—9 760 26
Upright Allowable — Column Yield Stress Feo Figure 2.2.2.—10 81,500 27
Upright Allowable — Column Feol Figure 2.2.2. —10 6%000 28
Upright Allowable — Forced Crippling Fo Figure 2.2.2.— 10 19,700 29
| Allowable Web Stress Fg Figure 2.2.2.—11 25,500 30
| Upright Stress, Average fu @ €9 . _15,5§0 T 31
Upright Stress, Centroidal feent. L&) ® /1 ® 8010 32
__Em Stress, Maximum : f“max &y ey : - 17,900 33
Rivet Load, Upright to Flange Py Y ® - 1880 34
Secondary Beading Moment _ W, 1712 19 @D @ (@2ed | 2620 35
Allowable Rivet Load — Web to Filange Sec. 6.1 1640 36
Allowable Rivet Load — Web to Upright Sec. 6.1 885 a7
{ Allowable Rivet Load — Upright to Flange Sec. 6.1 2360 38 -
Mazgin of Safety — Web (60 7 @ i-1 00 39
Margin of Safety — Uprights . . C 10 40
| Margin of Safety — Rivets, Web to Flange ( € 7/ @8 ) -1 .08 41
Lh'p'l of Safety — Rivets, Web to Upright « 69 €8 -1 16 42
Lhil of Safety — Rivets, Upright to Flange ( 6% ) ~1 .26 k 43

® Either g -1, @ -1, Q ~1, or Q -1, whichever is least.

& o @ e

Beam flanges are usually affected by webs end forces other than the vertical shear web and hence require separate analyais.

« %
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223

2.2.3.1 General

Beam Design — This section presents a method of
analysis for partial tension field beams with access
holes. It consists of a series of empirical corrections
which are made to the analysis in Section 2.2.2 to
account for the effect of the access hole. The limita-
tions and methods of Section 2.2.2 are used in con-
junction with the curves and formulas presented in this
section in making the analysis. A sample design
procedure is given in Table 2.2.3-1 which combines
the methods of Section 2.2.2 and this section, and
gives a complete solution.

Effect of a Flange on the Access Hole — The problem
of flanging the access hole is entirely different for a
shear resistant beam and a partial tension field beam.
In a partial tension field beam, the web buckles may
cause the flange around the access hole to buckle..
Care must therefore be taken to design the flange so
that permanent set and cracking will not take place.
An integral or lip type flange does tend to develop
permanent set and is definitely not recommended for
partial tension field beams. The most satisfactory
flange is a flat doubler ring reinforcement of about the
same gauge as the web which will buckle without
permanent set. However, the flange may effect no
significant improvement in the static strength of the
panel, since yielding of the material around small
access holes takes place before failure, and the effect
of stress concentration is almost eliminated. The
purpose of the flat doubler ring is primarily to protect
the hole against notches or cracks which materially
increase the stress concentration. This stress concen-
tration can be effectively reduced by the reinforcing
rings. Since notches or cracks could be caused by
accidental damage or vibration, the desirability of
putting ring flanges on access holes in partial tension
field beams is a design problem and should be based
on the expected service experience of the beam.

2.2.3.2 References ’(

1. Consolidated Report No. SG- 673, Plate Girder Webs
with Access Holes, October 1, 1941

2. Consolidated Report No. GS-766, A method for the
Design of Plate Girder Webs with Access Holes,
January 2, 1941

3. Tests of 10-inch 24 S-T Aluminum-Alloy Shear
Panels with 1% Inch Holes. II-Panels Having Holes ,
with Notched Edges. by Paul Kuhn and L.R. Levin.
NACA RB No. L4DO1, April 1944,

PLANE TENSION FIELD BEAMS WITH ACCESS HOLES

2.2.3.3 Symbols

Symbols used include those given in Section 2.2.2 and
the following, which are used in accounting for the
effect of the access hole:

A Effective area of upright, and web, iu.2

A:l Reduced area of upright, in.2

A Effective area of web, in.2

C4, C5 Design reduction factors

D Diameter of access hole, in.

F' Reduced ultimate allowable compressive stress

o P ;
for forced crippling p.s.i.
F’S Reduced allowable web shear stress, p.s.i.
I's Increased minimum moment of inertia required for

uprights, in.

q! Increased rivet tensile load — web to upright,
- 1b./in.

2.2.3.4 Web Design

Use the method given in Section2.2.2.2 with a reduced
allowable web shear stress F’s, calculated as follows:

Fs Ae/dt )

Cs

s
S

where F_ = allowable web shear stresé found from
Figure 2.2.2-11 as a function of k and C2

C5 = design reduction factor found from Figure
2.2.3-2 as a function of D/h
A=A + A'
e w u

Au =t (d-D)

AL=(A)(P(C)

C4 = design teduction factor found from Figure

AVRO EA 2441
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ta/t
d/h

This method gives good correlation with 58 test
beams in the following range:

2.2.3-2 as a function of

O < <13

.040% < ¢, < 079"

74" < 'h <19.49
{PR < & '< 180N

234N < BES5 8

This method is nof recommended for beams outside
this range but it can be used as a guide in view of the
fact that there is no other information or test results
available at the present time.

2.2.3.5 Upright Design

Use the method given in Section.2.2.2.3 with a reduced
forced crippling allowable. F'o, and an increased

minimum required moment of inertia, Is’ as follows:

F
S el b e W
A 1 + D/d

I's = IS (1 + D/d)

where (1 + D/d) is a correction factor which takes
into account the effect of the access hole. The remain-
der of the stiffener analysis is not appreciably affec-
ted by the access hole and the methods of Section
2.2.2 may be used without correction.

2.2.3.6 Rivet Design
Rivets: Web-to-Flange

Use the method given in Section 2.2.2.4

Rivets: Web-to-Upright

Use the method given in Section 2.2.2.4 with an
increased rivet tensile load, q't, given by the following
equation:

q',=gq, (1 + D/d)

Rivets: Upright-to-Flange

Use the method given in Section 2.2.2.4

2.2.3.7 Flange Design
Use the method given in Section 2.2.2.5




TABLE 2.2.3-1
SAMPLE CALCULATIONS FOR BEAM WITH SINGLE UPRIGHT AND ACCESS HOLE

]
Givem: g - 525)b./ins., h= 10", d= 85", D = 4.5" e N N
Web — .051"" 755-T6 Alclad 1 " .
Beam Flanges 2—1% " x 1%'* x ..188"" 755—T6 Extruded.Angle 3 O H @ 2 Q :
Upright — %4 x %'' x .063"' 755~T6 Extruded Angle + “fl —wer ]t
Rivets — web to flange ADS5 at 1.00% : 3 ! s :‘j‘ =
— web to upright DD6 at .85 Seea=—
— upright to flange, 1-DD6 UPRIGHT FLANGE
Upright Flange
EQUATION REFERENCE VALUE ROW .
Shear Flow q 525 1
Web Thickness t 051 2
Beam Depth h 10 3
Upright Spacing d 8.5 4
Access Hole Diameter D 4.5 5 a
Upright Thickness tu .063 6
Upright Area Au .0908 7
Upright Radius of Gyration P 2217 8
Upright Moment of Inertia Ty ¢ .0047 9
Upright Effective Area Ay, .0498 10
Flange Moment of Inertia It 1122 11
Web Shear Stress is @D/ @ 10,300 12
de @ @ 433 13
d/t @/ @ 167 14
P. d/b ®/® .85 15
AB ‘wd| Figwe 2.2.2.—3 12.31 16
A D/h ® / ® .45 17 a
M D/d ® /.® .53 18 a
E 1+D/d 1+ 1.53 19 a
T Aw ® ® -6 .204 20 a
E Aue/dt © / @ 115 21
Rs | he3x]00 @7 x 108 1.325 22
tu/t ® /> 1.235 23
h//P ® / 44.0 24
tu/t
e o/ ® | 145 25 a
Diagonal Tension Factor k Figure 2.2.2.— 4 .26 26
Ratio — Upright to Web Stresses fu/fs Figure 2.2.2.- 5 A7 a7
Ratio — Upright Stresses fumax/fu Figure 2.2.2.~.5 1.17 28
Stress Concentration Factor — Flange Flexibility Co Figure 2.2.2.— 6 17 29 .
| Stress Concentration Factor — Secondary Bend. Mom. C3 Figure 2.2.2. — 6 .03 30
Minimum Mom. of Inertia Required for Upright Is Figure 2.2.2.~7 .00115 31
Rivet Load — Web to Flange ) ¢ dp Figure 2.2.2.—8 580 32
Rivet Load — Web to Upright gy Figure 2.2.2,— 9 670 | 33
Upright Allowable — Column Yield Stress Fco Figure 2.2.2.—10 ' 81,500 34
Upright Allowable — Column Fecol - Figure 2.2.2.—10. 54,000 35
Upright Allowable — Forced Cnpl)lmg Fo Figure 2.2.2.-10 11,200 36
Allowable Web Stress Fg Figure 2.2.2. 11 28,000 37
Design Reduction Factor Due to Access Hole Cy Figure 2.2.3,—2 465 38 a
Design Reduction Factor Due to Access Hole Cg Figure 2.2.3.—2 1.377 39 a:
Reduced Area of Upright Ay @ @® 89 .0224 40 a
Effective Area of Upright and Web A @0 +- @O : . .226 41 a
Parameter Ag/dt any / @ 522 42 a
Increased Upright Min. Mom. of Inertia Required Is [D) @ .00176 43 a
Reduced Upright Allowable — Forced Crippling Fg &8 / 7320 44 a
Reduced Allowable Web Shear Sttess Fg (X)) @ / 10,600 45 a
Upright Stress, Average Iy (B en 4840 46
Upright Stress, Centroidal foent. £ (D 2660 47
Upright Stress, Maximum f“maL 1) 5660 48
Rivet Load, Upright to Flange Py [3) 241 49
Secondary Bending Moment K Mgh 1/12 @ @ @ (@PE9| 765 50
Increased Rivet Load — Web to Upright 9 €3 (@) 1025 51 a
| Allowable Rivet Load — Web to Flange 6.1 594 52
| Allowsable Rivet Load — Web to Upright 6.1 . 1080 53
| Allowable Rivet Load — Upright to Flange 6.1 1148 54
| Margin of Safety — Web és / - 1. .03 55
| Margin of Safety — Upright * .29 56
| Margin of Safety Rivets, Web to Flange €2 / € - 1 .02 57
| “Margin of Safety Rivets, Web to Upright € / €H- 1 .05 58
| Margin of Safety Rivets, Upright to Flange 64 / @ - 3.76 59

* Either @.‘ -1,@ -1, @ -1, ot..@ -1, whichever is least.

& The above steps are those added to account for the effect of the
The rest of the table is the same as Table 2.2.2-3:

access hole.

Asgus:t 18, 1953
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Sub-Sect 2.2.4

2.2.4

2.2.4.1 General

The following section applies strictly to complete
cylinders or to beams with single curvature subjected
to uniform shear stresses. However, it may be used as
an approximation for cylinders or beams having non-
uniférm shear stress distribution. The method is an
adaptation of that presented in section 2.2.2 for ten-
sion field beams with plane webs. Information is
included for both 24 S-T and 75 S-T aluminum alloys.

References:

1. “"Diagonal Tension in Curved Webs’’, by Paul Kuhn
and George E. Griffith, NACA TN 1481, 1947.

2. ""A Summary of Diagonal Tension Part T’ by Kuhn,
Peterson and Levin, NACA, TN 2661, June 1951.

3. "*Critical Combinations of Shear and Direct Axial
Stress for Curved Rectangular Panels’’ by Scheld-
crout and Stein, NACA TN 1928, August 1949.

4. Airplane Structural Analysis
Sechler and Dunn, 1942.

S. Experimental Investigation of Stiffened Cylinders
Subjected to Torsion and Compression, NACA,, T.N.
2188, 1950. by James P. Peterson.

and Design, by

Symbols:

A Cross sectional area, in2
E Young’s modulus, psi.

P Load, Ibs.

Beam shear, lbs.

Radius of curvature, in.

Applied torque, in.-lbs.

N H X O

Curvature parameter (.954h2 or .954d2)

Rt Rt
(Use whichever is smaller of h or d)

Spacing of rings, in.

i

Normal strain, in./in.
b Spacing of stiffeners, in.

k Diagonal - tension factor

8 - i 2
] Ratio of tangent modulus at the critical stress to

the elastic modulus
Shear flow, Ibs./in.

Thickness, in. (Without subscript signifies thick-
ness of web)

W

"

CURVED WEB TENSION FIELD BEAMS

a Angle of diagonal tension, deg.

I Poissons ratio

o Normal stress, psi.

T Shear stress, psi.

p Radius of gyration of cross section, in.

A Correction factor for allowable shear. stress
Subscripts:

all. Allowable
cr Critical

e Effective
max. Maximum

DT Diagonal Tension

" PDT Pure Diagonal Tension

R Rivet
RG Ring
S Shear

ST Stringer

Special Combinations:

Ks Critical shear-stress coefficient, established by
geometry of the type of edge support.

o ‘‘Basic’’ allowable compressive stress for forced
crippling of stiffeners (valid for stresses below
proportional limit of material), psi. :

Tall “‘Basic’’ allowable shear stress, psi.

AVRO EA 2447
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Sub-Sect 2.2.4 VOL.1 (DESIGN)
2.2.4.2 Initial Buckling Stress of Web L e—ecr g A
a
The stress at which the web starts to buckle is ST ERGT ?14 (l'ﬁ.) :
given by the formula : :
¢ 2
o . xE (&) if h<d (1a) o :
(E : tanla = R 3 if h > d (4b)
2 1 d2'tan?a : 4
s 2 Sedtt = L d
= KSE (E) lf d<h (1b) € GRG + 8 R

where K is obtained from Fig. 2.2.4-1a or 2.2.4-1b

; In no case should ibe stringer or ring gauge be
!less than one gauge lighter than the web gage.

2.2.4.3 Determination of Diagonal ‘Tension Field
Factor, k

The factor, k, specifies the degree to which the
diagonal tension is developed; when k = O, there is no
diagonal tension action; when k = 1.0, the diagonal
tension is fully developed.

When the parameter, %‘l , has been calculated,

the value of k may be read from Fig. 2.2.4.-2

2.2.4.4 Determination of Stresses in Stringers, Rings,

and Web.
The stress in a stringer is given by:
krcota
g N e N TN (2)
ST “Agy+ 0.5(1k)
ht
and the stress in a ring by
ik k7rtan a 3)
o =k rtanas
RG "~ Agp 050D
de

:For floating rings (not attached to skin but its string-
~ers only) the factor .5(1-k) representing effective skin
in formula (3) is omitted. '

The above stresses are compressive stresses and
must be added to other stresses not arising from
diagonal-tension action where such stresses exist.
The shear stress in the web is found as follows:

TR (complete cylinder)
27 R%¢
T gt (curved web beam)

The angle a between a generatrix at the cylinder
and the direction of the diagonal tension is given by
the formula:

where € is the strain in the sheet along the direction
of diagonal tension, eg1 - 0gT is the strain in the

E
stringer , and €RG = 9RG is the strain in the ring)

E
The strain € in the sheet is given by the formula:

Pyt S [.ZK + (1=k) (1+p) sin zﬂ (5)
E sin 2 a

which is evaluated in Fig. 2.2.4.-3

From the above it may be seen that formulas (2)
through (5) are interdependent and must be solved by
successive approximation. The process is rapidly
convergent and normal accuracy is usually obtained
within three cycles.

A first approximation to the angle @ may be made
by means of the formula

@ = appT (gﬁ)?) (6)

with app taken from Fig. 2.2.4.-4 and the ratio
from Fig. 2.2.4.-5.

a
“PDT
This first approximation will give results that are
probably close enough for most cases of curved ten-
sion field webs if a M.S. 2 .20 is held for the string-
ers and rings and a M.S. 2 .15 is held for the web. If
more accuracy is desirable or necessary the proper

value of a may be determined by successive approxi-
mation as given above.

2.2.4.5 Analysis of Web

The ultimate strength of the web can be estimated
by means of the empirical formula

*
Tall = Tall

(0.65 + A) (7)

where Ta;] is the ‘‘basic”’ allowable shear stress
taken from Fig. 2.2.4.-6 or 2.2.4.-7 and A is obtained
from the graph in Fig. 2.2.4.- 8.
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R R i

i FIGURE 2.2.4-1
(a)d=h

b—

(8]

(8]

—_CRITICAL -SHEAR-STRESS COEFFICIENTS OF :

SIMPLY SUPPORTED PANELS

n

o

HPG S B

SARRARARAS LA

1
i T
£ 1 2 i
- T S
T
. ‘
1 T
! |
L T Il
10
2
= 954 k'l{
2246 Anclysis of Stringers of this inward radial pressure per running inch is

The siringer stress given by formula (2) is the
aversge swess over the length of the stringer. The
marimem stress at the midpoint of a panel is given by

o
ST
oot =0 —-max. 8
S imax ST UST ( )
shere the ratio 35Tmax. is obtained from Fig.2.2.4.-9

IST
msing b/d as the other parameter.

Because of the polygonal shape acquired by the
cross section of the cylinder as diagonal tension
dewelops each tension diagonal experiences a change
in directiom as it crosses the stringer. The magnitude

_krth

= tan a ©))

P

If this pressure were distributed uniformly along
the length of the stringer, the primary peak bending
moment (at thé junction with the ring) would be given
by the formula

th d?
12R

MST = kr tan a (10)
A secondary peak moment would exist half-way between

rings and its magnitude would be one-half the primary
peak.

Since the rings are actually circular (or curved) a
portion of the tension diagonal near each end of a

AVRO EA 2a47




Sect V

Sub-Sect 2.2.4 VOL. 1

AIRCRAFT ENGINEERING MANUAL
(DESIGN)

Sz FIGURE 2.2.4-1
T (b) h=4d
100

£= CRITICAL - SHEAR -STRESS COEFFICIENTS OF
SIMPLY SUPPORTED PANELS

jjziiirfrﬂ;:ﬂ:d:m&tﬁhzm RN SERRS RN

Pror
shd
ol

1
i

Z=

panel will be forced to remain in the original cylindri-
cal surface and experience little change in direction.
Tests indicate that the secondary peak moment (half-
way between rings) agrees roughly with the calculated
value

2
= kr thd t

M &= a
ST 24RO

(11)
Strength tests on cylinders have led to the conclusion

that the maximum moment at the ring is no larger than
the calculated secondary moment above.

(1) A check should be made against column failure
normal to the skin (using the local crippling stress
for the stringer as allowable for = = 0) with some
reduction to allow for effect of skin buckles unless

tgT/¢ is larger than 3. Some allowance should be
made for beam column effect.

1000

a2
854

(2) The stiffened cylinder should be checked against
general instability by Fig. 2.2.4-10

(3) The stringers should be checked for forced crip-

pling in the same manner as for plain webs. See
Sec.! 2212734

2.2.4.7 Analysis of Rings

The ring stress given by formula (3) is the aver-
age stress in the ring. The maximum stress exists at
the mid-point of the panel and is given by the formula

o RG max. (12)

7 RGmax. ORG

= ORG

& A
where the ratio -%% is obtained from Figure

2.2.4.-9 using d/h as the other parameter.
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FIGURE 2.2.4-3

58 A X

- EE Rk
T |sin2a

+1.3(1-k) sin ea:l :

] . el oinls

|
|
+M_.4 =4

« - Deg.

'Floating Rings (not attached to skin but to stringers
only)
The primary bending moment in a floating ring (at

the junction with a stringer)is '

th?d
12R

=i k7

(13)

Mpg tan a
the secondary maximum half-way between stringers is

half as large. This type of ring should be designed to
carry the loads shown below:

(1) Hoop compression oRG from equation (3)

(2) Bending moment due to MRG shown above at the
junction with- stringer. A check at the station mid-
way between stringers (where the moment is only
half as large, but of opposite sign) may be neces-
sary if the cross section of the ring is such that

allowable stresses in the outer and inner fibers
differ greatly.
Rings Attached to Skin

This type of ring should be checked for the follow-
ing stresses.

(1) Hoop compression TRG from equation (3)

(2) Forced crippling is checked in the same manner as -

for stringers

" (3) General instability from Figure 2.2.4.- 10

Unless the stringers are made intercostal (which
leads to loss of efficiency in bending strength of the
cylinder and therefore is seldom done) the ring must
be notched to permit the stringers to pass through. At

AVRO Ea Tean
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Sample Calculation

the notch the ring stress is increased because- the Skin thickness, t = .040 in.
cross section is reduced; this effect is aggravated Radius of curvatute, R = 15.0 in.
also by the suddenness of reduction. The free edge of ; ] )

the notch should be checked against local .crippling Spacing of rings, d = 15.0 in.
failure. If the stringer is connected to the ring by a Spacing of! stringers;, h = 7.85 in.
clip-angle of sufficient length riveted to the web of '
the ring, the section at the notch is increased, and the Thickn ¢ ri 102
edge of the notch can be stiffened so much that there ERRETE 02 hgs, tRG = - Hh

is no danger of this type of failure. The section at the Area of stringer’ (1.0 x 2.0 x .081 Channel, 24

Thickness of stringers , t ST = .081 in.

notch should be checked for axial load on the net S-T3 Alc.), AST = .287 in-z
section plus the bending moment caused by the dis- Area of ring (1.0 x 2.0 x ,102 Channel, 24 S-T4
placement of the centroid of the net section from that Alc.), ARG = .365 in.2

of the gross section. See Section 4.4. e i L 4.000 _ 660 Ibs./in.
ZA 2 x # (15.00)2
Computations of stringer as a column

For a complete cylinder only the rivets in a web =+ 30 (assumed)
splice need be checked. The load per inch for rivets I = .165in4

in a splice may be taken as -
.165
Pp = q(1 + 0.414k) (142) PST \/ \/ 287 = .758 in.

For a curved web beam the rivets need be checked
at two points only.

2.2.4.8. Analysis of Rivets

L'p = 1500  _ 3142
758 3.0

Web-to-flange rivets

'I{I'lAeCl]‘oaIc}Nple;&nch run is, according to eq. 15 of 0ol = 48,800 Ib./in.2 ‘See Sec. 3.1
PR = q(1 + 0.414k) (14b) Computations of general instability
Upright-to-flange rivets 1.919 . ¢
The upright-to-flange rivets must carry the load 1.91 .960
existing in the upright into the flange. PRCAR LI [l | v ]84
12 (_12960 + 2)
PRG = ARG ?RG (15)
See Table 10.5, p. 310. Niles &
2.2.4.9 Analysis of Flanges Newell, Vol. 1, Second Edition

Flanges on a curved web exist only where the A
member is not a complete cylinder. Where they exist \ / PST X PRG <\/p ST X PRG %

the method given in Section 2.2.2-5 should be fol-

lowed. hd
2.2.4.10 Sample Calculation /.758 x .784 V.758 x 784 %
A cylinder having the following dimensions and 15.0 x 7.85 15.0

subjegted to a pure torque of 934,000 in. Ibs. will be
analysed as a sample problem to show the use of the = 00756
method. The tabular form used in this problem is to be
used as a guide only and no standard form will be:

§ ig. A
adopted unless experience shows the desirability of i e s eh b

instability failure stress would be very high for

doing so. this case. Therefore, no further investigation of
Material — 24 S-T Alc. this phenomena will be made.
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rno. ITEM EQUATION VALUE
! 1 Chear Flow, q, 1b./in. —2—’11;— or —% 660
b2 Skin Thickness, t, in. .040
|3 | Shear Stress, 7, psi. @/ @ 16,500
4 Radius of curvature, R, in. 15.00
5 Spacing of Rings or Upright, d, in. 15.00
6 Spacing of Stringers h, in. 785 ;
7 Thickness of Stringers tgT, in. 081
8 Thickness of Ring, tg 102
9 Area of Stringer Cross Section, Ag , in. 2 .287
10 Area of Ring Cross Section, Agg, in._zr _ 365
2
11 | Curvative Parameter, Z 954 x @ | B4 ® 98.22
@ x @ @ *x @
‘whichever is least
12 | Kg See Fig.l, NACA TN 1481 or Fig. 2.2.4-1 22.7
13 Critical Shear Stress, 7., psi. See Eq. (la) or (1b) 6000
14 |/ Pep ® / @ 2.75
15 | 300 td/Rh 300 x @ x & 1.53
@ x ©®
16 | Diagonal Tension Factor,k See Fig. 2, NACA TN 1481 or Fig. 2.2.4=2 71
17 | v [ E/T ® /® 14.5-
| R ® &
‘ ht dt 5 x x
18 | \/17).5 (-—- b — » /l 0.5 ©x @ + ®=: @ 1.54
| Ast ARG v
19 | @ 7/ 9.42
20 | *PDT See Fig. 5, NACA TN 1481 or Fig. 2.2.4—4 31.6°
r 1 S PO See Fig. 6, NACA TN 1481 or Fig. 2.2.4-5 .929
| PDT :
22 o @ x @ - 29° 20
23 -cot o« 1.7796
24 tan « .56194
>s | Asy + 0.5(1-K) ® + 05(1-@®) 1.059
ht ® x @
> Agg + 0.5 (1-K) + 0.5(1-@9) 754
dt ®=x @
27 | ST _ 0 -19,700
@
28 €sT @ / E -.00193
x x @3
29 ORG - ® @ - 8740
| |
| 30 |ege @ / E -.00086 |
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NO. ITEM EQUATION VALUE
31 €E/7 See Fig.4, NACA TN 1481 or Fig. 2.2.4-3 1.98
@ x @
32 | e = % .00320
33 tan ‘*1 @ - @+ 1 @)2 .576
%5
34 =1 arc tan @ 29° 57°
35 cot °<l 1.7361
Gs x @ x @
36 osT - = - 20,200
37 €sT @/ E -.00198
38 | Ogg @ @®x @ -8510
®
39 €RG @ / E - .00084
40 €E /7 See Fig.4, NACA TN 1481 or Fig. 2.2.4-3 1.96
| @ x &
41 € | E .00317
P/ @ - @
42 | tanwx, ' Ve@-@-+1 (:6/_ .578
24 \@®
43 =5 30° 2*
44 | cot =, | 1.7301
@x @x @
! 45 | %5t ) - 20,250
| 46 | egy | @/ E -.00199
@ x ®x @
47 ORG o = - 8490
48 €RG @ / E -.00083
49 €E/7T See Fig.4, NACA TN 1481 or Fig.2.2.4-3 1.95
X (3
S0 € ? .00315
- @
51 tan « 3 G - @ +1 @5 .57791
2%4\@
52 °‘3
53 cot 5‘3
54 osT :
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NO. ITEM EQUATION VALUE
x @ x &
55 URG 8490
56 A1 * See Fig.7,NACA TN 1481 or Fig. 2%;47—6 18,940
57 A See Fig.8,NACA TN 1481 or Fig. 2.2.4-8 .235
S8 11 [3) (65 + @) 16,780
59 - M.S. of Web e 1 .01
60 UST /UST 2 : .. J
max. See Fig. 3, NACA TN 1481 or Fig. 2.2.4-9 1.126
61 USTmax. @ x 22,800
62 col. See Sample Calculation 48,800
63  M.S. (Column) i3 1.14
.
64 -;E 2
@
65 %90 See Figure 2.2.2 -7 27,500
66 M. S. (Forced Crippling) . .21
- . 1
67 Omax. See Section 3.1.1 38,500 1
68 M. S. (Natural Crippling) -1 758
|
6 | o one (A d i
RGpax, = "RG {samEd] 8,490
» | S 2.6
t ©)
7 | o See Figure 2.2.2-7 29,500
% . @
2 M. S. (Forced Crippling) — -1 2.48
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2.2.4.11 Combined Loading

The following method of analysis has been found
to yield a reasonably accurate solution for cylinders
subjected to torsion and compression.

The critical shear stress is calculated with the
aid of Figure 2.2.4-1. This stress is now denoted by
T cr, 0 Where the additional subscript zero indicates
the condition of shear actmg alone. Next the critical
compression stress is calculated with the aid of
Section 3.2, and denoted by 0 0. Flgures 2.2.4-14
to 2.2.4—]17are plotted from data glven in Reference 3
Section 2.2.4.1. Each intercept of these imteraction

curves represents a value of k or k which can
be computed from formulas 16 and 17if r r,0 is sub-
stituted for 7 and o ., o is substituted for a
s
2
WL x (16)
2
Dm
2
k, = tb™ (17)
D2
b = axial or circumferential dimension of panel which-
ever is smaller.
D = flexural stiffness of panel per unit length

n

Et3 \
<12 (1-p2) |
Each point on ‘the interaction curve characterizes
a pair of critical stress coefficients kg cr and kyer
that, acting in conjunction, will produce buckling of
the sheet.
T

A

-ks, 0.

ks c

kger

\

kxer kx,0. ke

FIGURE 2.2.4-12

Let o denote the compressive stress that would
exist in the cylinder if the sheet did not buckle (i.e.,
remained fully effective) under the design compression
load P. Similarly let 7 denote the shear that would
exist if the sheet did not buckle under the action of

the design torque T. If these values of o and r are
used in formulas 16 and 17 the magnitude of kg and kg

can be found, thus locating point C m Figure 2 2 4_12
The line drawn from C to the origin intersects the
interaction curve at point D. The critical stresses o,
and 7__ can be computed by rearranging formulas 16

cr
and 17 to read

2
o. = k_—_xcr L and T
b2 t

2
_ kscr 7“ D

cr
b2 ¢
These critical stresses are now used in the following
steps. For convenience of notation, there are also
used the interaction factors

(18)

With the aid of the ratios

A=Tcr,0 y B =

r
%cr,0 o

which can be computed directly from the dimensions
of the structure and the specified design loads, the
interaction factors can be written in the form

The total stringer stress is the sum of the stringer
stress due to the compressive load P and the stringer
stress due to the diagonal tension caused by the
torque, or

g o T
°sT =9 sT + 98T

(19)
The stress OCST is computed by the formula
o R S — = (20)
n(AST + htn )

The load P must be taken as negative because it is
compressive; n is the number of stringers, AgT is the
area of one stringer, and 7™~ is the effective-width
factor. This factor is taken as the Karman-Sechler
expression for effective width (reference 4), multiplied
by the ratio RC in order to make allowance for the
presence of the torque loading; thus

2C = RCO.Sg/_h
- C
ST

(21)
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If expression (21) is substituted into equation (20}, a
guadratic eguation is obtained which yields

e
C : 2 j=3 P
ES - — 2D° + 2D [ D? = —F— (22)
ST nAST \/ ﬂAST
wacre
D =0445 B RCy -0 (23)
AsT

The stress OTST is computed by formula (2), modified

by the rato RT in order to allow for the presence of the
compressive load P; the modified formula is

UTST - % krcota - (24)
hLT +05(1 -k R
t

The interaction factors RC and RT , by definition,
describe the interaction between compression and
sorgue ar the instant of buckling. Their use in formulas

21) and (24) to describe the interaction on the effec-
tive width is fundamentally arbitrary. However, in the
uwswal design range, the effect of moderate errors in
estumating the effective width is unimportant; any
reasomable method for estimating the effect of inter-
action on effective width is therefore acceptable for
the time being.

The stress in a ring is computed, by the unmodi-
fied formula (3).

The diagonal strain in the sheet is computed by
eguation {5), on the implied assumption that it is not
modified significantly by the compressive force carried
by the sheet. The angle a is computed by formula (4a)
or (4b), the strain €gy being computed from the total
compressive stress ogr given by expression (25).
The diagomal-tension factor k is obtained from Figure
2.2.£-2 by using 7. (not ’cr,O)'

o

osT = osTC + osT (25)

The stress computation for the case of combined
loading thus differs from that for the case of pure
torgue loading in the following items:

{ 1) The critical stress is reduced by interaction.

(i) The stringer stress due to the load P must
be added; this calculation involves an inter-
action factor.

{111} The calculation of the stringer stress due to,
the torque involves an interaction factor.

Coacerning item (i), there is ample theoretical
and experimental evidence to justify the belief that

the calculation is sufficiently accurate for design
purposes. The factors used. in items (ii) and (iii) are
arbitrary , but they have only a very minor effect except
for low loading ratios. Consequently, the accuracy
with which the stresses can be computed under com-
bined loading might be expected to be about the same
as for pure torque loading, as long as the ratio 7/7
is greater than 2.

The question of allowable stresses for failure is
more problematical. The allowable value of skin shear
stress is probably not changed significantly by added
compression, but there is no experimental evidence on
this score. As far as true column failure of the string-
ers is concerned, it would be immaterial whether the
compressive stress in the siringer arises directly from
the axial load P, or indirectly (through diagonal-
tension action) from the torque; in other words, column
failure would be assumed to take place when the total
stringer stress given by expression (19) reaches the
column allowable value. The condition of true column
failure would only exist, however, if the cross section
of the stringer were completely immune to forced
deformations induced by skin buckles. As mentioned
previously, the problem of interaction between forced -
deformation and column failure is probably more seri-
ous in curved than in plane webs, and fragmentary
data indicate that no practical stringer section may be
completely free from interaction effects.

. Since it appears that there will be some inter-
action in most cases, the mvesugatlon of reference 5
was carried out in the region where the interaction is
clearly large; namely, on stringers designed to fail by
forced crippling in the case of pure-torque loading.
Five cylinders of identical construction were built;
one was tested in pure compression, one in pure
torsion, and the other three in combined compression
and torsion. The results were fitted by the interaction
formula

TV\L5S . P _ 100 (26)
Ty P,

where T and P are the torque and the compressive
load that cause stringer failure when acting simultane-
ously. T, is the torque causing stringer failure when
acting alone, and P is the compressive load causing
stringer failure when acting alone. When this formula
is used, it is not mecessary to compute the stringer
stress by the method described previously for combined
loading; a stringer-stress computation is made only
for the case of 2 pure torque to calculate T,. Ideally,

the load P would also be calculated, but at present
it would be safer to obtain this load by a compression
test on one bay of the complete cylinder, or on a
sector of this bay large enough to contain at least five
stringers.

AVRO EA 2s41
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The discussions and formulas for curved diagenal
tension have been given on the assumption that the
structure considered is a circular cylinder. Evidently,
more general types of structure may be analyzed by
the same formulas by the usual device of analyzing
small regions or individual panels. The questions of
detail procedure that will arise must be answered by
individual judgment, because more general methods
are not available at present. The results will obviously
be more uncertain, for instance, if there are large
changes in shear flow from one panel to the next. It
should be borne in mind that in such cases problems
in stress distribution exist even when the skin is not
buckled into a diagonal-tension field; the existence of
these problems is often overlooked because elementary
theories are normally used to compute the shear flows.

As numerical examples of strength analyses of
curved diagonal-tension webs, two cylinders will be
analyzed that were tested in the investigation of
reference 5. The cylinders were of nominally identical
construction and differed only in loading conditions.
They had 12 stringers of Z-section and rings also of
Z-section. The rings were notched to let the stringers
pass through them. Clip angles were used to connect
the stringers to the rings and at the same time to
reinforce the edge of the notch. The analysis will be
made for the test loads that produced failure. The
third example illustrates the calculation of the angle
of twist for the cylinder used in the first example.

Example 1. Pure torsion

The example chosen is cylinder 1 of reference >
The material is 24S- T3 aluminum alloy.

Basic data:

R = 15.0 in. t =0.0253 in. d=15.0 in.
E=10.6x 103%ksi p =0.32 h = 7.87 in.
nRz(l—%g)z)=675 G = 4.0 x 103 ksi

Stringers: Z-section-4i x 1 x %x 0.040;

Agr = 0.0925 in.2

Rings: Z-section % x 2 x %x 0.081;

ARG = 0.251 in.2

Nominal shear stress

ro= T ik (27)
2 7 R2 (1_6l¢ )

where ¢ is the angle subtended by two stringers.
The quémtity (1- 1—¢2) in the denomination is neg-

lected if its value is small.

r=—_388 ___ _ 11.36ksi
2 x 675 x 0.0253
Buckling stress
- 7872 1032 - 155
15.0 x 0.0253
From figure 2.2.4-1 kg = 35
2
o = 35 12x10.6x103x7.872 _ 350,
12 x 15% x 1552
Loading ratio
ro o _ 1136 3.24
Ter 3.50
Diagonal - tension factor
* ~Rh 3 15.0 x 7.87

From Figure 2.2.4-2 k =0.63

First approximation for angle of diagdnal tension

RR - _de _ 15.0x0.0253 _ 1.513

e 0.251
ht 7.87 x 0.0253 '
Re = = = 2.155
S AT 0.0925
1+R
TS - 1256
1+ RR
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b .[E 7.87 ,/10.6 x 103
R V7 15.0 11.36 - 10.1
V1 + Ry V1 + 1.513
From figure 2.2.4-4: appr = 32.3°
From figure 2.2.4-5: a = 0.90
2PDT
a = 32.3° x 0.90 = 29.0°
Stress and strain formulas
From formulas (2) and (3):
0.63 x 11.36 e
?ST= ~ 0.465 < 0.5(1 — 0.63) B
—11.03 cot a ksi
€ST = —-1.04 x 10~3 cota
- _ _0.63x11.36tana _ _g 46 ksi
“RG~ 7 5660 + 0.5(1 — 0.63) FRn k=l
€pG = —0.800 x 1073 tana
2 2
L (%) = - (B - 1148 x 1073
24 \R 24 \15.0
I - 1.07 x 1073
E
First cycle
a = 29° tan a = 0.554 cot a = 1.805

From figure 2.2.4-3:
€E _1.90; e=1.90 x 1.07 x 10~3 =2.035x 103
7

esy = —1.04 x 1073 x 1.805 = -1.875 x 1073

€rG = —0-800 x 103 x 0.554 = —0.444 x 10~3

According to formula (4a):

2

tan“a =

2.035 + 1.875

0.280
2.035 + 0.440 + 11.48 .

Il

0.529

tan a =

Second cycle

The final value of a is closer to the computed
value- of the preceding cycle than to the initially
assumed value; therefore, take as the next approxi-
mation

tan @ = 0.529 + %(0.554 — 0.529) = 0.535

a = 28°10°

This slenderness ratio is so low that there is
obviously a large margin against column failure at the
computed value of stringer stress,

cot a = 1.87

Stringers, forced-crippling failure:

From figure 2.2.4-9:

Tmax. _ 1.16
o
OST ooy 20.6 x 1.16 = -23.85 ksi
ST _ 0.0404 _ ;.60
t 0:0253
From figure 2.2.2-10 o, = —22.3 ksi

Note: The ‘‘design allowable’’ value of the
stringer stress (—22.3 ksi) is 7 percent greater than
the calculated value of -23.85 ksi. Therefore, the
calculation would have predicted a torque 7 percent
lower than the actual failing torque, that is, the cal-
culation is 7 percent conservative. The “*best possible
estimate’’ of the allowable stress (based on the middle
of the scatter band instead of the lower edge) would be
25 percent higher than the ‘‘design allowable’ value;
a strength prediction based on this value thus would
have been 18 percent unconservative.

Example 2 Combined loading

The example chosen to demonstrate the analysis
of a cylinder under combined torsion and compression
is cylinder 5 of reference 5. In order to simplify the
demonstration by making use of partial results ob-
tained in example 1, it will be assumed that the
dimensions given for example 1 apply; actually, some
of the dimensions differed by as much as 2 percent.

Basic data

Dimensions as in example 1.

T = 303 inch-kips P = -13.5 kips

VRO EA 2441
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Compression area:
12 serimgers = 12 x 0.0925 = 1.11 in.2

Sheet (100%) = = x 30 x 0.0253 = 2.38 in.2

Total = 3.49 in.2
Basic stresses
O = 3.50 ksi (see example 1)
—5.95 ksi

a0 ~

The latter value is computed according to the recom-
mendations of section 3.2. '

At the design loads, the nominal stresses are

o = =133 _ _387ksi
3.49
T == _io_i = .8 k i
342 8.86 ksi
Interaction factors
From formulas 18:
A =330 _ o588 B =886 _.5.29
-5.95 -3.87
RT - 0.878 RC - 0.228
Ter = 0.878 x 3.50 = 3.07 ksi
0o = —0.228x5.95= 1.356 ksi

Compressive stress due to axial load

From formulas (23) and (22), respectively:
D = 0.445 x 2.155 x 0.228 x /1.356 = 0.254

C

ST = —10.55 ksi ¢Cor = —0.996 x 1073

Diagonal-tension factor

220250886 2.5 gy

= k =0.
Sigi 3.07 e
Stress and strain formulae
From formula (24):
= o 0.59 x 8.86 cot a
S

T™ 7 0.465+ 0.5(1 — 0.59) x 0.878

= —8.10 cot a ksi

‘TST = —0.764 x 10~3 cot a

From formula (3):

T _ _ _0.59x%x8.86tana
7 RG 0.660 + 0.5(1 — 0.59)

= —6.05 tan aksi

erg = —0.570 x 1073 tan a

Computation cycle

Only the last cycle will be shown here. This
computation is essentially the same as for a case of
pure torsion (example 1), except that the stringer
strain due to axial load (e CST) is added to the strain
due to the torque (e TST)'

The first approximation to the angle a may be
obtained by disregarding the compression, that is to
say, in the same manner as in example 1. An analyst
with some experience may improve this approximation
by adding a correction for the effect of the axial load
(compression load will steepen the angle).

Assume a = 28°30’; tan a = 0.543; cota=1.84
From figure 2.2.4-3:
£ _ 1.86 ;
T

8.86

i Al 8
B0 x 106 = 105

€ =

= 1.552 x 1073
From the strain formulas:
eTgr = —0.764 x 1073 x 1.84 = —1.405 x 10~3

€pg = —0.570 x 1073 x 0.543 = —0.310 x 10~3

tanq — 1:552 + 1.405 + 0.996
1.552 + 0.310 + 11.48

= 0.296

tana =

0.544

This result agrees with the assumed value within

the accuracy of calculation and thus constitutes the
final value.

By the stress formulas:

—14.90 ksi
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Therefore the total stringer stress is 1 i L) R, n
. GipT S GpT
ogt = —14.90 — 10.55 = —25.45 ksi
The value measured (on a cylinder with slightly G 1 = 0'373 + 0.63 35
different actual dimensions) was —25 ksi. IDT 4x 10 0.922 x 10

Failure

Since the torque is much less than in example 1
{pure-torque case), there is a wide margin against web

rupture.

The margin against stringer failure is evaluated
by formula (24). According to test (reference 5), the
cylinder failed under pure compression at P, = 42.0
kips. Under pure torque, the test gave T, = 388 inch-
kips: (the calculated value of T, (example 1) is 7
percent lower). Thus, with the “"design loads” T = 303
inch-kips and P = 13.5 kips

- 1.
)15+£=(191) 5+1_L§= 1.01

L
T P, = 388 42.0

(

Note: Because the ‘‘design loads’ T and P used
in this example were actually test failing loads and
because the interaction curve was based on a series
of tests on cylinders of these dimensions, the calcu-
lated value of 1.0l indicates that the analytical ex-
pression chosen for the interaction curve fits this
particular test very well.

Example 3. Angle of twist

In this example, the angle of twist will be calcu-
lated for the cylinder of example 1 at the failing
torque.

According to example 1:

tan @ = 0.535; cot a = 1.87; sin 2a = 0.832; k = 0.63

B 4 + tan? « + cot? a
DT sin?2a  Aue+0.5(1-k)  2AF 4 0.5(1—k)
dt ht
e o532 S5 il
GpT 0.8322 0.660+0.5(1-0.63) ' 0.465+0.5(1-0.63)
e S L5 17 036 5.39 = (11,50
Gpt

_SE- L 10.6%.103 3 iz
Gpt 11.50 1150 = 0.922 x 10° ksi

0.0925 x 10~3 + 0.683 x 10=3 = 0.775x 1073

Gpr = 1.29 x 103 ksi

The torsion constant for the polygon section is

J=2x = x153x0.0253 (1 -2l4 x 0.5242)=492

For a length of 60 inches, the angle of twist is

TL  _ __ 388 x 60
Gipt) 1.29 x 103 x 492

= 0.0366 radian

Interaction Curves

This section provides a solution for curved rec-
tangular panels and cylinders under a combination of
shear and direct axial stress. Ref. N.A.C.A. T.N.
1928.

FIGURE 2.2.4-13
The combination of shear and axial stress that

causes curve panels to buckle may be obtained from,
the equations

7T = ——— and0x=-———-——
b2 ¢ b2 ¢

when the stress coefficients ks and k, are known.

ks and k, are determined by use of Figures2.2.4~14to

2.2.4-17
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3 Beams In General

Use the Reference Table below for determining the method of solution
of many common beam problems.

REFERENCE TABLE

BEAM TYPE REMARKS
Simply Supported I Constant | See Section 3.1 for common types of loading.
I Varying | Reactions, shear and B.M. are unaffected by varying I.
Cantilever I Constant | See Section 3.2 for common types of loading.
I Varying [ Shear and B.M. are unaffected by varying I
Both Ends Fixed I Constant See Section 3.3.1 for standard loading cases.

grixed Beams) 3.3.2 for irregular loading cases.

3.3.3 for effect of axial load.

3.3.4 for effect of sinking support.

I Varying See Section 3.3.5 for fixed end moments.
3.3.6 for stiffness and carry-over.

3.3.7 for effect of sinking support.

Propped Cantilever I Constant See Section 3.4.1 for cases with prop at end.
For irregular loading and/or prop at intermediate

position, see Section 3.4.2.

I Varying  See Section 3.4.3.

Continuous Beam I Constant throughout See Section 3.5.1, 3.5.2 and 3.5.3.
I Constant per span See Section 3.5.4, 3.5.5 and 3.5.6.
I Varying per span See Section 3.5.7.

Curved Beams For circumferential stresses see 3.6

March 15, 1954
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Sect V
Sub Sect 3.3.2

Fixed Beams

VYOL.

AIRCRAFT ENGINEERING MANUAL
(DESIGN)

Fixed end moments

3.3.2 Fixed Beam of Constant I:

for irregular loading.

When it is not possible to determine the fixed end
moments by means of one or more of the standard
cases of 3.3.1, use the following method employing
slope deflection formulas. (See Report GEN/1090
/803 for derivation).

PROCEDURE:

By graphical integration (or otherwise) find the
area of the free bending moment diagram and the span-
wise position of its centroid. The fixed end moments,
acting as shown in Fig. 3.3.2—1, are then:~

2A -

MA= --I-—‘-2(XA"2XB)
2A _

MB = .I-,-2 (2 XA — XB)

where L = beam span,
A = area under free B.M. curve,
%, = distance of its centroid from A
and ¥, = distance of its centroid from B
M IRREGULAR LOADING Mp

. 3 R s .

v/

%

/////}4 — e L ——— __’1:7

There is zero slope at A and B due to building in.

Free B.M. |

\\\\ NI
/:\ \Centroid --» § NN
N AR RN OO NNRRN
\/ \t \\_‘ o \\\\\\\\\:\\ RN N

1

|

‘ |

[P - S — EAV..»ﬁ v,_._._u-.q_—'x’ﬁ —

Figure 3.3.2-1

NUMERICAL EXAMPLE:

c o0 A faed beam of span L = 20 in
.

ve 1ol §Fie, 3302,

1

iically to give Carve i1
urve represents the teal

The ordipate at B of ¢
load on the beam, viz 3{

(2) Integrate Curve II graphically to find the moment
of the external loads about B. Moment about B =
330.5 Ib. in.

Free reaction at A, R, ! =

16.53 1b.

(3) Free B.M. on .beam at any station can now be
obtained and the free B.M. curve drawn (Curve III).

(4) Integrate Curve III to give Curve IV, the ordinate
of which at B represents the area under the free B.M.
curve, viz 1224. Integration of Curve IV gives the
moment of the free B.M. about B, viz 12530 and hence:

- 12530 .
= 2900 . sa93ge
*B T 1334 1
= = 978in
(5) L=20 L2=400 %,-978 ¥,=10.22
24 2x 1224
= - fXett 62
L2 400 6

M, = =6.12(9.78 — 20.44) = +6.12 x 10.66 = 65.3 lb.in.)
Mg= 6.12(19.56 - 10.22) = 6.12x 9.34 = 57.2 lb.in.)

The resultant B.M. is shown shaded in Fig. 3.3.2-3.

Check: For the same total load, uniformly distributed:

WL
.\1A=‘SI = e— =

20
B 12 30.62)( ﬁ =

51.0 1b. in.

3.3.3 Fixed Beam of Constant I: Effect of axial load.

(a) The end moments on a fixed beam of constant I
due to the combined effect of axial load and lateral
load are given under Beam Columns (6.5) for common
loading cases.

For moment distribution calculations, however,
stiffness and carry-over factors, as well as the fixed-
end moments, are required. These are given in Niles
and Newell, Vol. II, in Tables 14:8 and 14:9 on pp.
122 - 126, for certain standard loading cases.

NUMERICAL EXAMPLE 1

Figure 3.3.3.1
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Sect V
Sub Sect 3.3.3

Fixed Beams

AIRCRAFT ENGINEERING MANUAL
voL.1 (DESIGN)

Fixed end beam shown in Fig. 3.3.3-1 carrying a-
uniformly ' distributed lateral load w = 9 1b. per in.

and a compressive end load P = 10,000 lb. Take
EI = 106

; EI : L 20

2 = esmm = = = esmmm ==

j = 100 j=10 /, T 2.0

From Niles and Newell, Table 14:8, fixed end moment
coefficient C = 11.176

WL 9x20x20 -
M e e =322 1b. i,
AST = Tiae - E R

This value checks with that obtained in Beam Col-
umns, (6.5).

Carry-over factor
Stiffness coefficient

Absolute stiffness

6263
.8590
4EI

EI
8 —_ =3 44 —
590xL 3 3

This is because the absolute stiffness of a non-
tapered beam with fixed ends, without end load, is

4—5—1, as shown in Report GEN/1090/804.

3.3.4 Fixed Beam of Constant I: Effect of sinking

support.
My MB~
S KN

A

L
Figure 3.3.4-1

It is shown in Report GEN/1090/803, Equation 6
that, for a fixed beam carrying no lateral load, if end

B sinks an amount § relative to A, the end moments -

induced are: =

_6EL 8 (see Fig. 3.3.4<1)

MA - MB =
This moment must be superimposed on the moment

due to lateral load and incorporated in the moment
distribution calculations for a’continuous beam, (see

3.5.5).

3
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Sect V
Sub Sect 3.3.5

Fixed Beams

AIRCRAFT ENGINEERING MANUAL
VOL.1 (DESIGN)

3.3.5 Fixed Beam of Varying I: End moment determination.

A method is given in Report GEN/1090/805 using the Column Analogy.

Briefly, this method entails the replacement of the original beam by an anal-
ogous column having a width equal to i-:l_ (or-Ili if more convenient), a depth

equal to the span L and a length / which is taken to be very small.

However, in the case of linear tapered beams the following design charts can
be used for the particular loadings given.

END MOMENTS FOR LINEAR TAPERED BEAMS

Figs. 3.3.5-1 to 5 give design charts for linearly tapered beams under
common loading conditions, from which the fixed end moments can be found.

40
W = wL
WL )
MA = E’ N 3
. A K EE:
WL S
M = aisass
B T
Ky 4 M, Mg £
2 N S
Whend, =d B, EREEENEERRY =
AT TB K 'dd 7 AL 3 ::
o/, —10 or — AN
0o = Kg :h,‘, /ii %
WL 10"-” “ L & =
i e T : £
K, :
1 2 3 q 4 5 6
B/d

Figure 3.3.5-1 Uniform Load
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Sub Sect 3.3.5
VOL.1 (DESIGN)

Fixed Beams

End Moments for Linear Tapered Beams (Cont’d)

W = total load on beam
MA= W_IL_ K, H
Ka % Hy
-
Kg
Whend, =d dB/ 55
A~ % d, =10 Ka HH
WL or anm
K
and M, = — B 15
AT 15
WL
Ms= 5 T0pEHH
X, =
1 2 3 4 5 6
d
B/dA
Figure 3.3.5-2 Triangular Load
tEgIll‘u‘A' llllllllllllllllllllllllllllllllllllllllllll
=T My
i3 A
i3 y ¥
i
wEEE /\ 3
L B
W = total load on beam H
WL iaasaset
M, = 2=
A K, Ka K,
or
My = W Ks 15
Kg i
10
KB
1 2 3 4 5 : é
dB/
dA
Figure 3.3.5-3 Triangular Load .
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Sub Sect 3.3.5

AIRCRAFT ENGINEERING MANUAL

Fixed Beams

VOL.1 (DESIGN)

End Moments for Linear Tapered Beams (Cont'd)
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Sub Sect 3.3.6
Eived Bhais VOL.1 (DESIGN)

'3.3.6 Fixed Beams of Varying I: Stiffness and Carry-over

See Report GEN/1090/805 for the solution of a typical problem by Column
Analogy methods.

Design charts giving stiffness and carry-over for straight-tapered beams
appear in Figs. 3.3.6-1 and 2.

40
»e
ﬁ'::'”
\
20 : £0c55$ T
= i ool
- e
7 ) i
Whend = 0 2" - =
: =
. & ol
Stiffness at A = £51 B I
L g entt } H H
¢ i i s
4EI iy w : “(ines
B = === £ T T S e
L =l Tatiiiitl : A B H
HHHHHT T HH
5 T : d H
H I -
E EHe T d Id B
: T ¢ B
3 : H
L » H
2 = I H
—-——— T T
0 2 A ¢ b 8 10 12 1. 1.6
Figure 3.3.6-1
- -
3 T j T
ST
: ]
1.5
1 ‘00 ¥
>
s
When d, = dg (non-tapered beam), ‘ga"‘o
€
.o!
carry-over factor. Ato B = 0.5 10 Oﬁﬂ%
BtoA = 0.5 ’ A
A
da :
0.5 \
s am 5 ISEEE SEERNINUSE SARSEERNGNE RN
oas et NN INSNE UNEASSSEAE SRN]
&rr . LA ——‘—““:l:{:ll
Llll]lyl ovet FaCtor B to A
EE R T
1 2 3 da/ 4 5
dA

Figure 3.3.6-2 '
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Sub-Sect 3.3.7
voL.1 (DESIGN) Fixed Beams

3.3.7 Fixed Beam of Varying I: Effect of Sinking A B
Sops " I, =1.0

The end moments resulting from a vertical deflec- A I. =20
tion at ome support equal to & can be obtained by =
column analogy methods in the manner shown in the
numerical example below.
NUMERICAL EXAMPLE: e L=10———»

To determine the end moments induced by a de-
flection 8 = 1.0 of support B relative to support A for
the tapered beam shown in Fig. 3.3.7-1. The moment CERTCHIAL, (BORM
of inertia of the beam varies linearly from I, = 1.0 at
Awlz;=2.0atB.

ACOL = I—D;;—Q;S x10 = 7.5

From Fig. 4.1.5-1, Section Properties of -Trapezoid,

[
for al/b=.5o, Yy = 2838

Px = 2.838 Py’ = 80
Vi = Ap‘z = 75%x8 = 60
6
leor = E
¥ /d = .445 y = 4.45 ANALOGOUS COLUMN
Ford = 10,
Ma = 10x 445 = = O741E
E
= 1’ s — T -0 24
Mg 0 x5.55 % 924E Figure 3.3.7-1

as explained in GEN/1090/805.5
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Propped Cantilevers
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Propped Cantilevers
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Propped Cantilevers
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Sect V

AIRCRAFT ENGINEERING MANUAL

VOL.1 (DESIGN)

Sub Sect 3.4.2
Propped Cantilevers

3.42 Propped Cantilever of Constant I: lrregular

loading and prop at intermediate position.

Figure 3.4.2-1

The general case of a propped cantilever with the
prop at some intermediate position, such as B in Fig.
3.4.2—-1, carrying an irregular load can be solved as
follows:—

(a) Find the bending moment at the support B due to
the overhung portion AB.

(b) Find the fixed end moments for span BC, by the
method of 3.3.2 for irregular load.

(c) Balance Joint B by moment distribution methods.

NUMERICAL EXAMPLE:

By way of illustration, take the fairly straight-
forward case of Fig. 3.4.2~2 wherein the load varies
linearly from zero at the tip A to 30 lb. per in. at the
root C.

Figure 3.4.2-2

(a) B.M. at B due to overhang = 15.10 x 5 =

+ 375 1Ib. in. (Section 3.2, Case 5).

wig
N F =

(b) Fixed end moments on span BC assuming that it
is an isolated fixed beam are, from Section 3.3.1, Case
11

2
Mg % [Swa + 2(wg — wa)]

- 15(50 + 40) = — 1350 1b. in.

L2
hdc = -—'[ ka + 36“3"Wh)n

60

= 15(50 + 60) = + 1650 Ib. in.

(c) Moment Distribution B C
Initial moments + 375 - 1350 + 1650
Balance Joint B + + 975 + 488
Final moments +375 | - 375 + 2138

The B.M. diagram is shown in Fig. 3.4.2-3.

2250
2138
375
A B c
Figure 3.4.2-3
3.4.3 Propped Cantilever of Varying I: lrregular

loading and prop at intermediate position.

Figure 3.4.3-1

The method is basically the same as that of 3.4.2
and is as follows:—

(a) Find the bending moment at support B due to the
overhung portion AB.

(b) Find the fixed end moments, stiffness and carry-
over for span BC as an.isolated fixed beam by the

methods of 3.3.5, 3.3.6and 3.3.7.

(c) Balance Joint B by moment distribution methods.
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Sect V
Sub Sect 3.5.1

Continuous Beam VOL. 1§

AIRCRAFT ENGINEER!NG MANUAL
(DESIGN)

3.5.1 Continuous Beam: | Constant throughout. 'Tabular Summary for Uniform Loading on Beams up to 5 Spans.

Ly
4
SINGLE SPAN )
FOUR SPANS
125WL 00225 WL
W 27 b 2,
! / .
. L BENDING MOMENT BENDING MOMENT
/2 : 0981 -
[} [}
| 134W .116W 152w
I 1 [ ¥ 4

SHEAR

RUERUE:

1 .
286W 098V
LY

1341 SHEAR
TWO SPANS
L L/ L/ ]-/ L/
0175 WL 0313 WL 0313 WL /s 5 5 5 5
//‘y//ll’ -(’/47/ =% % FIVE SPANS
/ - 00312WL 00132WL  .00184WL
BENDING MOMENT
_ \
T . |
3125w | |
FTTTTﬁ\‘, 1 SI% [ 11 TTTTTj\TT*» ‘+
' L £25W Y
Fe-.1875L > _x® fo—s| Soins oo BENDING MOMENT
SHEAR 1875W
eI | |
105W 100w 095W ; \
¥ 1 1 Y
e/ EPAN( S
1 18
THREE SPANS
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0028 WL .
0089 WL 0139 WL
0111 WL
’ i
: i W = total load on beam
‘ .
BENDING MOMENT L = overall span

Figure 3.5.1-1
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Sect V

Sub Sect 3.5.2

Continuous Beam

pans.

(Simply supported at ends)

VOL. 1 (DESIGN)

AIRCRAFT ENGINEERING MANUAL

3.5.2 Continuous Beam: | Constant Throughout. Design chart for uniform load on 2 s
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Sect ¥ AIRCRAFT ENGINEERING MANUAL

Sub Sect 3.5.3
Continvous Beam

VOL.1 (DESIGN)

3.5.3 Continuous Beam: | Constanr throughout.
Tabular Summary for Various Loadings by Moment
Distribution.

The moment distribution (Hardy Cross) method
for solving continuous beam problems is a rapid and
essentially practical method wherein each span is first
treated as an independent fixed beam and the resulting
end moments determined.

These end moments are easy to find for a beam of
constant I, because they are governed entirely by span
and loading and so usually resolve themselves into
one or more of the standard cases given in 3.3.1.

Any resulting out-of-balance at the supports is
overcome by applying an equal and opposite releasing
moment and distributing this between adjacent spans
with due regard to their stiffness.

The following rules must be followed:—

RULE 1 - Carry-over: For a beam AB of constant I
the carry-over moment to B when A is released is Y%
the releasing moment at A. That is, the carry-over
factor is !4 (See Report GEN/1090/804).

RULE 2 - Stiffness: When considering the relative
stiffness of two adjacent spans AB and BC of con-
stant I and span L; and L, respectively, the following
conditions apply. (See Report GEN/1090/804).

CONDITION STIFFNESS
of Span AB = Cj | of Span BC = C3

A and C both fixed 4 f—i 4 E-Iz
A and C both pinned 3 EI 3 EI
L, L,

fixed i EI EI

A fixed, C pinned 4Ll 3L2
A pinned, C fixed 3 f-i 4 ]‘:3—12

NOTE

For convenience when E and I are constant it is
Customary to consider the stiffness in terms of

Lol
L L

Stiffness Ratio:

The stiffness ratio of span AB

The stiffness ratio of span BC

]

C,+C,
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Continvous Beam
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Sub Sect 3.5.3

voL.1 (DESIGN)

Continuous Beam

(p,4u0)) A1owwing ojnqp] :woeg snonuluoc) £°G¢

0001 —| 0001 + 90z — | 40Z + 0 sjuowow yeuyq
62 + ¥6C + € eesoyed
€E€E + ~» 491 + O esseey
€971 — “9ZE V esmeled
0001 — L99 + L99 —~ 9., + 9T¢€ + Bluswow 339N
911 — ¥8¢€ + sjusuwiow peoy dn
0001 — 499 + 499 — 261 + 8§ — Sjuawow pewoy umo(
0s* 0s*® Ofi8l S8OUFINE
o] a v
*sajdwexa 13738 UT 1By
03 JB[Twis ST ampad0id oy ¢ sjuowom Surxyy TeI3T0T 330 ay3 Furpury PRy 2 :
hi. 8 ‘OH NO dvOo1 dalng
. -1 a -
*pauoddns Ajdwys [je a1e D pue g ‘y eours % = OnweI ssauPNS ‘0001 — . b mﬁﬂscammw% q..VUQMMA
= usyono 031 anp D jo 1yFi1 01 Juswom Furxyy $£99 T SI1e D UO sIVIWow . M
s s N Ve + - 8°'V 1V aE1li0ddns
pua 1enITul  °ZET+ = W pue 8C— = W 338 peo[ umQp 03 3np : 9| — “ur 3ad * Furpeo ¥
= VBp pue yg¢ = BV 21e pwoj dn 03 an uo siud bl : s Fopeel ATTEHS 9 Sy ChvR
= peojf p av iuswow FuTxyy [eNIU] <u133d Q1 0T -4EAO HLIM ‘SNVdS 2
©)
0LIY + S'91S — | S'91S + 00§ — | 00S + sjuswWow [BuTg
€'9 - ST - [ g osearay
$0S — | S°1€S +
sTor + <1z + v oseapad
9LIT + 0§ — 128 + 12§ — | 00§ + sjuvswow Burxid
“1LS" =DM Jo pue 6Zy* .= €V jo onves ssaupns T =T 51 a sy a 9¥s* k| ORel BReUNIRE
*7) 031 39A0-A338D ppe pue ¢ I8BI[IY
o ppe P ! ‘g . ‘08 NO avo 1
) ‘g 01C 01+ j0 oy =°1 sz="71,01=1 QALVILNIDNOD ‘8V
1240-A13> 8 saAI8 SIY3 : [Z+ jo 1uadwow v BV o1 Fuippe 4q y sseaay Mm.a. PR uIM{ NO dVO“1 AELOAGINL
*uT *q[ 005 + = 001 = o' T 8c=%id \4 $IQ 'O LV aaXId ‘]
0T X% = z]A% = Sueyiaso 031 anp y jo y3[ 01 wawow Fuixyd *(y) 288D N * ﬂ_”uu%uk QMMQMMM A.HWWWOMMWM
0] se e ue uo sjuawow Furxyy [BNTUI puw SONIBI SSAUHN . = : =
¥ O pue gV Xy [enul p ! ujnIs 91002 =M ATAO HLIM ‘ SNVS Z
()
€111 + 0€9 — 0€9 + 0 sjudwow TeuTd
€9 - «9Z1 — IST — g eseopay
y0S — 184 +
09T F « 128 + W essarey
¢ oy o sous it ool olmr o] el
-p30228 UT [[1IS) [LS" = DY JO PUe GZ§' = €V JO ONnes ss3uyNs =T x o) g v

*D) 01 JudWowW I9A0-A13ed Furaid ‘g
9s83[21 UaYY, ' 03 IWIWOW I2A0-A13ed FurAlF ‘019z 3q I1SNW 1Y} JVIWOW
[¥U1} 243 20UIS ‘Y 9S8I[21 18I °210jJ3q se 1v sjudwow Furxyy [enIU]

Sy = O Jo pue 9¥S* =¢CC0°/€0° = AV JO onel ssaupng
230§3q s® ‘[SZ0° = DM JO PUE (7 S[MY Y3I4 0UBPIOIDE U 1€0° = IV0" X %,
=gV jo ssaupns ‘D 18 paxy s1 OF Inq pauoddns L2235 st gV 29UIS

oy =%1 » sz="1

—l
sfatsz=vdg Ly
‘ur 39d *qI Q] = M

‘q1 00T = A

‘DK NO
avo1 QELVIINEONOD
‘av NO avo1 aa.Lng
¥LSId O LV AAXId
‘8 ANV VvV 1V d3aLraod
-dNs ATHIAL ‘SNVJIS ¢

¥

SLNIWWOD

NVdEE SNONNILNOD

SALLI50 4 9ID SjusaWOW On_;JUO_U L 50-—0:0.-.._.—. {ungsuo) VOEann< 1 puo 3

AVRO E4 Taas




Sect V

Sub Sect 3.5.3
Continuous Beam

AIRCRAFT ENGINEERING MANUAL

(DESIGN)

VOL. 1

(p,4uoD) Aipwwng Iojnqn| :wpag snonuluod) £°G'E

*0S° = sonrer ssauyyns ayl ‘[enba y[e are sueds Iy |

*31qI81{8ou aq 01 SE [[EWS OS ST JUSIWOW IDVE[E] JO INO IUVI[NS
=33 3Y3 [PIUN D puUe ¢ SSBI[2I 03 INUVNIWO) ‘UTede paosuv[equn
3q MOU [[IA yYd1ym ‘g pue (J 03 si19A0-A138d Furard ‘D) asuvajas
UaY3 : D PUEB YV 03 19A0-A118D FUTAIF ‘g 9seI[as 18I IdI[Iud
se C8¢° : C19° 29 [[Ia DF : dD Pue DF : €V Sonwl ssaujnsg

uy 39d *q1 01 “ur 32d *q] 01

1 00Z = A

9'Z1€+ 8'LE6 — | L°8E6 + €°06S — | €°06S $° 98y — sjuswow JeuTd
6° + «81 +[6C +-> 1 + € 9ssaray
9'Z1€ + 8'L66 — | 8°LE6 + 1°26S — | #°48S 8°L8Y — .
Vi = €81 —] £6 - L'y - O eseayey
02€ + €26 — | 1°L¥6 + $°L8S — | p°L8S + 8°L8¥ —
e 1've + <«c¢'8v + | 89L + - #8¢ + | oswareX
0Z€ + €76 — €26 + 9°S€9 — | 9°01S + 2'97§ —
102 =  «70¥ — | L6V — - SZ1 — D ssBoay
128 + 128 — | L°TLYT + 9°01S — | 9°01S + 2°92§ —
€€ - «9°9 — [ $O0T — > TS — € osBaa)
128 + 128 — 9411 + v0S — 128 + 128 — sjyuswow Burxrd
e §19* S8E° S8¢* §19° o138l S82UPNIS
a o) g v

*‘NMOHS SV d3avo’1
‘d ANV v SANd
lv dIXId ‘SNvVdS €

4]

SLNHWNWOD

ANVEHE SNONNILNOD

SAIISOJ 91D SJUBWOW 8SIMYI0|D) = ynoybnosy| Juoysuo?) pawnssy | _...:m - |

AVRO EA 2441




geeuy ~ AIRCRAFT ENGINEERING MANUAL

Sub Sect 3.5.4 i —
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3.5.4 Continuous Beams: | Constant Per Span.
Numerical example of 4 span beam. MEMDER STIFFNERS STE?I?S
31 60 1
AB ZE= .75Xa)-= 75 b .75
400 1b. 1200 1b. 1600 Ib. 335 O3
30 1b./in. ' BC 1ar B s i
L 40 Tis 5
A TE cp . 8 L 1340 N
L 30 1.5
31 4s 3625 Ot
DE - - = 75X — = 1.125
4 L 30 -
Figure 3.5.4-1
I = I = 1 .4
B he e E constant
Icp =Ipg =45in.*
A B C D E
Stiffness ratio .33 .67 .50 .50 571 429
Initial moments |— 3000 + 3000 | — 4000 + 4000 |- 4500 + 4500 | — 6000 + 6000
Release A & E +3000-> + 1500 — 3000 «— 6000
+ 4500 | — 4000 + 4000 |— 4500 + 4500 | — 9000 :
Release B - 167 |— 334> - 167
+ 4333 | — 4334 + 3833 | — 4500 + 4500 | — 9000
Release D + 1285 €+ 2570 | + 1930
+ 3833 |- 3215 + 7070 | — 7070
Release C — 154  «— 309 |— 309> ~— 154
+ 4333 | — 4488 + 3524 | - 3524 + 6916 | — 7070
Release B + 51 1+ 102> + 51
+ 4384 | — 4384 + 3575 |— 3524 + 6916 | — 7070
Release D + 44 <+ 88 |+ 66
+ 3575 | — 3480 + 7004 | — 7004
Release C — 24 <— 48 |— 48> — 24
+ 4384 | — 4408 + 3527 |— 3528 + 6980 | — 7004
Release B + 8 1+ 16> + 8
+ 4392 | — 4392 + 3535 | — 3528
Release D + 7 «+ 14 |+ 10
+ 3535 |— 3521 + 6994 | — 6994
Release C = 2 «—3.5 —35 > = 2
Final moments 0 + 4392 | — 4394 + 3531 |- 3535 + 6992 | - 6994 0

\

Note that A and E released first and kept released throughout.

Further accuracy in the final moments will be achieved by continuing with the
diswibution calculations.
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3.5.5 Continuous Beams: | Constant Per Span. Numerical Example on Effect of Axial Load.

w = 9 1b./in, 200 1b. w =9 Ib./in.

P = 1000 1b. /

Figure 3.5.5-1

Given that EI = 10°

Bl FIXED END F};xrﬁ;) cgmg{-
1= L . | MOMENT VER | gTIFFNESS | ABSOLUTE STIFFNESS | STIFFNESS
FEF BT | comrricmaTe | wL |FACTOR |cORFFICIENT RATIO
c
859 ..171
AB| 100 |10]20 [2.0 11.176 3600 | 322 6263 859 = X4EI= ATIEL === 6
|
! 656
BC! 100 10 |30 {30 6.44 6000 931 9189 656 _36 X 4EI = 0875 EI
|
] -0875
CDi 100 10 |20 |20 11.176 3600 322 6263 .859 = ,171 EI i—sgg = .34

The fixed-end moments, stiffness and carry-over are obtained by the method of
3.3.3. Proceed now as for a normal moment distribution calculation. .If the end
load P in each bay is different, the procedure is basically the same, because
the effect of P is automatically taken care of in finding.jZ = l%l

The above example is taken from ‘‘Aircraft Structures®’, Peery, p.552. There is
an error in the value of his fixed-end moment coefficient for span BC: 6.9 should

be 6.44.
This affects the moment distribution in Peery, Fig. 18.39, p. 553.
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Continuous Beams

3.5.6 Continuous Beams: | Constant Per Span. Effect of Sinking Supports

To determine the moments induced when the supports sink, each joint of the
unloaded beam is allowed to sink without angular rotation and the end moments
found as though each span were an isolated fixed beam.

Moment distribution methods are then used for balancing.

NUMERICAL EXAMPLE:
The same beam as in 3.5.4.. Take E = 107

1=60 I=60 1=45 1=45

Figure 3.5.6-1

Let the supports sink as follows:—

A B C D E
.01” 027 .025” .02” .015”
MEMBER BC
e
N
' f
\ B
NETT
DEFLECTION & 01 005
L 60 40 30 30
L2 3600 1600 900 900
I 60 60 45 45
EI
6—2 1.0 x 108 2.25 x 108 3.0 x 10° 3.0 x 106
6EI
M= = s —10,000 —11,250 +15,000 +15,000

Proceed now by ordinary moment distribution methods.

3.5.7 Continuous Beams: | Varying Per Span. General Notes

Treat each span as an isolated fixed beam and determine the end moments,
stiffness and carry-over by the methods .of 3.3.5, 3.3.6 and 3.3.7.

Proceed then by the ordinary technique of moment distribution.
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Curved Beams

3.6 Curved Beams: Circumferential Stresses

Ordinary bending theory cannot be used for a
beam which is initially curved to such an extent that
the radius of curvation is small compared with the
dimensions of the beam.

In such a case the circumferential bending stress
(for sections other than thin-walled) can be obtained
by the method outlined below.

Consider the beam shown in Fig. 3.6—1 which
has an initial curvative R measured to the centroidal

Fig. 3.6-1

Assume that a plane cross-section such as bnd
remains plane after bending and, under the action of
an applied bending moment M, tending to increase the
curvature of the beam, moves to the position bynd,.

Note that in Fig. 3.6—1 the position of the neutral
axis nn, that is, the position of zero bending stress,
is mot coincident with the centroidal axis oo. Later it
will be shown that this is because the stress distri-
bution across the section is hyperbolic and not linear,
as in ordinary beam theory.

For the time being, however, it will be necessary
to accept the fact that n is below o in this particular
case.

3.6.1 Development of Formulas — Let a longitudinal
fibre gg of the beam of original length L situated at a
distance y above the centroidal axis undergo an exten-
sion A. Then, if L, is the original length of a fibre

on the centroidal axis,

- Tl
R+y R
i '
or L = R +y) = K{(R +y) say.

R

Also, if A, is the extension of a longitudinal fibre on
the centroidal axis and h is the distance of the neutral
axis below the centroidal axis,

A A,
h+y__h_
A
A=A +=2
ot Y

The normal or circumferential bending stress f devel-
oped in fibre gg is clearly E x strain or

f-=A _E K, + K5
L K. R+y)
By regrouping, f = a + K Eqn. (1)
R+y

If dA (Fig. 3.6-2) is the area of an element of cross-
section, A = 2 dA is the total area of the section and
it is clear that 3 fdA is the total axial load P applied.
That is, P = X fdA

=alt s K502 Eqn.'(2)
R+y
In addition,
M=73 fydA
=aXyda + gsea
R+y
y

CENTROIDAL AXIS

Fig. 3.6-2

But 3ydA = 0 because it is the sum of the moments of
all elements above the centroidal axis.

ydA
R+y

R
E3(1 --—-) dA
3( Rer)

M = KX

It

Eqn. (3)

1l

K[A-R3S A
R+y
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3.6.2 Procedure in Practice — When the section is
such that the curves of 3.6.3 cannot be used, proceed
as follows:—

dA

(1) For a given value of M calculate A and ER et

and hence K from Equation (3).

(2) Find **a’ from Equation (2), assuming P = zero,
as it is for pure bending.

(3) Find the circumferential bending stress f from
Equation (1) and hence

(4) The position of the neutral axis given by y = h
when f = 0.

3.6.3 Numerical Example — The method will be dem-
onstrated by reference to a solid circular section of
diameter d = 2.0 in. having an initial radius of curva-
ture R = 3.0 in. measured to the centroidal axis, under
the action of a bending moment M.

dA
R+y
d

+.—

z 4

2

(1) The integral 3 can be re-written as:~—

2wdy
R+y

where w is the half width of an elemental strip of
thickness dy (Fig. 3.6—=3). That is dA = 2wdy.

Fig. 3.6-3

The mathematical solution of this is:—

24[R - R2—(g)2]

which for R = 3.0,d = 2.0 and R/d = 1.5 gives
544 _ g 079,
R+y 4

TMS result could have been obtained by graphical
integration by tabulating values of 2w and y as in
Tables 3.6-1 and 3.6-2. In fact, this procedure
would have to be adopted in the general case of a
section which did not lend itself to a mathematical
approach.

TABLE 3.6-1
Clearly w = /r2—y?
y 0 (02 |04 |06 |08 |09 |10
- 1.0 .98 916 80| .60 435 0
2w 2.0 1.96 | 1.832] 1.60 | 1.20 871 o
R+y 3.0 3.2 34 | 36 | 38 | 39 | 40
2w 66 612  538| .444| 316| 223] o
R+y
TABLE 3.6-2
y 0 |-0.2 |-04 |-06 |-08 |-09 |-1.0
R+y 3.0 28 | 2.6 | 24 |22 | 21 | 20
o 2% 66 | 70| 04| 66| 45| s13] o
R+y :
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= 3.0x1.079 = 3237

R+y

[A-RS32 1o pe3937~ 00954
R+y

T TP Y
Z0.0954
(2) For P =0,

aA = -K3 l-fi‘— - 10.48 Mx 1.079 = 11.31M

+y
a=LL3IM - 3 6o6M

BG)f=a+—K_ = M[3.606-10:48 ]
R+y 3+y

Wheny = +1.0,

stress at extreme outer fibre s; = 985M
Wheny = -1.0,
stress at extreme inner fibre s; = -1.632M

M _ 32M
s =2---ﬂ—d3== 1.272M

0

o _ 985

% _ = 773
a7

Si _ 1.632 _ .g
s 1.272 ’

Check from Roark, p.144, Case 2.

R _3.0_ 3.0 (In Roark’s notationc=g)
c 1.0 2
s
K, = —59 = 0.79
Si ;
K; = 5 = 1.33

@ L 3.606 - 1048
M 3+ y)

Whenf = 0,y = h = - 0.094

CHECK. From Roark, p.144, Case 2, for & = 3.0,
C

|

= .03, h = .09

DISTRIBUTION OF BENDING STRESS

y +1.0 +0.5 0 - .09 |-0.5 -1.0
3+y| 4.0 3.5 |30 291 | 2.5 2.0
10.48] 2.62 2.99 | 3.49 | 3.6 4.17 | 5.24
3+y

/M .985 616 .12 0 |- .56 |—1.632

The distribution of bending stress is hyperbolic, as
in Fig. 3.6-4.

CENTROIDAL AXIS
NEUTRAL AXIS

l——f/M = -1.632——1

Fig. 3.6-4

3.6.4 Data Sheets — Curves for rectangular and solid
circular sections appear in Fig. 3.6-5 and I, T and
trapezoidal sections in Fig. 3.6-6.

When there is an applied axial load, in addition to
the bending moment, the effect of the resulting direct
stress and the bending moment due to the offset of this
axial load from the neutral axis — because of its non-
coincidence with the centroidal axis — must be in-

cluded.

=
AVRO EA 2441
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Notation

UNSYMMETRICAL BENDING

TABLE OF CONTENTS

3.7.1 Introduction

3.7.2 Notation

3.7.3 Formulas

3.7.4 Procedure

3.7.5 Numerical Example No. 1

3.7.6  Numerical Example No. 2

3.7.7  Numerical Example Principal Axes

Component of bending moment about

3.7.1 Iatroduction My [LB.IN.
YYo
The bending stresses on a section subjected (Mx and My are positive when. acting
simuleaneously to bending moments in two planes can as shown in 3.7.3.)
e foumnd by the formulas given in 3,7.3, without s R
Saving to determine the principal axes, even when Iy [IN.4 Moment of Inertia of effective section
the section is completely unsymmetrical. - about XX. -
The theory is developedin Report GEN/1090/807. Iy IN.4 Moment of Inertia of effective section
about YY.-
Ixy IN. 4 Product of Inertia of effective section
3.72 Notation | about axes XX and YY. -
(The ‘‘effective section’’ is the area
T - - effective in bending)
&X, Any two convenient rectangular axes A
“§ through the”centroid O of the section. 1
] When the  section has an axis of Az
| symmetry, XX or YY would naturally B S : - ;
' be chosen to coincide with this axis. | EE DTN dheve: . cneilicisne
f‘A| Neutral axis of the section. - 5
~ n
x IN i d al he X . 5 2 £ i
P aC:;sot im0 aloge the XX B |DEG. |angle between the neutral axis of the
', 3 section and axis XX such that
ly BN Co-ordinate measured along the YY m .
: axis. et i
! (x and y are positive in the first
i ' 24 o |P.S.L. |bending stress.at station whose co-
‘M, LB.IN. Component of bending moment about ordinates are x and y.
i 1 . e :
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3.7.3 Formulas

Bending siress at station having co-ordinates
X, y is: g=mx +ny where m and n are. as below.

Positive o is a compressive stress.
My and My are positive when acting as shown.

When tan 8 =2 is positive, B is as shown.
n

COMPLETELY UNSYMMETRICAL
SECTION

SECTION HAVING ONE
AXIS OF SYMMETRY

Where .Al = Mxly - Mylxy

A, =Myly - My Ixy

B =Ll "'szy
Note that Iyy must be found
. with due regard to sign.

Fig. 3.7-1
3.7.4 Procedure

(a) Find the position of the centroid of the effective
section, that is, the section effective in bending,
which in many cases will consist of stringers plus
effskin. -

(b) Decide on any convenient rectangular axes XX
and YY through the centroid. -

(c) Find Ix, Iy and Ixy, the last-mentioned with due
regard to sign. -

(d) Find the coefficients A;,A, and B and calculate
m, n and the ratio %.' '

(e) Calculate the bending stress ¢ =mx + ny.

A numerical example appears below.

3.7.5 Numerical Example

Fig. 3.7-2 shows a completely unsymmetrical wing
section for which the stringer positions relative to
axes XX and YY through the ceatroid are as in the
Table below.  (The example is taken from BRUHN,
Fig. A13-4). It is required to find the distribution of
bending stress with the following given data: -

Iy = 186.5 IN“
Iy = 431.7 IN%
Iyy = —36.41 IN*

71.3 x 10* LB. IN.
My = -3.8x 104 LB.IN.

Steps (a), (b), and (c) of Procedure have been covered. -

d) Ay =Mz Iy~ My{xy
= 71.3 x 104 x 431.7 - 3.8 x 10* x 36.41
=308 x 105 1.383 x 10° = + 306.617 x 109

A2=Mylx-MxIxy
= - 3.8x 10* x 186.5 + 71.3 x 10* x 36.41
=—7.1x10%+25.95x 10° = + 18.85 x 10°

B=I Iy -1,
= 186.5 x 431.7 —(36.41)*
=-8.06 x 104 —-1320 .
= 7.928 x 104

A 6
e e = e +aIRES

B  7.928 x 104

A1 306,617 x 10°

o= = +3870
B 7.928x 104

Tan B=2 = 23722 _0,0613
n 3870 - -

B=13°30
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3.7.5 (cont’d)

() 0 =mx+ny

-237.5x +:3870y  (+:Compression)

Values of 'o for various values of x and y are given.

The distribution of ‘o is shown in Fig. 3,7-2. "
‘ +: COMPRESSION

ITEM x y 237.5x 3870y o
(IN.) (IN.) ®.S1L)
1 -17.41 4.40 -4120 17,000 12,880
2 -13.54 6.45 -3210 25,000 21,790
3 - 9.11 7.40 -2165 28,600 26,430
4 - 5.44 7.77 ~1290 30,000 28,710
5 - 0.86 7.95 - 205 30,800 28,750
6 3.14 7.90 745 30,600 31,350
7 7.14 7.70 1700 29,800 31,500°
8 11.74 7.30 . 2790 28,300 31,090
9 15.39 6.90 3650 26,700 30,350
10 -17.51 -2.90 —4160 -11,220 ~15,380
11 —-13.54 —4.50 -3210 -17,420 ~20,630
12 -:9.11 -5.55 —2165 —-21,500 —-23,670
.13 —: 2,96 -7.00 -: 700 -27,100 -27,800
14 3.32 -7.73 . 790 —-29900 | —29,110
15 9.64 -8.22 2290 -31,800 -29,510
16 15.39 —8.47 : 3650 ‘ -32,800 -29,150
Yy
6 7 _
8 9
‘Mg | '
S\Q\\ X
> 020’ A
My B=3030
L’
’ 13 1'4
TENSILE STRESS 15 16

Fig. 3.7-2
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Numerical Example No. 2

3.7.6 Numerical Example No. 2 (Fig. 3.7-3) oy
Same Example but My,= 0

P
Nl
N Z ; "
) o =N
= = 6 1
Ay = My 308 x 10 =

Ay = =Mylyy =25.95x106 Fig. 3.7-3

B =Ikl- szy = 7.928 x 104 as before Hence neutral axis moves clockwise from NOA
to N;0A;.  This is as would be expected since
A removal of - will reduce the compressive stress, .
14 25.95x10° _ 327 and increaseMty;:e tensile stress, at N and hénce zero
B 7.928 x 104 value could only be obtained by having N; clockwise
relative to N. -

my =

Ar _ 308x10° _ g

nl = — =
B : 104
Karrss 3.7.7 Principal Axes

I _my 327 - 0.084 As a matter of interest the Principal axis PP for
an 1 = ;I ~ 3885 B e this section is at an angle ¢ = — 8° 16.25" to XX
(See Bruhn, A13.6).

B:= 4° 48’ PP is thuslocated as in Fig. 3.7-3 (not to scale).‘
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i3 PLASTIC BENDING

TABLE OF CONTENTS

3.8.1 Introduction

3.8.2 Section Factor

3.8.3 Design Charts

3.8.4 Bending Stress at Extreme Fibre
3.8.5 Bending Stress at Intermediate Fibre
3.8.6  Shear Flow

3.2.1 Introduction

Classic bending theory is based on the assumption
thar plane sections before bending remain plane after
beading. Since, within the elastic limit, stress is
proportional to strain, it follows that the stress
diswibweion over the cross-section will be linear,
warying from zero at the neutral axis to a maximum
2t the extreme fibre, as in Fig. 3.8=1 (b). This
diswibmeion is expressed mathematically for a sym-
meerical cross-section subjected to a bending moment

|y
= by —
1
= ] Ib
= C
§ NEUTRAL j ; AXIS {
A
= |
N (®) (c)
STRAIN STRESS WITHIN THE STRESS IN THE

ELASTIC LIMIT PLASTIC RANGE

Fig. 3.8-1

When the extreme fibre stress exceeds the prop-
ortional limit stress of the material, - the stress
distribution on the cross-section is no longer linear
but tends to follow the stress-strain characteristics
of the material (Fig. 3.8~1 (c)). - Consequently, the
convential formula for linear bending stress dis-
tribution no longer applies. -

It has been standard aircraft practice, in such
cases, to use a FORM FACTOR to indicate the
amount by which the allowable ultimate stress of the
material (or the allowable bending moment) could be
considered to be increased in order to apply the
convential formula given above. To use this method
it is necessary to have form factors for all the cross-
sectional shapes commonly used, information which
is not readily available.

A procedure has therefore been developed for
symmetrical sections, (see ‘‘Bending Strength in the
Plastic Range’’ Cozzone, J. Ae. Sc., May 1943,
Page 137) whereby .the engineers’ bending stress is
reduced by using a SECTION FACTOR in conjunction
with a series of Design Charts for various materials;
this reduced value is then compared with the allow-
able bending stress of the material.
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3.8.2 Section Factor I = moment of inertia about the neutral axis.

The section factor K is given by the formula: :
c = distance from the neutral axis to the

K = 2Qm extreme fibre of the section.
I/c Values of K for various common symmetrical

sections appear in Table 3.8~1 and in Figs. 3.8-2, 3

where Qp = the static (first) moment about the neutral and 4.
axis of the area between the neutral axis

and the extreme fibre. If K by calculation exceeds 2.0, use 2.0,
TABLE 3.8-1
Q)]
%
%
(2)
D) | s
(3)
@ See Fig. 3.8-2
(4
See Fig. 3.8-3
(5)
%zzzzz% See Fig. 3.8-4
(6)
Half the value obtained in
Case 5,

Do not use a value of K greater than 2.0,
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3182 Section Factor (cont’d)

e
t@
S ‘—‘
g o
1.7
1.6
—
K SE
1.4 ,,
i i
S
T i
1.2 :
B
1.0

0 K .2 .3 A .5
YD

Fig. 3.8-2 K value for Round Tube

0.5
0.4 Pt
SR 2
1.45-
N
0.3 L4
& v
n -
]
JE‘\\I
002 .3
mus Vany
N f-\\
oo :
0.1 Sgisi ; r,
AN
v HA
X Vi
£ Eﬁ*‘ﬁ, £ £
o = K = 1.5
0 0.2 0.4 ¢, 0.6 0.8 1.0
/1

Fig. 3.8=3 K value for | or Channel Section
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3.8.2 Section Factor (cont’d)

1.0

HHK = 1.55 K=1.5
K < 1‘.‘&1
X<
0.8 B >
N
cinde \
N TR \
& T
0.6 = G 3
‘. \ ;
ta Ny f =
/b BES i ..
i M
0.4 F
: ; —2p—+
0.2 ' : S 5 % ty
£ e b
- e = 3 3
= ; =F i u
0 : : K = 1.5 Bl
0 0.2 D4 0.8 1.0
Vb
Fig. 3.8—-4 Kvalue for | or T section
*DO NOT USE VALUES OF
K GREATER THAN 2.0,
3.8.3 Design Charts
The following Design Charts are given:
Fig. 3.8— 5 14S-T Aluminum Alloy Forging

5
Fig. 3.8— 6 220-T4 Aluminum Alloy Sand Casting
Fig. 3.8= 7 195-T6 Aluminum Alloy Sand Casting
Fig. 3.8— 8 755-T Aluminum Bar

Fig. 3.8~ 9 Alloy Steel H.T. 125,000 p.s.i.

Fig. 3.8-10 Alloy Steel H.T. 150,000 p.s.i.

Fig. 3.8-11 Alloy Steel H.T. 180,000 p.s.i.

Fig. 3.8-12 HTA Magnesium Sand Castings
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3.8.3 Design Charts (cont’d)
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3.8.3 Design Charts (cont’d)
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Bending Stress at Extreme Fibre

3.8.4 Bending Stress at Extreme Fibre

(a) Find K from Table 3.8-1 or when this is not

possible, use the formula K = ?x_n

C

(b) Find = the engineers’ bending stress at the
I

extreme fibre.

(c) Enter the appropriate Design Chart on the upper

horizoatal —< scale and obtain the maximum applied
1 .
stress fqm at the extreme fibre for the particular value

of K found in (a).

NUMERICAL EXAMPLE

I section beam shown in Fig. 3.8-13 subjected
to 2 bending moment of 31600 1b. in. about the neutral
axis. Specification 75S-T Aluminum Alloy Bar.

Fig. 3.8-13

(2) Ester Fig. 3.8-3 on the base line at t; 4 = 0.20.
Read the wvalwe of t2/p = 0.10 on the vertical scale.
The imsersection gives K = 1.234 by interpolation

between the curves of K= 1.2and K =1.3.

As a2 check on this value, the general method,

using the formula K = -2—03’, will be used.

+.80 % .20 x .40
= 0.244 in°.

1.0 X .20 % .90
.18+ .064

[1x23 -.80x1.6%]
[8.0-3.26] =0.395in*.

I/ =.395in>.

Qm

1}

— —
NI)—‘ ol L

2 x 244
.395

K =

(b) Stress developed by engineers’ formula
me _ 31600 _ g9 000 p.s.i: -

I 395

(c) Enter Fig. 3.8—8 on the upper yis scale at 80,000

p.s.i. and proceed vertically downwards (as indicated

by the dotted line) until point (1) on the h% curve

representative of K ='1.236 (by interpolation between
K =1.2 and K = 1.4') is reached.

Corresponding stress value on the vertical scale
is 69,000 p.s.i. "

RESERVE FACTOR

Since stress is no longer proportional to bending
moment, the reserve factor must be obtained on a
bendmg moment basis. -

Enter Fig. 3.8-8 with the allowable ultlmate

tensile siress Fy, to obtain an Mc value for the proper
I
section factot (K =1.236 in this case) as indicated by

point (2). T— 91,000 p.s.i. by interpolation.

Muluply this value by I/ to find the allowable
ultimate bending moment viz M = 91000 x .395 = 36000
1b. in.

Reserve Factor on an ultimate basis
_ allowable ultimate B.M.

= applied B.M.

36000
3160

=1.13

o
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3.8.5 Bending Stress at Intermediate Fibre

(a) On the appropriate Design Chart find the strain em

(on the lower horizontal scale) corresponding to the
maximum applied stress f, on the stress-strain carve.

(b) The strain at any point distant y fromthe neutral
axis is:

ey =em x y/c

(c) Read off the vertical scale the stress corresponding
to this strain onthe stress-strain curve.

NUMERICAL EXAMPLE

To find the bending stress of the I section beam
shown in Fig. 3.8-13 at Section XX, which is at a
distance y = 1/7 in. from the neutral axis.

Applied bending moment = 31600 1b. in.

(a) em = 0.016 given by Point (3) on the stress-strain
curve. fm = 69,000 p.s.i.
0.5

on the stress-strain curve.

(b) €y = 0.016 x = 0.008. This gives Point (4)

(c) Corresponding stress = 15500 p.s.i.

3.8.6 Shear Flow

The shear stress distribution shows a marked
change from that obtained by the conventional formula

for shear flow viz, q = V_IQ 1b. per in.

It is shown by Cozzone that the maximum shear
flow in the plastic range for a doubly- symmetrical
section is given by:

+R(—- -1)
q=3
I 1+R(K—-1)

Values of the coefficient R appear in Charts

3.8-5 to 12 in the form of a *‘Stress —R’’ curve.

Procedure

(a) Knowing fy (from above) find the value of R on the

stress - R curve.

(b) Substitute this value in the above expression for q.

NUMERICAL EXAMPLE

Consider the same I section as above.

(@) £, = 69,000 p.s.i.
R = 4 for Point (5) on the Stress —R
curve of Fig 3.8-8.
(b) A = 1x0.2+ 0.8x0.2 = 0.36 in?2.
e - 0.36x 1.0 - 1472
Qm 0.244
Ac
< -1 = 0.472
Qm
R (-— -1) = 4x0.472 = 1.888
Qm
[+ R(— - 1;] = 2.888
(K-1) = 1.236-:1 = 0.236
R(K-1) = 0.944
[+Rx- 1')_-_| = 1.944
_ VQm _ 2.888
1 = 71T" 1.94%
- lags 2m




A RCRAFT ENG NEERING MANUAL
(DES GN)

VOL 1

2K

Sect V
Sub Sect 4 1
Gen al Sect’'on P ope e

~ ECT ON PROPERTIES

TABLE OF CONTENTS

41 General Section Properties 4, Tubes and Bar
41.1 Tab ar Summ ry 421 Round Tu es
412 Curv s Rel ting to Circu ar Segm nt 4.2.2 Round Bar
413 Curves Re at ng to Thi1 -Wa led EL1 se
414 Curves R lat ng to Parabolic Arc 3
415 Curves Relating to Trapezo d 43 Princ pal Axes
4156 Curves Relating to Angle Sec ion 4 3 1 T bular Summa y of Formu -s
417 Cu ves R lating to Channe Section 4.2 Numerical E.a p e
418 Cu ves R ating o any Str ger—Skin
ombinats 4 Moment of Ineri. f a Ser e of Masses
41 Gemera Se tion Propertie
11 Tobe ar Summary
The follow n tabul r ummary is intended uppleme~ ‘o rk, pp 08,69 and 70, T ble I.
CIRC LAR ARC (GE E AL
= mall
R
Area A =~ 2a
y = R sin cosf
. a
i, = R’ [a + %smn2acos20]
8- IX - IB - Ay

AVED Ex& a4




mcr ¥ AIRCRAFT ENGINEERING MANUAL

Sub-Sect 4.1.]

Tabular Summary

VvoL.1 (DESIGN)

4.1.1 Tabular Summary (CTont'd)

CIRCULAR E_R::miiYMMETRICAL) Area k. =0
, Y = Rsina
a
‘ IB = R% [a + Ysin2a ]
X3
i I 3 17s iy
- X = Rt [a + Ysin2a - 2sin’a ]
1 : a
B! ; I, = R’ [a - Ysin2a ]
Y
SEMI-CIRCULAR ARC
l—%small Area A = mRt
Y ¥ = .637R
I, = LSRN
" I, = 298R’t
I, = T57R%
B
Y
QUARTER- CIRCULAR ARC &
(90° Bend) é—small s S
2
¥ = .637R
¥y = .637R
I, = .785R%t
, \ I = .149R%
1 ! I, = .785R%:t
3
| CIRCULAR SEGMENT Area A = R? (2a - sin2a’)
! a> 90° 5‘
|
| y = 2R’ sin’a
‘ 3A
; IB = R__4 [a - Ysin2a + sin’a sin2a ]
; 5 4
X 4 2
i I, = R [a_%(l-}-;sinza‘) sin2 a ]
4
2
Ix = IB - Ay

AVR
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SEMI- CIRCULAR SEGMENT
Area A = gzR?
2
Y = .4244R
& 4
Ix = .1098R
4
I, = 1R’
8
R = b + h’
2h
CIRCULAR SEGMENT
a less than 90° Ordinatey = R2 - X2 = Rz - b2

Area A = 52 (2a - sin2a))

-
N

y =2 li See also Fig. 4.1.2
3 A
IB = 52 [a - Y%sin2a + sin’ asin2a ]
4
I, = B_‘: la = % (1 + :—sinza) sin2a ]
4
—2
Ix = I}3 - Ay
Area A = .785 R2
Yy = .4244 R
s 4
I, = 0549 R
Y
CIRCULAR FILLET
| Area A = .2146 R?
} /R: '¢ ' ¥ = .2234R
Do 1
7 ! 2 4
e (///»/L ; Ix = 00754 R
ba }/\f, T

VRO EA 2441 : March 15, 1954
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HOLLOW CIRCULAR SECTOR
(Not Thin- Walled)

Y Area A = a(R2 - r2)
Yy = .667 sina (R3 LS
A
2 2 : 5 -2
I, = 25A (R” + 1) [v1+sm2a] - Ay
2a
I, = 254 (R® + 1) [ oy sinZa]
2a
HOLLOW SEMI- CIRCLE
(Not Thin- Walled)
2 Area A =@ (R2 - £
2
; % i Rs 25 l_3
3” (R2 s r2)

| S A/4 (R2 - r2)

I, = A/, R + 1)

2

= D IX=IB—Ay

HOLLOW CIRCLE ECCENTRIC

Y ; Eccentricity = e
AreaA = 7 (R? - r~2)
2

- | R 4
y == st T

®R? <"
I = 254 R? +:1%) =987 R? P e?

A

I, = .7854 ®RY % Y
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4.1.1 Tabular Summary (Cont’d)

SOLID ELLIPSE

Perimeter = rr\/2(a2 + bz) - (a - b)2 (Approx.)
2.2 ;
Area A = mab
3
IX = 77/4 ab
_ 3
\g{ IY = 1r/_4 a" b
THIN-WALLED ELLIPSE
: ; I. = bt [3a + b] (Approx.)
< T 4 :
i IY =7 a’t [3b + a] (Apprc;x.)
X = 4
Perimeter = 7w \/Z(a2 + bz) - (a - b)2 (Approx.)

2.2
See Fig. 4.1.3-1

ANY THIN-WALLED
ENCLOSED SECTION

I

Perimeter p BEve T tP,

Area A Y e TRt +pt

Torsional stiffness constant

2
J == 41&1 R

A p

where =
2 P/t t t t t

2
4 A1 t (for constant t)

and A, = area enclosed by mean perimeter
PARABOLIC SEGMENT
Area = g-xy
y = .60y
3
I, = 5714 xy
3
I, = 0914 xy
I, = .3048 xy°
I, = .2667 x3y

—
AVRO EA 2441

March 15, 1954
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PARABOLIC QUADRANT

Area = -z-xy
X = .375x
y = .0y
PARABOLIC FILLET
1

r’,,; A / y Area = TXY
I y X = .75x
Lﬁﬁv j %= By

PARABOLIC ARC

-
T ! See Fig. 4.1.4-1

R s o

TRAPEZOID

See Fig. 4.1.5-1 and Fig. 4.1.5-2

Mook 15, 1954 AVRO EA 2442




AIRCRAFT ENGINEERING MANUAL o

Sub-Sect 4.1.1

VOL.1 (DESIGN) Tabular Summary

4.1.1 Tabular Summary (Cont'd)

90° ANGLE SECTION

L
>

For approximate values of y and Py see Figs. 4.1.6-1 and 4.1.6.-2.
Accurate values for certain cases appear in C.S. Drawings and i
Gen/TD/33 and 34.

See R.Ae.S. Data Sheet 01.00.04 for Lipped Angle.

CHANNEL SECTION

For approximate values of y and P, see Figs. _4.1.7.-1,.2 and 3.

Accurate values for certain cases appear in C.S. Drawings and

Gen/TD/34.
See R.Ae.S. Data Sheet 01.00.02 for Lipped Channel.

ANY STRINGER — SKIN COMBINATION
SUCH As:

See Section 4.1.8.

INCLINED RECTANGLE

Area A = Ht
Ix = -1—. Aﬂ2 .
. Formulas are
I, = L Am? approximate and assume
¥ 13 F that ratio t is small.
= 1 An2

AVRO EA 2441




Sect V ;
Sub-Se;:t 41 AIRCRAFT ENGINEERING MANUAL

Properties — Circular Segment VOL 1 (DESIGN)

~

/ &/
A i T
- ) : 074 |140
R
When h a d c are given: Establish ratio h/c on the base line
and read off Curve (1) for R/c. Curve (2) for ARC and Curve(3
< "
for A:EA i HHH0.73 | 1.35
C
When R 2ad c are given: Establish ratio R/c oa Curve (1) and
ead down to base line for b/c. -
390 0.72 |1.30
CURVE (3)
= AREA as 25
= :
2.5 e 0.71
= s Emmas
Y 7
Y 5
g
20 fffi ZURVE (2 tH 00 | 120
= ARC
SunsK o C
VE [CURVE
v 3 ()
15 , 0.69 |1.15
S CURVE (1)
1) Hifp = Rfc
1.0 0.68 [1.10
t T o :
e -
: mm : é
0.5 ; T £ 0.67 [ 1.05
:. _z 1 RN, & 9
FiG. 4.1.2
: SECTION PROPERTIES OF CIRCULAR SEGMENT
0.0 HEEHE i 066|100
0.05 010 0.15 0.20 - 025 0.30 - 035

ol




Sect V
Sub-Sect 4.1

Properties — Thin-Walled Ellipse

AIRCRAFT ENGINEERING MANUAL

(DESIGN)

YOL. 1

:
q
L 9° S v € g #
5 sessase: --:o
341713 @3TTVA~NIHL 40 :
'$31L¥3d0¥d NOILD3S
1-€°L'y 33NONd { i "
.!'ll dM Ing
X d = <. vy UDS
und ”M = h—
umﬂ X = Nm : O.—
PPpwWiRg = 4 |
m i sl
it
He ; -
A 0z
®Z
g ) T
i _ i 0t
it i ?r 1 il
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St.\cf,V AIRCRAFT ENGINEERING MANUAL
Sub-Sect 4.1

Mer1ent of Inertia — Parabolic Arc VOL. 1 (bESIGN)
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Sect V

AIRCRAFT ENGINEERING MANUAL

Sub-Sect 4.1

(BESIGN)

VOL. 1

Location of Y-Y Axis — Trapezoid
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Sect ¥

Sub-Sect 4.1

.Neutrul Axis — 90° Angle

(DESIGN)

VOL. 1

AIRCRAFT ENGINEERING MANUAL
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Sect V

AIRCRAFT ENGINEERING MANUAL

Su.~Sect 4.1

-
<,

(DESIGN)

VOL. 1

;o ius of Gyration — 90° Angle
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AIRCRAFT ENGINEERING MANUAL

Sect ¥
Sub-Sect 4.1 'L}J

Neutral Axis —

VOL.1 (DESIGN)
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Radius of Gyration — Channels
0.44
0.43
0.42
0.41

Sub-Sect 4.1

Sect ¥
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Sect V

Sub-Sec

AIRCRAFT ENGINEERING MANUAL

4.
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VOL.1 (DESIGN)

AIRCRAFT ENGINEERING MANUAL

4.1
Moment of Inertia — Skin and Stringer

Sub-Sect

Sect V
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AIRCRAFT ENGINEERING MANUAL

Sect ¥V

Sub-Sect 4.2.
VOL.1 (DESIGN) ,
Round Tubes
4.2.1 Round Tubes
A =Z(p*-4d%)
4 &
I e B ephas gt
33 Gi ( d’)
X
1 AN 3 2
px = 4— D° +d
. 7z - 1 (D'=dY
X 32 D
WEIGHT J
D * .A2 Px -1}5 _Zx D/t | 16/100 in. D t ["A | Px Iy Zgy | Dy, IZ/F‘II(;H;_
(in) |@n.) | (n.%) |(in.) (int) (in.d) Steel [Dwral || (in.) | (in.)| (in.%) | (in.) (in.9) | (in.3) St
3/16 |.028|.01403 | 05726 .000046|.000491 | 6.70| .40| .14 5/8 | .028|.05252].2113 | .002345|.007503 | 22.32| 1.49| .53
1035 |.01677 | ,05531 | .000051 | .000547 | 5.36| .48| .17 .035| .06487 .2090 | .002833 |.009065|17.85| 1.84| .66
049 | .08867| .2044 | .003704 | .01185 |12,77| 2.51| .90
1/4 |.022|.01576|.08100| 000103 | 000825 |11.38| 45| .16 058/ .1033 |.2016 | .004195.01342 |10.79| 2.93|1.05
028 | 01953 | 07911 | 000122 | .000978 | 8.93| .55| .20 065|.1144 |.1993 | .004543 |.01454 | 9.62| 3.24|1.16
-035 | 02364 |.07701| .000140 | .001122 | 7.14| 67| .24 ‘083|413 |.1939 | .005311|.01700 | 7.53|4.00|1.43
1049 | .03004 |.07314|.000166 |.001324 | 5.10| 88| .31 0095|.1582 |.1904 |.005732|.01834 | 6.58| 4.48|1.60
.058 | .03498 | 07091 .000176 | .001407 | 4.31| 99| .35 120! .1904 |.1835 | .006412|.02052 | 5.21|5.30}1.92
065 | 03778 | .06933 | .000182 |.001453 | 3.85|1.07| 38 || 14/1¢
028/ .05801 | .2334 | 003160 | .009192|24.55| 1.64| .59
5/16 |.022|.02008 |.1030 |.000213 |.001363 |14.20 | .57/ .20 .035|.07175| .2310 | 003829 |.01114 |19.64(2.03| .73
‘028 |.02503 |.1011 | .000256|.001636|11.16| .71 | .25 049 | 09829 | .2264 | 005038 | 01466 |14.03[2.78| .99
.035 | .03051.| .00880 | .000298 |.001910 | 8.93| .86| .31 .058| .1147 |.2235 |.005730|.01667 |11.85|3.25]|1.16
-049 | 104056 | 09476 | 000364 |.002331 | 6,38 |1.15| .41
‘056 | .04637 | .09228| 000395 | 002527 | 5.39 |1.31 | 47 3/4 | .028|.06351|.2555 |.004145|.01105 |26.80| 1.80| .65
.065 | .05054 |.00048 | .000414 |.002648 | 4.81 |1.43| .51 035 | .07862 | 2531 | .005036|.01343 |21.42|2,23| .80
“005 | .06491 |.08392| .000457 | .002925 | 3.29 |1.84 | .66 049 |.1079 |.2485 | .006661|.01776 |15.30| 3.06|1.09
.058|.1261 |.2455 |.007601|.02027 |12.94]3.57|1.28
3/8 |.028|.03053 |.1231 |.000462 |.002466 13,39 | .86 .31 065! .1399 |.2433 |.008278 |.02208 |11.53| 3.96|1.42
035 |.03738 |.1208 |.000546 |.002912 | 10.72|1.06| .38 083|.1739 |.2376 |.000820|.02619 | 9.04|4.93 1,76
“049|.05018 |.1166 |.000682 [.003636 | 7.65|1.43| .51 .095|.1955 |.2340 |.01070 |.02854 | 7.89] 5.54|1.98
058 | 05776 |.1139 | .000750 |.003999 | 6.47 |1.64 | .58 120 |.2375 |.2267 | .01221 |.03256 | 6.25|6.732.40
.065 | 06330 |.1120 |.000794 |.004234 | 5.77|1.79| .64 156 .2011 |.2171 |.01372 |.03660 | 4.81| 8.25|2.94
083 |.07614 |.1073 |.000877 |.004678 | 4.52 |2:16| .77
095 |.08357 |.1043 |.000913 |.004870 | 3.95|2.37 | .84 7/8 | .028|.07451|.2996 |.006689|.01529 |31.23|2.11| .76
. 035 | .09236 | .2973 | .008161 | .01865 |25.00 2.62| 94
7/16 | .028 |.03602 |.1451 |.000759 |.003468 |15.63 |1.02 | .36 049 | ,1272 |.2925 |..01088"|.02487 |17.85| 3.60 |1.29
1035 |.04426 |.1428 |.000903 |.004128 [12.50 |1.25 | .45 058 |.1489 |.2896 |.01248 |.02853 |15.10]4.221.51
049 |.05981 |.1384 |.001146 |.005240 | 8.93 [1.69 | .60 065 |.1654 |.2865 |.01365  |.03121 [13.47|4.661.68
058 | .06915 |.1357 |.001274 |.005824 | 7.54 |1.96| .70 .083|.2065 |.2815 |.01637 |.03742 |10.54| 5.85|2.09
065 |.07607 | .1337 |.001360 |.006215 | 6.73 |2.16| .77 ‘095 |.2328 |.2778 |.01797 |.04107 | 9.21| 6.59(2.35
‘083 |.09244 |.1287 |.001532 |,007002 | 5.27 |2.62 | .93 120 | .2846 |.2703 |.02079 |.04753 | 7.29| 8.06|2.88
095 |.,1022 1257 001614 |.007379 4,61 12,90 |1,03 156 {.3524 .2601 02384 05450 5,61} 9.98| 3.56
1/2 | ©22|.03304 |.1692 |.000946 |.003782 |22.73 | .94 | .33 1 .028|.08550 | .3438 |.01011 |.02021 |35.71| 2.42| .86
028 |.04152 |.1672 |.001160 |.004641 |17.86 [1.18| .42 .035|.1061 |.3414 |.01237 |.02474 |28.56| 3.01|1.07
035 1.05113 |.1649 |.001390 |.005559 |14.28 |1.45| .52 049 | .1464 |.3367 |.01659 |.03319 [20.40]4.15/1.48
049 |.06943 |.1604 |.001786 |.007144 |10,20 |1.96 | .70 058 |.1716 |.3337 |.01911 |.03822 |17.25]| 4.86|1.74
.058 |.08054 |.1576 |.002001 |.008002 | 8.62 |2.28 | .81 065 |.1009 |.3314 |.02097 |.04193 |15.38] 5.41|1.93
‘065 | 08883 |.1555 |.002148 |.008592 | 7.69 |2.52 | .90 083 | 2301 |.3255 |.02534 |.05068 |12.05|6.77|2.42
083 |.1087 |.1503 |.002457 |.009828 | 6.02 |3.08 |1.10 095 |.2701 |.3217 |.02796 |.05591 |10.53| 7.65]2.73
095 |.1209 [.1471 |.002615 |.01046 | 5.26 |3.42 |1.22 120 |.3318 |.3140 |.03271 |.06542 | 8.33| 9.40|3.35
120 |.1433 [.1409 |.002844 |.01137 | 4,17 |4.06 |1.45 156 | .4142 |.3034 |.03809 [.07618 | 6.41[11.72|4.18
187 | .4776 |.2049 |.04155 |.08310 | 5.35/13.53|4.83
9/16 | 028 |.04702 |.1892 |.001684 |.005986 |20.09 1,33 | .48
035 | 05800 |.1860 |.002026 |.007205 {16.07 [1.64 | .59 |l 1-1/8 | .028 |.09640).3880 |.01453 |.02582 40.18| 2.73| .98
049 |.07905 |.1824 |.002620 |.009348 [11.48 |2.24 | .80 035 |.1198 |.3856 |.01782 |.03168 |32.10{ 3,40|1.21
058 |.09193 |.1795 |.002963 |[.07054 | 9.70 {2.60 | 93 . 040 |.1656 |.3808 |.02402 |.04270 [22.95| 4.68|1.68
120 |.1668 |,1621 |.004383 |.01558 | 4,69 |4.73 |1.69 058 |.1944 |.3780 |.02775 |.04933 [19.40| 5.51|1.97
065 | 2165 |.3755 |.03052 |.05425 |17.30] 6.142.20
.083|.2717 |.3696 |.03711 |.06597 |13.55/.7,70]2.75
095 |.3074 |.3657 |.04111-|.07309 |11.84|8.71|3.11
120 3789 |.3578 |.04852 |.08625 | 9.38[10.7313.83
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Sect V
Sub-Sect 4.2.1
' Round Tubes

AIRCRAFT. ENGINEERFING MANUAL
voL.1 (DESIGN)

4.2.1 Round Tubes (Cont’d)
WEIGHT
Dl e} A Px Ix Zy D/t 1b/100 in. D ['tif-4 Px Iy Zx D/t 1:/’3:11;)}*1:.
(in.) | (in.)| (in.?) | (in.)" | (in.%) | (in?) Steel [Dural (in) | (in.)| (in.2) | (in.) | (in?) | (in.?) Steel | Dural
1-1/4| .028| .1075| .4321 | .02007 | .03212| 44.64 | 3.05| 1.09 2 |.120( .7087| .6660| .3144 .3144 | 16.67| 20.08] 7.17
.035] .1336| .4297| .02467 | .03948| 35.70 | 3.78 | 1.35 .156/ .9037| .6543| .3869 .3869 | 12,82| 25.60| 9.14
.049| .1849| .1250 | .03339| .05342| 25.50 | 5.23 | 1.87 .188{ 1.070 | .6441| ,4440 .4440 | 10.64| 30.32{ 10.82
.058| .2172| .4219| .03867| .06187|21.55| 6.15| 2.20 .250) 1.374 | .6250| .5269 .5369 | 8.00| 38.94| 13.90
,065| .2420| .4196| .04260| 06816 19.22| 6.86| 2.45 i
.083| .3043] .4136 | .05206| .08330| 15.06| 8.62 | 3.08. 2-1/8| .035| .2298| .7390| .1255 .1181 | 60,71| 6.51| 2.32
095| .3447| .4097 | .05787| .09259]|13.16| 5.77 | 3.49 049| ,3196| .7342| .1723 .1621 | 43.37| 9.05] 3.23
,120( .4260| .4018 | .06876| .1100 |10.42|12.07 | 4.31. .058| .3766| .7311}] ,2013 .1895 | 36.64| 10.67| 3.81
.156| .5362| .3907| .08184 | .1310 | 8.01|15.19| 5.42 .065| .4207{ .7287| .2234 .2102 | 32,69 11,92] 4.25
. .083| .5325| .7226| .2780C .2616 | 25.60| 15.08] 5.38
1-3/8| 028| .1185| .4764 | .02689 | .03911] 49.11 | 3.36| 1.20 .095| .6059| .7185| .3128 .2944 | 22.37|17.16] 6.13
.035| .1473| .4739 | .03309 | .04814| 39.25| 4.17 | 1.49 .120f .7559| .7101| .3812 .3588 | 17,71| 21.41| 7.64
.049| .2041| .4691 | .04492| .06534| 28.05| 5.78 | 2.07 156! .9650| .6983| .4706 4429 | 13,62 27.34] 9.76
.058| .2400| .4661i | .05213| .07583| 23.70 | 6.80 | 2.43
,065| .2675| .4636 | 05753 ‘.08357 21.15| 7.58 | 2.70 2-1/4| .035| .2436| .7832| .1494 .1328 | 64.29| 6.90| 2.46
.083| .3369| .4577| .07059 | ,1027 | 16.57 | 9.54 | 3.41 .045| .3388| .7783| .2052 .1824 | 45.90| 9.59| 3.43
.095| .3820| .4538| .07867| .1144 | 14.47|10.82| 3.86 .058| .3994| .7753| .2401 .2134 | 38.80|11.30| 4.05
.120| .4731| .4457| .09400 | .,1367 | 11.46|13.40 | 4.78 .065| .4462| .7728| .2665 | .2369 | 34.60|12.64| 4.52
.156| .5974| .4345| .1129 | .1642 | 8.81|16.92| 6.04 .083| .5651| .7667| .3322 .2953 | 27.15| 16.,01| 5.72
,187| .6979| .4252| .1262 | .1835 | 7.35(19.77 | 7.07 095! .6432| .7626| .3741 .3325 | 23.70| 18,22} 6.51
.120| .8030| .7543| .4568 4061 | 18,75]22.75 8.12
1-1/2| .028| .1205| .5205| .03508 | .04678| 53.57| 3.67 | 1.31 .156{1.026 | .7424| .5656 .5028 | 14.42}29.07| 10.38
.035| .1611| .5181 | .04324| .05765| 42.80 | 4.56 | 1.63 .188/1.218 | .7320| .6526 .5801 | 11,97} 34.50| 12.31
.049| .2234| .5132| .05885('.07847| 30.60| 6.32| 2.26 .250{ 1,571 7216 | 7977 .7090 | 9.00|44.50| 15.88
.058| .2628| .5102| .06841| .09121| 25.85| 7.45| 2.66 .
.065| .2930| .5079| .07558| .1008 | 23.05| 8.30 | 2.97 2-5/16 .250}1.620 .7345 | .8740 .7559 | 9.25|45.89] 16.38
.083| .3605| .5018 | .09305| .1241 | 18.08|10.47 | 3.74
095! .4103| .4979| .1039 | .1386 |15.79|11.98| 4.24 || 2-3/8 | .049| .3581] .8225| .2423 .2040 | 48.47|10.14| 3.62
.120| .5202| .4897 | .1248 | .1664 | 12.50|14.74 | 5.26 .058| .4222| .8194| .2835 .2387 | 40.95|11.96] 4.27
.156| .6587| .4784| .1507 | .2010 | 9.62|18.66| 6.66 .065| .4717| .8170| .3149 .2651 | 36.54|13.36{ 4.77
.187| .7714| .4689| .1696 | .2261 | 8.02|21.85| 7.80 .083| .5976| .8109| .3930 .3309 | 28.61]16.93| 6.04
.095| .6805| :8068 | .4429 .3730 |25.00]19,28; 6.88
1-5/8| 028} .1405| .5647 | .04480 | .05514| 58.04| 3.98 | 1.42 120| .8501| .7984 | .5419 4563 | 19.79124.08| 8.59
,035| .1748| .5622| .05528 | .06803| 46.40| 4.95| 1.77 .156/1.088 | .7865| .6727 .5664 | 15.22(30.81}10.99
.049| .2426| .5575| .07540 | .09279| 33.15| 6.87 | 2.46 | .188 1,292 .7761 | .7780 .6551 | 12.63|36.59] 13.06
.058| .2855| .5544| .08776| .1080 |28.00| 8.09| 2.89 | .250|1.669 | .7565| .9551 .8043 | 9.50)47.28} 16.87
.065| .3186| .5520| .09707| .1195 | 25.00| 9.05| 3.23 | .375|2.356 | .7194 {1,220 1.027 6,33} 66.75| 23.82
083f .4021| .5459| .1198 | .1475 |19.58|11.40| 4.06 |
095| .4566| .5420 | .1341 1651 |17.11(12.94| 4.62 || 2-1/2 |.049| .3773| .8667 | .2834 .2267 | 51,00]10.68| 3.82
120! .5674| .5338| .1617 | .1990 | 13.54|16.07| 5.74 .058| .4450| .8635| .3318 .2655 | 43.10)|12.60| 4.50
: .065| .4972| .8613 | .3688 .2950 | 38.45|14.09] 5.03
1-3/4| .028| .1515| .6089 | .05616| .06418| 62.50 | 4.29 | 1.53 .083| .6302| .8550 | .4607 3686 | 30.10|17.85| 6.38
.035] .1885| .6065| .06936| .07927| 50.00| 5.32| 1.91 .095| .7178| .8509 | .5197 4158 |26.30}20.34{ 7.27
.049| .2618| .6017| .09478| .1083 | 35.70| 7.42| 2.65 .120| .8972 | .8425| .6369 .5095 | 20.83|25.42| 9.07
.058| .3083| .5986| .1105 | .1262 | 30.20| 8.73| 3.12 .156|1.149 | .8306| .7925 .6340 | 16.03]32.54|11.61
.065| .3441| .5962| .1223 | .1398 | 26.90| 9.75| 3.48 .188/1.366 | .8201 | .9184 .7347 |13.30 | 38.68)13.81
h.083| .4347| .5901| .1514 | .1730 |21.10{12.32] 4.40 .250{1.767 | .8004 |1.132 .9057 | 10.00|50.06|17.87
095! .4939| .5861| .1697 | .1939 | 18.42|13.99| 4.99
.120| .6145| .5778| .2052 .2345 | 14.58|17.41| 6.21 || 2-3/4 |.049| .4158| .9551 | .3793 .2759 | 56.10]11.78] 4.20
.058| .4905| .9521 | .4446 .3233 | 47.4013.90| 4.96
1-7/8| .028| .1625| .6531| .06930 | .07392| 66.96| 4.60| 1.64 .065| .5483 | .9496 | .4944 .3596 | 42.30|15.50| 5.55
.035| .2023| .6507| .08565| .09136| 53.60| 5.73| 2.04 .083| .6954| .9434 | .6189 .4501 |33.15[19,70| 7.04
.049| .2811| .6458} .1172 | .1250 | 38.25| 7.95| 2.84 .095| .7924| .9393 | .6991 .5084 |28.95(22.48] 8.03
.058| .3311| .6427] .1368 | .1459 | 32.30| 9.38| 3.35 .120| .9915| .9308 | .8590 .6247 | 22.92|28.09]10.02
.065| .3696| .6404| .1516 | .1617 | 28.80|10.47 | 3.74 .156(1.271 .9188 |1.,073 .7805 {17.63|36.0212.85
.083| .4673| .6342| .1880 .2005 | 22.60 | 13.25| 4.73 .1881.513 | .9082 |1.248 .9078 | 14.63 | 42.87|15.30
.095|( .,5312| .6302| .2110 | .2251 | 19.74|15.05| 5.37 .250|1.964 | :8883 |1.549 1.127 {11.00[55.63|19.85
.120| .6616| .6219| ,2559 | .2730 | 15.63|18.74| 6.69
3 049 | .4543 |1.044 | .4946 .3298 | 61.22}12.87] 4.59
2 028! .1735| .6973| .08434 | .08434| 71.43| 4.91| 1.75 .058| .5361 {1,040 .5802 .3868 | 51,70 |15,18| 5.42
.035| .2161| .6048( .1043 | .1043 | 57.14| 6.12| 2.18 .065| .5993|1.038 | .6457 .4305 | 46.20|16.95| 6.06
.049] .3003| .6900| .1430 | .1430 | 40.80| 8.50| 3.04 .083| .7606 (1,032 | .8097 .5398 | 36.15|21.55] 7.70
.058| .3539| .6869| .1670 | .1670 | 34.45|10.03| 3.58 .095| .8670 (1,028 | .9156 .6104 |31.58|24.56| 8.78
.065| .3951| .6845| .1851 | .1851 | 30.75|11.19| 4.00 .120]/1.086 {1.019 {1,128 ,7518 | 25.00}30.76|11.00
.083| .4999| .6783| .2300 | .2301 | 24.10|14.16| 5.06 .156|1.394 |1.007 |1.413 .9423 {19.23139.49|14.09
.095| .5685| .6744| .2586 | .2586 | 21.05]|16.11| 5.76 .188 1,661 29964 |1.649 1,009° |15.96|47.05]|16.79
.109| .6476| .6697| .2004 | .2904 | 18,35]|18.35| 6.55 .250 2,160 .9763 [2.059 1.372 |12.00{61.19{21.84
3 .375{3.093 | .9375 {2,718  |1.812 8.00 | 87,61 }31.27
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Round Tubes
“
4.2.1 Round Tubes (Cont'd)
WEIGHT WEISHT
Dt | A jpx | Ix Z)g D/ | 1b/100 in. D s & Ipg | Ix | Zx [P ] qeantl
(in.) [(in) [ (in ?) | () [(n%) |(in.%) Steel |Dural || (in.) |(in.) | (in.?) |(in.) |(in.%) | (n.%) steel | Daral
3-1/4}.049| .4928]1.132| .6313| .3885|66.33 | 13.96| 4.98 || 4-1/4 .095)1.240 [1.469| 2.677 |1.260 |44.74{ 35.13]|12.54
.058| .5816}1.,129| .7410 | .4560}56.10 | 16.47| 5.89 120 {1,557 1,461 3.322|1.564 |35.42 | 44.1.].5.74
.065| .6504|1.126] .8251 | .5077|50.,00 | 18.40| 6.58 1~4|1.733 |1.456| 3.673 |1.741 |31.75| 49.10|17.55
083 .82581.12011.036 .6376]39.15 | 23.38| 8.35 156{2.006 |1.448| 4 210 1,981 |27.24 | 56.84] 29.29
.095] .9416|1.,116|1.173 27217 | 34,20 | 26.66] 9.52 .13812.399 |1.438| 4.959 |2.334 |22.60 | 67.37]24.25
,120 1,180 |1.107|1.447 .8906{27.10 | 33.43|11.95 .219 12,773 |1.427; 5.650 |2.659 |19.40 | 78 £7!28.04
.156{1.516 |1.095|1,819 (1,119 |20.83| 42.96|15.33 4250 {3,142 {1.417| 6.308|2.968 |17 00 | £9.00|31.76
.188 11,808 |1.085|2.127 [1.309 |17.29| 51.23| 18.28 .313(3.871 [1.396| 7.548 |3.552 |13.58 [109.67]39.14

.250 [2.356 |1.,064|2.669 [1.643 [13.00| 66.75|23.82
4-1/2].265| .9056|1.568| 2.227 | .9898|69.23 {25.66! 9.16

3-1/2} .065| .7014}1.215]1.035 .5914|53.80 | 19.85{ 7.09 083)1.152 [1.562| 2.810[1.249 |54.22| 32.63111.64
.083| .89101.208{1.301 | .7435|42.20 | 25.20| 9.01 .095|1.315 |1.558| 3.190 |1.418 |47.37 | 37.24|13.29
.005|1,016 |1,2041.474 .8422|36.85| 28,70| 10.25 .120]1.651 |1.549| 3.963{1.761 |3~.50 | 46.78|16.69
.120 (1,274 |1.196|1.822 |1.041 |29,15| 36.00| 12.89 .15612.129 |1.537| 5.028 |2.235 |28.80 | 60.40 | 21,55
+15611.639 [1,18412.296 |1.312 |22.44 | 46.43| 16.57 .188)2.547 |1.526| 5.930 [2.636 |23.94 | 72.15|25.75
.188(1.956 |1.,173}2.,691 |1.538 [18.62| 55.42)|19.78 .21912.945 [1.516| 6.765|3.007 |20.55| 83.44 |29.78
.250{2.,553 |1.152|3.390 {1,937 |14.00| 72.31| 25.81 .250 13.338 |1.505| 7.562|3.361 |18.,00 | 94.56|33.75

.313(4.117 |1.484| 9.073[4.032 |14.38 |116.64 | 41.62
3-3/4|.065| .7525/1.303|1.278 | .6814|57.60 | 21.30| 7.60 .375(4.860 |1.464 |10.42 |4.632 |12.00 |137.67 |49.13

.083| .9562|1.297|1.608 | .8576|45.20 | 27.06| 9.67 _
.095]1.,091 [1.293|1.823 | .9722|39.50 | 30.84|11.04 || £3/4|.065| .9567|1.657 | 2.025|1.105 |73.08 | 27.10 | 9.67

.1201.368 |1.284|2.256 |1.204 |31.25| 38.70| 13.82 .083{1.217 |1.650| 3.314|1.366 |57.23 | 34.48|12.30
.156{1.761 |1.272]2.849 |1.520 |24.04| 49.90] 17.81 .095/1.389 [1.646| 3.765|1.585 |50.00 | 39.36 |14.05
.1882.104 |1.261]3.346 [1.784 |19.95]| 59.60| 21.27 .120|1.745 [1.638| 4.680 {1.971 |39.58 | 49.45|17.65
.2192.429 |1.2513.801 |2.027 |17.12| 68.82] 24.56 .156 {2.251 |1.625| 5.946 |2.504 |30.45 | 63.78 [22.76
.250 {2.749 |1.241]4.231 |2.256 |15.00| 77.88| 27.79 .188 [2.694 |1.614] 7.021 {2,956 |25.25 | 76,25 |27.20
.219{3.117 |1.604| 8.019 |3.376 |21.69 | 88.32 |31.52
4 |.0-s| .8035|1.392}1.556 | .7779|61.50 | 22.75| 8.12 .250 |3.534 |1.593| 8.974 {3.778 |19.00 |100.13 {35.73
.083{1.021 |1.385|1.963 | .979948.20 | 28.95| 10.32 .313 |4.363 |1.573[10.79 [4.543 |15.18 [123.60 |44.11
-095]1.166 |1.381)2.223 |1.111 |42.10| 32.95{11.78 .375|5.154 [1:552 12,42 [5.230 [12.6 [|146.02 |52.11
.120]1.463 |1.372]|2.755 {1.378 |33.33| 41.40| 14.80
.156}1.884 |1.360|3.485 |1.743 |25.64] 53.37| 19.05 5 |.083/1.282 |1.739| 3.876[1.550 | 60.24 | 36.32 [12.96
.188]2.251 | 1.349]|4.099 |2.050 |21.28| 63.78| 22.76 .095[1.464 |1.734| 4.404 |1.762 |52.63 | 41.47 |14.80
.219/2.601 |1.339|4.664 |2.332 |18.26| 73.70| 26.30 .120 |1.840 [1.726 | 5.480 [2.192 |41.67 | 52,12 |18,60
.25012.945 |1.329|5.200 |2.600 |16.00] 83.44| 29.78 .156{2.374 [1.714| 6.970 {2.788 |32.05 | 67.26 |24.00
.31313.626 |1.308]|6.205 |3.102 | 6.39]102.71| 36.65 .1882.842 [1.703| 8.239 |3.295 |26.60 | 80.52 |28.73
.219:3,289 [1.692| 9.418 (3,767 |22.83 | 93.19 |33.26
4£1/4| .055] .8546|1.480]1.871 | .8806|65.38| 24.21| 8.64 .250 |3.731 [1.682 [10.55 |4.220 |20.00 |105,69 |37.72
083}1.087 |1.474]2.359 |1.110 |51.20| 30.78| 10.99 .313(4.609 |1.661 12.7 5.085 {15,97 {130.07 {46.60

+375|5.449 |1.640 [14.66 |5.866 |13.33 |154.36 |55.09
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Sub-Sect 4.3
o VOL.1 (DESIGN)
Principal Axes

4.2.2 Round Bar

S W2
A = -.D
4
= D
X— G 1 Px / 4
4
i.=Zp
X 64
~——n—4 Z = ’-’-D3
x 32
) WEIGHT A I 7 WEIGHT
D A Px I Zx 1b/100 in. b f’x X4 e 1b/100 in.
(in) | ? | (o) | (% | (in3) [Steel | Dural (in) | (2 | @(Gn) | @@% | G@nd Steel | Dural
1/8 | .01227 |.03125 | .000012 | .000192 .35 <12 1-3/4 | 2.405 | .4375 4604 5262 | 68.14 | 23.24
1/4 | .04909 | .06250 | .000192 | .001534 1.39 a7 i 2 3,142 .5000 .7854 .7854 | 89.00 | 30.35
3/8 | .1104 | .09375| .000971 | .005177 3.13 1,07 2-1/4 | 3.976 .5625| 1,258 1,118 | 112.64 38.41
1/2 | .1963 | .1250 | .003068 | .01227 5.56 190 {| 2-1/2 | 4.909 6250 | 1.917 1.534 | 139,06 | 47.42
5/8 | .3968 | .1562 | .007490 | 02397 8.69 2.96 2-3/4 | 5.940 .6875| 2807 2.042 | 168.27 57.38
3/4 | .4418 |.1875 | .01553 | .04142 12,52 427 || 3 7.069 - | .7500| 3976 2.651 | 200.25 | 68.29
7/8 | .6013 |.2188 | .02877 | .06577 17.04 5.81 31/2 | 9.621 8750 | 7.366 4,209 | 272,57 | 92.95
1 .7854 | .2500 | .04%09 | ,09817 22.25 7.59 || 4 12.57 1.000 | 12 57 6.283 | 356.00 | 121.40
1-1/4 | 1.227 «3125 | .1198 <1917 34,77 | 11.86 4-1/2 |15.90 1,125 | 20.13 8.946 | 450.57 | 153.64
1-1/2 | 1.767 .3750 | .2485. .3313 50.06 | 17.07 5 19.63 1,250 | 30.68 12,27 556,26 | 189,68

4.3 Principal Axes

4.3.1 Tabular Summary of Formulas

Notation:
XX and YY = convenient rectangular axes through the centroid
PP = axis of greatest moment of inertia {Major principal axis)
QQ = axis of least moment of inertia (Ménor principal axis)

RR and SS any tectanguiar axes through the centroid

a = angle between major principal axis PP and axis XX

0 EA 2441
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Sub-Sect 4.3.1

voL.1 (DESIGN) Tabular Summary

4.3.1 Tabular Summary of Formulas (Cont'd)

4

angle between major principal axis PP and axis RR

@ = angle between axis RR and axis XX
Ix = moment of inertia about axis XX
I, = moment of inertia about axis YY
I, = moment of inertia about axis PP
I o = moment of inertia about axis QQ
IR = moment of inertia about axis RR
I g = moment of inertia about axis SS
IRS = product of inertia about axes RR and SS
Ix v = product of inertia about axes XX and YY
KNOWING TO FIND FORMULA
2 . 1 \ 2 ‘
) and I and IQ : . I cos"a - I, sin"a . I, + %, +ﬁx - IY-> L
P cos 2a : 2 \ 2 &=
IQ = Ix + Iy = Iy
~ 2T
TAN2a = X
I_ -1
X Y
Note that va must be determined with due regard to sign, as shown in the
numerical example of 4.3.2,
I and I | I_andI I, = cos”0 + I sin6 — I, sin26
Is = lx # Iy, = IR
= 1 - ; ;
IRS = A(Ix Iy) sin 260 + I,y sin 20
IP and IQ IR and Is IR = I cos’? y + IQ sinzy'
I
s
IP and IQ lx and IY Ix
Iy
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Sub-Sect 4.3.2
VOL.1 (DESIGN)

Numerical Example

4.3.2 Numerical Example

To find L and lq- for the unequal angle shown in Fig. 4.3.2-1 from the given data:—

A = .2336 PSR

x = .197 1

y = .698 .
I = .0995 2 ;L .

I. = .0178 e - X

X pr™ 7 - .69

=
.’T.w71~:\1 .o-—l o
a

Fig. - 4.3.2-1

Find I__ as follows, with due regard to sign:—

ITEM SHADED RECTANGLE | PLAIN RECTANGLE

Self-product of inertia NIL NIL
Area A 2x.08 = .16 92 x .08 = .0736
x - 157 343
y .302 - .658
xy - .0474 - 2255

- .007 - .0166
Axy : 6 J ‘

IxY = - .0242

Tan 2a = =2 [x ~(~.0484) = +0.592

Y
[ I .0817
x 'y
2a = 30° 38’
a = 15219 sina = 2642: cosa = .9645
IP = Ix cos’a - IY sin’a sin’a = 0697 : cos’a = .931
cos 2a
= ,0995 x .931 - 0178 x .0697
8604
= 0.1062
IQ = IX + IY - IP

0995 + .0178 - .1062

0.0111 .

AVRO EA 2442




Sect V¥
Sub-Sect 4.4

Moment of Inertia

AIRCRAFT ENGINEERING MANUAL
VvoL.1 (DESIGN)

4.3.2 Numerical Example (Cont'd)

Alternatively,

2
; =' IX + IY . Ix - IY + szY
P b 2 2

= .0587 + +/ .0411% + .0242% = .1063

4.4 Moment of Inertia of a Series of Masses

w1l w2 Wﬁ W4 w5 w6 w7

y \ 4 0

[ —X g ———————— P

N— Xg =

G xS
= X4 —
e X3
< X, —
- xl. —
Fig. 4.4-1"

Consider the system of masses shown in Fig. 4.4-=1. The moment of inertia
(second moment) about 0 of W, is Wlxl2 and of W2 it is W2x22 and so on.
The total moment of inertia of all the masses about 0 is:—
- 2 2 2 _ 2
Io = Wx "+ W2x2 + st3 + === XVWx

In practice, the amount of calculation is reduced by finding Wx for each item,
then M, = ZWx, that is, Wx + W,x + Wx + —=-and finally MoAx,

where Ax is the increment of length between any two items, and I, = ZMyAx.
This is because M, = ZXZWx is the first moment of the masses about 0. The

area under the curve of M against x = 2MAx, the second moment.

EXAMPLE: Masses disposed as shown in Fig. 4.4-2.
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Moment of Inertia

4.4 Moment of Inertia of a Series of Masses (Cont'd)

2 1b. 3 1b. 4 1b, 5 1b.
x l 3 ' l 0
c LP 15"
257 "
40"
‘ 50” ’
Fig. 4.4-2

ITEM W] x | Wx M = SWx | Ax M Ax
A 2 150 100 100 10 1000
B 3 |40 120 220 15 3300
C 4125 100 320 10 3200
D S {15 T 395 15 5925

I. = 13425

(o}
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Tors.ion

5 TORSION

TABLE OF CONTENTS

Torsion Bending
Warping Constants

Summary of Warping Constants

Method of Calculating Warping Constant
Torsional Instability

Of Stringer Alone

Of Stringer Plus Skin

Whwwbhwww
ocononbhintnk
N =t

R =

5.1 Solid Sections

5.1.1 Summary of Common Cases

5.1.2 Approximate Method for any Solid Section
5.2 Hollow Sections: Thin-Walled and otherwise.
5.3 Thin-Walled Open Sections

5.3.1 Introduction

53.2 Formulas for Shear Stress and Torsion Constant
5.3.3 Warp

53.3.1 Numerical Example

5.

5.

5

5

5.

5

5.

54 Thin Multi-Walled Sections

INTRODUCTION

Solid sections are dealt with in 5.1 and in 5.1.1 there is a summary
of the results in relation to the few cross-sections for which a mathematical
solution can be obtained.

A method based on the membrane analogy is given in 5.1.2 for ob-
taining the shear stresses in any solid section.

In 5.2 formulas for hollow sections, thin-walled and otherwise, are
summarised, whilst 5.3 deals with thin-walled open sections. After giving
formulas for the shear stress and torsion constant of many common sections,
a method of calculating the warp of an open section is shown.

It is necessary to find the warp in order that the warping (or torsion
bending) constant, and hence the torsional instability, can be calculated,
as explained in 5.3.

5.4 deals with thin multi-walled sections having constant spanwise
dimensions throughout and shows how to determine the shear stresses
(or shear fluxes) due to a concentrated torque.

AYRS & 2440
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5.1 Solid Sections

Rigorous mathematical analysis can be employed for only a few solid sections such as those having
circular, elliptical, rectangular, square or equilateral triangular form. ‘ E

The resulting formulas (for small angles of twist) are given in the table of 5.1.1 (Cases 1 to 5 inclusive);
Cases 3 and 4 are, however, simplified approximations of the exact results.

The formulas of Cases 6 to 10 inclusive are approximations based on the membrane analogy. For greater
accuracy in these cases, and for the general case of tapering flanges, see 5.1.2, which employs Griffith’s

method based on soap-film technique and the membrane analogy.

5.1.1 Summary of Common Cases

T = Torque (lb.in.) = Shear Modulus (p.s.i.) .
J = Torsion Constant (in.4) 7 = Shear Stress (p.s.i.) ;
6 = Angle of Twist (Radians) = Length of Member (in.)
06 =1
L J
SECTION SHEAR STRESS TORSION CONSTANT J
1 SOLID CIRCULAR
] 16T L (8p1
1 Max.r = 133 J 32
at boundary In this particular case, J is equal
to the polar moment of inertia of
the section about the centre 0.
. 31,3
2T wa3b
w . - = cmme———
el mab? J (a2 + b2)
" at ends of minor axis YY
z o
~ m?
at ends of major axis XX
2a
3
SOLID RECTANGULAR
. _ T b 3rd b 1 b*
/ 1 Max.7 = ——(3+1.8-) J = ab [3-0.21_;(1—1—2-;4)]
; This is the approximate value (approx.)
l of r at the mid. point of each
longer side.
a
a > b
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SECTION

SHEAR STRESS

TORSION CONSTANT J

SOLID SQUARE

T
Max.r = 4.8 % (approx.)

at mid. point of each side

J = 0.1408 a4 (approx.)

SOLID EQUILATERAL TRIANGLE

/)

Max.r = Z(,)_}‘

[«

at mid. point of each side

I SECTION

Flange Thickness Constant
b

-]
]

radius of largest
inscribed circle

r

fillet radius

See note below for maximum
shear stress

J = 2Jg +]Jy + 32aR* (approx.)
Where

1 b b4
hos < [ty = - s
Jp = ab¥l3-0.212(1- =]
1
JW = 3 Cd3
a = K(0.15+0.1£)
K = the smaller of d/b

or b/d

T SECTION
Flange Thickness Constant

-~ 2

b

R

radius of largest
inscribed circle

r fillet radius

See note below for maximum
shear stress

J = Jg+]y+16 aR* (approx.)

Where
1 b b*
] 3 - — - —
Jg = ab [3 0.21=(1-55=3)]
1 d d4
= cd¥=-0.105-(1 - ——
Joy = od [3 0.105=(1 192c4)]

¢ = K(0.15 +o.1o—bt)

K = the smaller of 9/} or P/4

AVRO EA 2840
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SECTION SHEAR STRESS TORSION CONSTANT J
8
ANGLE SECTION
b equal to, or
greater than, d R = radius of largest J = Jg+]Jy+16aR* (approx.)
inscribed circle
r = fillet radius Where
srl b b4
See note below for maximum Jp = ab [3 -0.21 a e 1—2;4)]
shear stress.
1 d d4
= cd3[<-0.105= (1= ——
Jw 3 5 c ( 192C4)]
a = 2007 o
g (0.07 + 0.07 E—)
9
CHANNEL SECTION
s
See note below for maximum J = the sum of the J values
shear stress. for constituent angle
sections, computed as
10 for Case 8.
Z SECTION
O

2R R.T
NOTE REGARDING SHEAR STRESS (Cases 6 — 10 Max.7 = -—0fp [1+0.15(m? - F)]-i

inclusive): =

The maximum shear stress occurs, in general, at 7 R2
or near one of the points of contact of the largest Where m
inscribed circle at the point where the radius of A

curvature is least. p = radius of curvature of the boundary (posi-
tive when the boundary is convex)

Empirical formulae are:— A

= area of section .
Equation (a): When the boundary is convex or straight, R = radius of largest inscribed circle

AVRO EA Z4a2
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Egquation (b): When the boundary is concave,

“Ix. T =
2R 2B R R,.T
nh=={0.118 1 1- -)-0.238-}1=
n—;-,[l+(3 = { Oge( P) p J

Where 8 = angle turned through by the tangent to the
boundary of the re-entrant portion.

The application of these formulas is given in Section
5.1.2.

5.12 Approximate Method for.any Solid Section

It can be shown that the mean stress around the
boundary of any solid section of area A and perimeter
p is equal to the boundary stress in a circular bar of

radius 2—‘?

Since the torsion comstant of a solid circular
section of cross sectional-area A is J = o5~ = == =

-‘22:2 this value of £ may be looked upon as an equiv-

alent torsional radius. Denoting it by C gives
J = % C2

A preliminary estimate of the torsion constant is
coasequently given by this expression.

In most practical cases it will be necessary to
divide the section into suitable compartments and
find the contribution to J of each part, the total J
value then being the sum of the component J’s.

The general rules for division into compartments
are as follows:—

Imagine a circle of varying radius, always touch-
ing the profile at two points at least, to move inside
the section. Then there will be some positions when
the circle has three or more points of contact and
between each such pair of positions there will be
a position of the circle where its radius is a minimum.

The division lines are drawn through tbe points
of comtact (with the profile) of this minimum circle
(Fig. 5.1.2-1).

Where the figure comtains @ thick portion, from
which project onme or more thinner parts whose boun-
daries in the neighbourbood of the junctions are
parallel or mearly parallel lines, the division should
be such as to include with the thick component a
lemgth of each projection equal to balf its thickness
at the junction.

DIVISION

LINE
MINIMUM

CIRCLE

Figure 5.1.2-1

5.1.2.1 Procedure for First Approximation to J:
Numerical example.

Consider the channel section shown in Fig.
5.1.2-2. Divide the section into five compartments
numbered 1, 1!, 2, 2! and 3 in accordance with the
rule just given.

The dividing line between 1 and 2 (and hence
between 1! and 2!) is taken at a distance from P,
where the fillet starts, equal to half the depth at P,

viz 0'277=0-.385 in., as shown dotted at BC (and KL).
3.5 !
A| 2 385 B Ry 1 lp
.
2 ": 1 .501'-ad1us
\
\
.75\radius 1
3.5 B S0
{375
=
3.25 —~R3

Z AXIS OF SYMMETRY

Figure 5.1.2=2

AVRO EA 24840




Section V
Sub-Section 5.1

VOL. 1
Torsion — Solid Sections

AIRCRAFT ENGINEERING MANMNUAL
(DESIGN)

Similarly, the dividing line between 2 and 3 (and
likewise between 2! and 3) is at half the web thick-

0575 =B89S in. fasm O, where the fillet
ends, as shown dotted by ED (and HG).

ness viz

For each compartment in turn find the area A,

perimeter p and the ratio C = Z—A Note, bowever, that

in determining p mo division line is included.

These values are given in Table 5.1.2-1 .

5.1.2.2 More Accurate Value of Torsion Constant

In order to find a more refined value of J, proceed
as follows:—

(a) Draw the maximum inscribed circle of radius R in
each compartment. The circles drawn in Compart-
ments 1, 1!, 2 and 2! touch the boundary at three
points, as shown. The radii of the circles are:—

(b) Round off the outwardly projecting corners (on
the main boundary only) with a radius *‘t’’ which is
a certain fraction of the radius R of the circle in-
scribed in any particular compartment.

~ This fraction depends on the angle B turned
through by the tangent to the boundary at the corner
in question: values of /R are given on the accom-
panying graph (Fig. 5.1.2-3).

For a right-angled corner, /R = .50. These
values are:—
STATION | R (IN.) | B (deg.) | "/g | £ (IN.)
F .32 90 .50 16
A .56 90 .50 .28

(c) Draw in the corner radii. This gives a new figure
having a component area and perimeter A1 and p1
respectively. Calculate A;, p; and the ratio C; =

%—‘-1 for each compartment.
1

(d) The torsion constant is then given by:—

COMPARTMENT R (IN.) A g
1 32 = i—)t C,* (see Table 5.1.2-2)
2 .56
3 -325 A in this expression is a coefficient, values of
1
il 'gz which are given in terms of% in Fig. 5.1.2~4,
TABLE 5.1.2-1
' 2A A A ,
COMPARTMENT A 2A P c =~ c? 5 . [AkRoT
1 91 1.82 3.59 506 255 455 116
3 91 1.82 359 .506 255 455 116
2 229 4.58 5.67 81 655 1.145 750
gt 229 4.58 5.67 81 655 1.145 .750
3 2.43 4.86 6.50 746 558 1.215 678
First approximation to torsion constant ] = 2.410 in.*
TABLE 5.1.2-2
2A 2
COMPARTMENT R s R A | 2K, Py ;—1 c? | M | AT
1
1 320 .506 .63 .827 .87 1.74 3.55 .501 25 207 .090
1! 320 .506 .63 827 .87 1.74 3.55 501 25 207 090
2 .560 .81 69 887 2.26 4.52 5.51 820 671 595 672
2! .560 81 69 887 || 2.26 | 4.52 5.51 | .820 | .671 .595 672
3 375 5 .50 667 || 2.43 486 6.50 746 556 371 451
- in.4
NOTE: This example is taken from ‘‘Strength of Materials’® by Case, page 486. It should be J = 127..5.."‘_..

noted that the above value of A= .827 does not agree with his value of 0.845. The final J

value is consequently at variance too.
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o
o
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Figure 5.1.2-3 Plot ofT; versus 3

HH T SoBLEEHT
994 o
108 084 Eriiioe
= 966 tH
95 dr
90 fz 897
85 48
A ~ T
80 743
BEE 732
J0 pns ;
F‘{ e G3EH 60
&k S -
'65ﬁ 1 i N W B _C_
.50 .55 .60 .65 .70 75 .80 85 90 95 1.0
~ Figure 5.1.2—-4 Plot of A versus R/c
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5.1.2.3 Shear Stresses

The maximum stress in any compartment occurs,
in general, at or near one of the points of contact of
the largest inscribed circle at the point where the
radius of curvature is least.

Empirical formulas were given in 5.1.1 for the
determination of the maximum shear stress.

COMPARTMENT 1

The shear stress at the corner F is zero.
mean shear stress on the section is

The

2AT T _ .506
—— — I - 06 -— TR emm— = .2 6 T
7= 07 = 175 Sl

The maximum shear stress for this compartment
is given by Equation (a) of 5.1.1, since it has no
re-entrant angle and p is infinite.

- NS, o
Max. 7 = 'izilx;z [1+0.15(m2-;)] 3
7R2 7 x 322
o

m? = 124 15m? = .0186

1+m?2 = 1.124 2R = .64

2R

= ,568
1 +m? 5

p is infinite since the boundary is uncurved.

i

Max.7 = .568[1 + .0186] 7 =

.579}r - 29T

This occurs at or near point X in Fig. 5.1.2-2,
the point of contact of the maximum inscribed circle.

COMPARTMENT 2

Since the boundary is concave, use Equation ¢b).
p is negative.

Max. 7 =
2R 28 R R,yT
—1{o0.1181 1-=)-0.238=-}11
3 [1+tanh”{0118 oge ( p) 3 p}]J
p=-75 R=.56 R/ =_747

1-R/p) = 1.747
log, 1.747 = .5579

238 R/p = ~.178
0.118 log, 1.747 = 0.066

B, the angle turned through by the tangent to the
boundary in passing from P to Q, is equal to 81° =
1.412 radians.

2.824

ZB/ = EE = .898

m

Tanh ZB/n

.716 (from Tables)

Il

R R
{0.118 log, (1 - ;) -0.238 B } = 0.066 +0.178

= 0.244
i 1’{-2 - ’-'-’;-%'9?-1-3 = 0.429
m? = 0.184 1+m? = 1.184
i-i—Ru-l-z 5 i—:%i — 0.944
Max.7 =

0.944[1 + 0.716 x 0.244] -TJ-

=111 §= 559T

This occurs at Y in Fig. 5.1.2-2: it is the maxi-
mum stress on the whole section.

COMPARTMENT 3

Use Equation (a)

R = .375 2R = .75
7 =ﬂR2_1rx.l4 -
S e e

m? = 0327 1+m? = 1.0327

2R 75
T Fm2 150327 e

p = o 15m? = .00491

T T .
Max. 7 = ,724 x 1'00491T = .7287 = .367T

This occurs at Z on the axis of symmetry.
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5.2 Hollow Sections: Thin walled and otherwise.

T = Torque (Ib. in.) G = Shear Modulus (p.s.i.)
J = Torsion Constant (in#) 7 = Shear Stress (p.s.i.)
0 = Angle of Twist (Radians) L = Length of Member (in.)
66 _ T
L J
SECTION SHEAR STRESS TORSION CONSTANT J
L HOLLOW CONCENTRIC
CIRCULAR TUBE 15
: TD 7
4——d—— Max.r= R J - _(D4_d‘)
. 7(D* - d*%) 32
at outer boundary. In this particular case, J is equal
j For allowables see ANC-5, t: e po.lat m:omen;lof inertia of
: pages 29, 81 and 121. the section about the centre O.
!
e D o
2 HOLLOW ELLIPTICAL SECTION
Owuter and inner boundaries are similar
ellipses: thickness not constant.
Y 2T 7a b3
Max. 7 = J = 522 [01+K*-1]
% T magbZ[(1+K)* - 1] ag + by
. o 2bo 2b on outer surface at ends of
‘ | / l minor axis YY.
e K = a-a; _ b - bo
2a,o 2o b,
2a
3
ECCENTRIC HOLLOW SHAFT
See Roark, page 172, Case 21
- D

AVRO EA 2447
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SECTION SHEAR STRESS TORSION CONSTANT J
4 1'1 = q/tl 23 4A2
ANY THIN-WALLED ENCLOSED J - SP;
SECTION OF VARYING b el t
THICKNESS 2 t, . b
where 3P/, = =L + =2 + etc.
3 =Y £ oyt
o and A = area enclosed by the
i s mean perimeter
a5
where q = 5A 1b. per in.
(Batho’s formula)
5
ANY THIN-WALLED ENCLOSED
SECTION OF CONSTANT 4A2
RINCIERERE Average shear stress =9/, | ] = gt
t constant T y P
X where q = A Ib. per in.
where p = the mean perimeter
(Batho’s formula) and A = area enclosed by the mean
perimeter
6
THIN-WALLED
CIRCULAR TUBE
D/t large
t constant R 2T ] = %’ D3t
: 7D2t
In this particular case, J is equal
/x F:reasll;;v agllc:n:efz?Nc‘s’ to the polar moment of inertia of
\O_;_J pag ’ x the section about the centre O.
3 K
7
THIN-WALLED ELLIPTICAL
SECTION OF CONSTANT
THICKNESS
4A%
"t Average shear stress =9/, |] = B
T : .
2b where q = 7A Ib. per in. where p = mean perimeter (for which
e see 4.1.1 or Fig.4.1.3-1)
9
k_/ (Batho'’s formula) A = area enclosed by mean
Y perimeter = wab
I 2a
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5.3 Thin-walled Open Sections

5.3.1 Introduction

When a thin-walled open section is subjected to
pure (St. Venant) torsion as a result of the application
of equal and opposite end torques T (Fig. 5.3-1),
cross-sections of the tube warp in a longitudinal
direction. In other words, points in the plane of the
end sections do not remain in the same plane.

Shear stresses only are present in the walls when
the tube is free to warp, that is, when there is no end
constraint.

T

"
WARP

X

TUBE UNDER ACTION OF
TORQUE T = NO CONSTRAINT

Fig. 5.3-1

UNLOADED TUBE

It will be apparent that any member having a
small thickness has practically the same torsional
stiffness when bent into a channel, angle or other

section as it has when flat. Thin open sections are
consequently primarily unsuited as torque carrying
members; in many cases, however, they have to take
a certain amount of torque in addition to carrying out
their primary function. |

\

For a rectangular section (Case 1, 5.3.2) the
distribution of shear stress is as shown in Fig. 5.3-2,
the shear stresses acting in a direction parallel to the
boundary, for small t/b ratios.

o

=== =
} _ i

Fig. 5.3-2

Formulas for Cases 2 — 5 inclusive assume that
the torsion constant ] for the whole section is equal
to the sum of the ] values for the component rect-
angles of which the section is composed.

Similarly the J value for the remaining cases is
based on the developed rectangle.

A comparison between a split and a solid tube
appears in GEN 1090/809.

AVRO EA 2441
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5.3.2 Formulas for Shear Stress and Torsion Constant

T = Torque (Ib. in.) G = Shear Modulus (p.s.i.)
] = Torsion Constant (in.4) 7 = Shear Stress (p.s.i.)
6 = Angle of Twist (Radians) L = Length of Member (in.)-
66 _ T
L ]
SECTION SHEAR STRESS TORSION CONSTANT J
1
NARROW RECTANGLE
OF CONSTANT THICKNESS
b/t > 20 3T 3
7T = S;} J = = bt
t
F—b4—4
2 ANGLE
t] and ty small compared with by and bjp
b |
1
. 3T J = = bt
bt 3 - bzt,} 3

“'f

L t2
B —

— -

For Bulb Angle see

= % b2 b,r0]

R.Ae.S. Data Sheet 00.07.01

ft1 by

= (b1t12 + 2b2t2!)

3
CHANNEL
t; and ty small compared with by and by
t t 3T 1 3
2 2 PR LS. - 2 She
'y (bt,? + 2b,t,%) ] 3
L 1
2 =3 [b,e3+ 2b,e,3]
L« |4
}-‘_—bl—_,.f
4
I SECTION ’
ty and ty small compared with bl and bz
: 3T
'<——b2—>|t 5 7 J = = Zbed

III

AVRO EA 2842
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Torsion ~ Formulas

SECTION SHEAR STRESS TORSION CONSTANT J
5
T SECTION
tl and t2 small compared with b1 and b2
7 S J - % bt3
T hitl2abt?2 =32
le—by >|t2 (b,t,% + b,t,?) 3
T .1 [be3+b,ye3]
% R 150)
bl t1
ANY THIN-WALLED OPEN TUBE
t constant and small
3T 1
A t T = — ] == EB t3ds
B St 3 A
1
= - st3
3
s = length of periphery of cross-section from A to B
@ 7
THIN-WALLED OPEN CIRCULAR TUBE
t constant and small
7 = ——‘,3'1- J = =s¢d
27 Rt 3
2
= — 7Re3
3
s = length of periphery of cross-section from A to B

AVRO EA 2441
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5.3.3 Warp

For any open tube (Fig. 5.3-3) let
6 angle of twist (radians),
length of tube (in.)

[%

= angle of twist per unit length (radians per

L

©
I

inch),
w = warp (in.)
W = ¥ = unit warp (in./radians per inch),
¢
Py = perpendicular distance from shear centre O to
tangent at P, and
ds = element on periphery at P (Fig. 5.3—4).

WARP OF B
RELATIVE TO A

Fig. 5.3-3

CENTRE
D @) pt

Fig. 5.3-4

Then from R.Ae.Soc. Data Sheet 00.07.00, but
using the above notation,

v = —prtds
A

The minus sign signifies that the warp of B relative
to A is into the paper for clockwise T.

SIGN OF p,

When s is measured from A (Fig. 5.3—4), the
tangent at any point P is considered positive in the
direction of increasing s and p¢ is positive if the
positive tangent acts clockwise relative to the shear
centre O. Consequently, in Fig. 5.3—4, py at P is
positive.

Similarly, measuring s from A in the channel
section of Fig. 5.3—5, all the p; values are positive
except in CD, whereas in the Z section of Fig. 5.3-6,
p¢ is positive for AB but negative for CD.

A S B
t v
¥ SHEAR » 10
' CENTRE [
D C \l
SHEAR CENTRE
Fig. 5.3=5 Fig. 5.3-6

5.3.3.1 Numerical Example — To find the unit warp W
for the section 10CS—R—525 shown inFig. 5.3~7 under
the action of a contra-clockwise torque T (a contra-
clockwise torque has been chosen in order to avoid
the necessity for a minus sign in the expression for
unit warp).

W = +fsptds
o

The section is divided into convenient lengths ds and
the p, value for each section obtained.

|¢«.551~>1

B 4 5 \
22412
. i 56 10CS—R—525
A
s.C. 7_hL 1.0
o
Q :[ . 017
T 8
9 10 11Y 125
|-< ~.724_—+‘
Fig. 5.3-7
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MEAN UNIT WARP
By plotting W against s in Fig. 5.3—-8 the area
under the curve is obtained. This is, Ei Wds =.7244.

- B '3
o e R B

= .29
Length A to B 2.499

Mean unit warp W =

This quantity is required for the calculation of the
warping constant [ (gamma).

5.3.4 Torsion Bending

When the cross-section is not free to warp, due
to the constraint caused by building-in at one end,
pure torsional stresses will be accompanied by ten-
sion or compression in the longitudinal direction o
the beam. '

These longitudinal stresses are proportional to
the torsional warping displacement, now prevented.

The rate of change of angle of twist ¢ = 40 along

z
the axis of the beamis not constant, a state of affairs
which is consequently referred to as NON-UNIFORM
TORSION.

The problem is normally tackled by splitting the
torque into two parts, namely:—

T,
and T,

torque taken in shear

torque taken in torsion-bending, which for
an I beam consists of differential bending
of the flanges in opposite directions.

o

The relative proportion of T; and T, will depend on
the dimensions of the cross-section and the length of
the beam.

voL.1 (DESIGN) :
Torsion — Warp
STN | ds B |pdsnile] W 102 = It is shown in GEN/1090/809.5.2 that the total
t torque T is given by the following expression:—
1 0 T = Tl G T2
2 .10 5341 5.34 5.34 | .10 _ n d?¢
3| Ja24 | 534 662 | 1196 1| .224 = SJg~FL =2
4 .25 .50 12.50 24.46 A 474 40
5 301 50 | 15.05 3951 | .775 Where ¢ = ==
6 25 017 43 39.94 i | 1.025 dz
! 23 ol A 40.56 5 | L213 I = warping (torsion-bending) constant of the
8 .25 017 A3 40.79 e 1.525 s 1 ¢ which £
9 25 017 42 4121 £ 1.775 Section, values of Wich for . comies
10 25 —50 |-12.50 28.71 5? 2.025 sections are given in 5.3.5.
11 2 -.50 | -12.50 16.21 2.27 P s "
; 4 4 > This is the fundamental equation for the torsion of a
12 224 -.50 | -11.20 5.01 2.499 . s : :
\ thin-walled open section with end constraint.

5.3.5 Warping Constants

The warping (torsion bending) constant [ (gamma)
given in the fundamental equation above is equal to
the sum of ' and I',, where I} is the primary warping
constant and I, is the secondary warping constant.

I, is normally very small compared with I} and
can therefore be neglected except, for example, in the
case of rectangular, angle and tee sections, for which

T, =0.

Values of I'} (and I, where applicable) for com-
mon sections are given in the following tabular sum-
ary (5.3.5.1), and a method of calculation for I'; in
5.3.5.2 for an unsymmetrical Zee section.

S
r = 1L 2¢3 ds
2 12 ({ Pn

where p,, is the perpendicular from the shear centre O
to the normal to the median line at any point P in
Fig. 5.3-4.

For a rectangular section:—

ds
L t
L <——Pn—::
r B
s
r, = L 2¢3 ds
2 = 54 Pn
- LB ® s
12 o B
3
But Sp 2tds = I = th”
{, . 12
3
o= Lezgthl o 1 p33

2 12 12 144

=
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Torsion — Warp

5.3.5.1 Summary of Warping Constants

CHANNEL
t constant

7

h

S.C./

-

SECTION
1
LIPPED Z-SECTION
} t constant
é fs—d—>] S Fig. 5.3-9
| = % ee Fig. 5.3—
1 I for Primary Warping Constant I'y
|
| B _} SHEAR CENTRE
CENTROID
1 I3
e—j— t
Z-SECTION
2 t comstang
—~—
N Yoy See Fig. 5.3-9
for Primary Warping Constant [}
. SHEAR CENTRE Takec = 0
4 cextrom
=y -
——
*
| 3
LIPPED CHANNEL
t constant
T_|E See Fig. 5.3—-10
|
h —
I
sc” |
—
4

See Fig. 5.3-10
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SECTION

ANGLE
t constant

1
3
T I, ;—6 @3+ b3

S.C.

 {
== ti[::l3+—b3]
36 4

SR

7 I SECTION
t constant
unequal flanges h21 I
=2
Y Fl = 1
1 d I2

about axis YY

I, = moment of inertia of lower flange
about axis YY
X

I SECTION
t constant
equal flanges

T I, = moment of inertia of upper flange
h
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‘Primary Warping Constant I'|

5.3.5.2 Method of Calculating Warping Constant in
the General Case — From ‘‘Buckling Strength of Metal
Structures”’, Bleich, p.119,

[5 (W= W)? tds

o]

=t [S(W-W)2ds
o

for constant t.

W = unit warp = ]sptds
o

W = mean unit warp
-1 [SWds
So
Having found W and W by the method of 5.3.3.1 tabu-
late values of (W— W) and (W— W)? at each station.
Plot (W - 5)2 against s and determine the area under
this curve viz [s(W—E)2 ds, as in the numerical

[
example that follows.

NUMERICAL EXAMPLE
Z-Section as before

W = 29 x 102 from 5.3.3.1 as are values of W

STN Wx102 | (W-W)x 10% [(W— W)? x 109

1 0 =29 841

2 5.34 — 23.66 560

3 11.96 - 17.04 290.4
B 24.46 - 4.54 20.6
5 39.51 +10.51 110

6 39.94 +10.94 119.5
7 40.36 + 11.36 129

8 40.79 +11.79 139

9 41.21 +12.21 149
10 28.71 - .29 09
11 16.21 - 12.79 163
12 5.01 -:25.99 575.5

(Plotted in Fig. 5.3-8)

r B =

-1 =3 (W-W)As = 394.38 x 10*

. A by graphical integration
r

-1 = 0394

t

I', = .0394 x .051 = 0.00201

1

Check from R.Ae.S. 00.07.02 assuming that the section
is as in Fig. 5.3-11. .

d = .551
c = 224}
h=1.0
Fig. 5.3-11
d _ 551 _ 551
h 1.0
c = 224 £ - 224
h
r 5
1 = ,Soll- from curve h =10 h%=1.0
t 12 B i
— = — = ,0832
= .SOX .0832 12 12
= .0416

as compared with .0394 above.

5.3.6 Torsional Instability
5.3.6.1 Stringer Section Alone

The critical torsional instability stress of an open
section stringer is given below.

This assumes that plane cross-sections of the
stringer warp but do not change their geometric shape,
known as Primary failure, as distinct from local insta-
bility (for which see 6.2), characterised by distortion
of the section.

1 TWISTING BESPING
o, = —[ G + (O ET
T1 Ip ] (L) T ]

See GEN/1090/809.8.1

The first term in the bracket represents the resis-
tance of the stringer to pure twisting and the second
term its resistance to bending.

I, = Polar moment of inertia of the section referred
to the shear centre = Iy + Ar?

Ipo = Polar moment of inertia about the centroid

ro = Polar distance from centroid to shear centre

A = area of section

G = shear modulus

J = St. Venant torsion constant

t = thickness of stringer

L = length of stringer

ET = tangent modulus of elasticity

I' = warping constant relative to the shear centre

.
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NUMERICAL EXAMPLE It is customary to take the enforced axis of
A = 1274 r. = .017 (See GEN/1090/809/3.3) rotati?n at the i-ntersecti'on .of the inside skin line and
9, the principal axis of the stringer.
by = 0225 L =20
Iy = .01273 The torsional instability stress is then
Polar moment of inertia about centroid TWISTING BENDING SKIN BENDING
= + 2
gl PR S Gl B o e
= .0225 + .0127 1o L 7
=: 0352

See GEN/1090/809.8.1
Polar moment of inertia about shear centre

Ip = Ip + A’
= .0352 + .1274 x .017? Many of these items have the same significance
_ 0352 as in 5.3.6.1 except that they are now found with

reference to the enforced axis of rotation, as signified
by the dash. Items not specified earlier are:—

L
Il

1/3 x developed length x t3

= 1/3 x 2.499 x (.051)3 .0513 =132x 10~
= ) K = skin support stiffness. It represents the re-

= 110x 10 sistance of the skin to bending due to twist of
G] = .385E] the stiffener = :

~ 3.85x 106 x 110 x 1076 = 423.5 o Bl
E;r = Esay = 10x 10° K, = Eig for non-buckled skin
' = .00206=20.6x10~*  (from 5.3.5.2) e

- b .. i
EP = (_E)z S ISR s BT ¢ 102 S A for buckled skin
L 20 SK
d = stringer spacing = 4 in.
(I’ E.T = 2.47x 1072 x 10 x 10° x 20.6 x 10~*
e . tgx = skin thickness
= 509
1 2 4h + 12r

= 65+ (&) EI'] K, ‘= s
T1 IP ‘] L T ? Ets

584, 1 [423.5+ 5091 r = offset of rivet line from centre of rotation

B h = depth of stringer
= ___903325; = 26,500 p.s.i t = thickness of stringer

5.3.6.2 Stringer Attached to Skin
The stiffness of the skin in its own plane and TI I
h

the anchorage of the skin at the sides of the panel
are controlling factors in the location of the enforced
axis of rotation.

If the srtiffness of the skin in its own plane is
assumed to be infinite, the axis of rotation is forced aiom
to lie in the plane of the skin,because rotation of the
stringer-skin about any axis not in the plane of the
skin would require a movement of the skin in its own
plane.

4
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NUMERICAL EXAMPLE rt = 00349 = 34.9x10~*
GROSS B — R

Same Z-section, attached to .036 in. skin. Take

effskin width = 30t = 1.0 in. say. B Jig _1 el 8
3 SK
1
=3 x10x 46.5 x 10—
B
= 15.5x10-¢
|
: j = 110 x 10~5 +.15.5 x 10~°
E ! Yo
! l = 125.5 x 10=°
'; GJ! = 385x 10° x 1255 % 10~°
H—xo—>l\
= 483
Fig. 5.3-13 (c) IgsrR = Ip + Ar°2 ‘02 = xo2+y°2
: = .0352 + .0487 = 132+ .25
(a) Warping Constant I'? =
= .0839 = .3
I'" = Tirrmvezr + ek
2 2 Ar 2 = 1274 x 382 = .0487
F;TRINGER e Lot o 1y Deghe Iny = ‘
Where x and y_ are the co-ordinates of enforced axis 11 > 1_ i) o b
i ; Pskin 12 i
relative to S.C. of stringer alone i
Yo = -—-30 See GEN/1090/809.1 =5 x 1.0x .036 = .003
x, = .017 + .50 tana a = 34°40° :
_ 017+ 3458 Rl L IPGROSSz .0839 + .003 = .0869
= .3628
x,2 = .132 Yori & = +25 (d) Assume well-buckled skin
d 4
2 = iy x
x 2, = 132 x 0225 Vo Ko =230 01273 o= Bl - [07x465x10-F - 0086
= .00297 = .00318
9 K _ 4h+12r 4%x1.0
2y lxy = 2% 3628 -.50 x —.012995 g Eed, 107x 46.5 x 10~°
= + .00472 since r=0
1
srrinaeg= 00206 + .00297 + .00318 ~ 00472 = .0086
= .00349
K;+K, = 0172
F;KIN = secondary warping constant of skin
(primary warping constant is zero) K = 1 = 582
0172
e ] 2033
T (effskin) i, from 5.3.5
1 © O = 247x10-?
St ] 085 0363
Ve 1.0° x 036

= NEGLIGIBLE
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1
T1
lp

1 . 4 —4
= 7ags 1483 + 247X 10 x 34,9 x 1074+40.4 x 58.2]

o = = lgJt +(5)2 E '+ (17?)2 K]

1
o) [483 + 861 + 2351]

3695 .
= m = 42,600 P.s.

5.4 Thin Multi-walled Sections

{concentrated T, constant J)

In order to explain a method of finding the shear
stresses due to torque in thin multi-walled sections,
comsider the two cell wing-beam shown in Fig. 5.4~-1
under the action of a torque T, assumed concentrated
at the ends.

T
CELL 1 ) CELL 2

Fig. 5.4=1

6K .
C
Fig. 5.4-2

Let 4 be the angle of twist of the whole beam due to
the action of the torque T. If there is no distortion of
the section it will be clear that the boundary wall
AC will rotate through some angle € (Fig. 5.4~2) and
comsequently the angle of twist of Cell 1 will be the
same as that of Cell 2.

It can be shown (see GEN/1090/810) that
G X shear flux x p/t

2A

Thus for. the two cell beam under consideration it
is necessary to determine the value of the right-hand
side of this equation for both Cell 1 and for Cell 2 in
terms of the unknown shear fluxes and then equate

the two, since each is equal to QI-‘—G.

A second relationship results from the fact that
the total torque T on the section must equal the sum
of the individual torques in each cell (see GEN/1090
/810). That is,

T

I

T, +T,
= 2A.q,+2Aq,

where q, and q, are the shear fluxes in Cells 1 and 2

respectively.

The method will be demonstrated with reference
to a 3 cell beam, the solution of which is exactly the
same as the above in principle but of necessity a
little more complicated.

NUMERICAL EXAMPLE

To determine the distribution of shear stress, due
to a concentrated torque T = 10.000 lb. in., on the
section shown in Fig. 5.4—3 given that:—

Enclosed areas are A1 = 89.3 in?
A, = 250 in?
A, = 125 in?

a4 A q,

e e e q
3
C 9, E
T = 10000
Fig. 5.4-3
Other given data is as follows:—
MEMBER ABC| AD | CE |DFE| AC | DE
LENGTH p (in.) 25.72| 25 25 [51.93] 10 10
THICKNESS t (in.) 05| .04 .02 01| .06 03

Let the reactive shear fluxes in the members be as
indicated in Fig. 5.4-3. The following information is
tabulated:—

AVRO EA 2440
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Torsion — Multi-walled Sections
MEMBER ABC AD CE DFE AC DE
Shear flux q; q, 9, q3 1 — 492 92 — 93
perimeter p 25.72 25 25 51.93 10 10
thickness t .05 .04 .02 01 06 .03
p/t 514.4 625 1250 5193 166.7 333
Shear flux xp/t|514.4q, | 6259, |1250q, | 5193q,| 166.7 (4, —q3) 333 (g, — q3)

Cell 1 — Take contra-clockwise reactive shear flux
as positive.

6G _ X shear flux xp/t  514.4q, +166.7(q; -9,)

L 2A, 178.6

= 3.83q, - 0.932q, (D
Cell 2
6G  625q, + 1250 q, — 166.7 (q,~ q,) + 333(q,-9;)
St 500

= -0.333q, +4.75q,— 0.66 q, (2)
Cell 3
6G _ 51939, - 333 (3, - q5)
TR 250

= 22.2q, - 1.332q, (3)

By solving these three simultaneous equations
the following results are obtained:

q; = 5.38q,4
q; = 1.322q,
q, = 4.06q,

From the second relationship
T 2A,q, + 2A,q, + 2A,q,

10,000 = 178.6q, + 500 q, + 250 q,

[

Substituting in terms of q 4,

10,000 = 960 q, + 2030 q, + 250 q, = 3240 q,
whence q; = 3.10 lb.per in. 7]
q, = 12.52 Ib. per in.
: As shown
q, = 16.60 1b. per in. > in Fig. 5 4—4
(q; —q,) = 4.081b. per in.
(q, —q3) = 9.421b. per in. |
16.60 12.52
\ 3.10
r4.08
T 10009 2-42
16.60 12.52 A0
Fig. 5.4-4

These results are in agreement with those in
J.AeSc., January 1945, p.103, ‘A Simplified Analysis
of Hollow Beams”’ by Eryk Kosko.

6G
heck —
Check on T

0G
Cell1. — = 3.83q,- 0932 q,= 63.5-11.7 =51.8
0G
Cell 2. — = -0.333q, + 4.75 q,~0.66 q,
= - 554+ 59.7-2.05 = 52
6G
Cell 3. i = 222q,~1.332q, = 68.8- 16.7= 52.1
Checkon T
T = 2A,q, + 2A,q,+ 2A,q,

I

178.6 x 16.6 + 500 x 12.52 + 250 x 3.10
2970 + 6260 + 776 = 10006 as against 10000.

s
D

‘
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Columns
é COLUMNS

Introduction and Reference Tabie

Column problems usually involve the determination of (a) the buckling load and/or
(b) the diswribution of bending moment.

The Column Reference Table below indicates the Section that deals with one or other of
these subdivisions (a) and (b).

COLUMN REFERENCE TABLE

PROBLEM (a) BUCKLING LOAD {b) BENDING MOMENT

See 6.1.1 for Euler formulas fdr
pinned and fixed ends.

I Constant
. See 6.1.3 for Column Stress curves
Single Span Column for pinned and fixed ends.
No Lateral Load
See 6.3.1 for standard cases and
I Varying 6.3.2 for general method

Continuous Column

No Lateral Load |1 Constant | See 6.4 for Charts

See 6.5.2 for summary of standard cases,

1 Constant | Buckling stress, coresponding to 6.5.3for Perry’s approximation
Straight Beam- buckling load of 6.1, must not be |and 6.5.5for Polar diagrams
Column exceeded by combined stress at
any station,
I Varying See 6,5.6 for general method
Column with small |} o000 See 6.6 for summary of standard cases,

initial Bow
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6.1  Primary Instability in Compression
6.1.1 Long Columns

Euler’s formula for the primary failure by lateral bending (buckling) of long celumns, that is, columns
loaded in the elastic range is:-

2E a2 E

F. = T =

<" Cary %

p pfc
_ 72 E
(L ’/‘p)2 ANC-5, Equation 1,381
Where F,. = allowable compressive stress
E =  Modulus of Elasticity
L = length of column
p = radius of gyration of cross section
C = fixity coefficient, the value of which depends on the degree of end fixity or constraint.
Values of C are given below: they are obtained in GEN/1090/811.1
L/P = slenderness ratio
L’/P = effective slenderness ratio
‘= effective column length = L
/<
PINNED AT EACH END PINNED AT ONE END FIXED AT BOTH ENDS FREE AT ONE END
FIXED AT OTHER END FIXED AT OTHER END
(LIKE A MAST)
' L/4
L
L
L/ 9
L i
' i
’ f , +
C=1.0 c- L =204 c=4.0 c=1y
(0.7) .

ABC in Fig. 6.1.2 —1 is a typical Euler curve of F, plotted against the effective slenderness ratio L’/P for

an aluminium alloy column having E = 10 x 10° p.s.i. (Values used in plotting this curve are given in

GEN/1090/811.2)
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6.1.2 Short Columns

The Euler formula of 6.1.1 cannot be used at the
lower end of the L’/ scale (in the short column range)

because primary bending failure occurs at stresses
below those obtained thereby.

This is due to unavoidable eccentricities and to
the reduction in slope of the stress-strain curve above
the proportional limit of the material, so that, instead
of E, it is necessary to use an effective value E”in
the Euler formula,

For short columns this becomes:—
72E’

RY
L %,)

Fe=C ANC 5, Equation 1,381 a.

For short columns it is more convenient, however,
to employ a transition curve, tangential to the Euler
curve at some point B in Fig. 6.1.2-1 and having the
value F¢o, the column yield swess (upper limit of
column stress for primary failure), at L°/ p =0

This transition curve is either a parabola, as
shown in Fig. 6.1.2-1, or a straight line, depending
on the material, the general expression for F over the
short column range, that is, to the left of B, being:—

L/ p n
. ANCS Equarion 1,382

/E/Feo| |

F.=Feodl-K

TO INFINITY

Fe EULER CURVE

[SHORT COLUMN
RANGE

LONG COLUMN

RANGE
C

CRITICAL L7/p

L7p

Fig. 6.1.2~1

Here F.o is defined above, K is a coefficient
and the index n can be 2.0 (Johnson Parabola), 1.5
{Parabola) or 1.0 (straight line), as the case may be .

Expressions for F. and for the critical value of
L'/p corresponding to point B, to the left of which
columns are *‘short’’, are given for n= 2.0, 1.5and 1.0

in the tabular summary cthat follows and are proved in
GEN/1090/811.3,
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Column-Stress Curves

6.1.3 Column Stress Curves

Fig. 6.1.3=1 Aluminum Alloy 245-T3 Fig. 6.1.3—6 Heat Treated Steel Fyy, = 150 k.s.i.
Fig. 6.1.3=2 Aluminum Alloy 615-T6 Fig. 6.1.3—7 Heat Treated Steel Fiy = 180 k.s.i.
Fig. 6.1.3=3 Aluminum Alloy 755-T6 Fig. 6.1,3-8 Alloy Steel 4130

Fig. 6.1.3—4 Steel 1025 Fig. 6.1.3=9 Magnesium Alloy Sheet FS—1h

Fig. 6.1.3=5 Heat Treated Steel Fpy = 125 k.s.i.

The values of F.y and F¢q used in obtaining these curves are given in the tabular summary of 6.1.2,

Detailed calculations appear in GEN/1090/811.4,

8 Fc = ALLOWABLE COLUMN STRESS (k.a.i.)

 mrEs

Curve can alsobe used for columns

baving cross-sections other than

30 round, provided local instability is
checked by the methods of 6,2,

(Similar to Fig. 3.23, ANC-5, p. 80)

(ERIRE RSRUTTURUSEREEN i
HibkE T
R Y R A

10

070 20 30 4 5 6 70 8 9 100 110 120 130 140 150

Effective Slenderness Ratio L’/p
Fig. 6.1.3-1 Allowable Column Stress for 245-T3
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6.1.3 Column Stress Curves {cont’d)

60 E ;
=+ EULER CURVE
50
i.- = 42 Curve can aiso be used for columns
i, having cross-sections other than
40 S round, provided local instability is
F EEE 2 checked by the methods of 6.2,
ey 2304 (Similar to Fig, 3.23, ANC=S$, p. 80)
E ]
2
Fe
ks.i.
10 : =
= T Eesassunatay: 84
0 20 40 &0 20 100 120 140

Effective Slenderness ratio L’/p

Fig. 6.1.3-2 Allowable Column Stress for 615-Té
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6.1.3 Column Stress Curves (cont'd)

10

10 20 30 40 50 & 70 80 90 100 10 120 130 140

Effective slenderness ratio L'/P

Fig 6.1.3-3 Fig. 6.1.3-3 Allowable Column Stress for 755-T6
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6.1.3 Column Stress Curves (cont'd)

m l o
Feo =36k.s.i
35
30
25
Fe
k.s.i.
20
15
10
For curves of allowable Column Load
versus Tube Length see Section IH,
18 onwards **Aircraft Tubing Data’’
by Summerill.
S Similar to Fig. 2.23(a), ANC=5 p.28.
124
970 20 3 40 5 6 70 8 % 100 110 120 130 140 150

Effective slenderness ratio L'/p

Fig. 6.1.3—4 Aliowable Column Stress for Plain Carbon Steel 1025 Round Tubing
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Swb-Sect 6.1 voL. 1 {DESIGN)
Colomn-Stress Curves :

6.1.3 Column Stress Curves (cont'd)

1o
Feo =100 ks-L.E) HEAT TREATED AFTER WELDING
95k
%
1e
80
70
&
50
40
30
F
< 2
k.s.i. iz
105 Similar to Fig, 2.23(c), ANC-5, p. 29 iig
REEREES | .

0 10 20 30 40 50 6 70 80 90 W0 110 120 130 140 150

Effective slenderness ratio L'/P

Fig. 6.1.3~5 Allowable Column Stress Curve for Heat-Treated Alloy Steel Round Tubing F, = 125 k.s.i.
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6.1.3 Column Stress Curves (cont’d)

40tF =135 k.s.i.

130
120 i HEAT TREATED AFTER WELDING

0

[

i
o]
)-11
Fr
>
-
]
b
=1
b
)

[

110

100

10 i : , i
0 20 40 &0 80 100 120 150

Effective slenderness ratio L'/ p

Fig. 6.1.3—6 Heat Treated Alloy Steel Round Tubing Fy, = 150 k.s.i.

T
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6.1.3 Column Stress Cutves (cont’d)

140fF = 135 k.s.i.

130
120 i HEAT TREATED AFTER WELDING

110

100

|||||

10 FEEE
0 2 40 & 80 100 120 150

Effective slenderness ratio L'/p

Fig. 6.1.3-6 Heat Treated Alloy Steel Round Tubing Fi, = 150 k.s.i.
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6.1.3 Colomn Stress Curves (cont'd)

90

Similar to Fig. 2.23(c) ANC-5 p. 29

HHY

20 40 60 70 80 90 100 120 140 150

Effective slenderness ratio L’/p

Fig. 6.1.3-8 Alloy 5teel 4130 Round Tubing
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6.1.3 Column Stress Curves (cont'd)

o
0
F,,, = 26.25 i
ana uaea La CUT-OFF- AT Fcy = 25 k.s.i
25 s o
o
20 W25
7]
06'?,
F 15
c
k.s.i.
10
e semneseet SHORT F= peErame 1LONG
5 i
Similar to Fig. 4.23(b) ANC-5 p.119

0 10 20 30 40 50 60 70 80

Effective slenderness ratio L'/P

Fig. 6.1.3=9 Magnesium Alloy Sheet FS~1h
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Sub-Sect 6.1

Column-Stress Curves

6.1.3 Column Stress Curves (cont’d)

50 k=
: = Similar To Fig. 4.23(a) ANC=5 p.118
& — ;
% 40pk
£ 1 Hf EULER CURVE E =
-
o
-
2 :
E: 30 ; T I
.-Z.l i+t T
o ey O —~IHTA EXTRUDED SHAPES
o e 1: i (EXCEPT HOLLOW)
Y ks i i g e Rl
é +'F' : --‘r-& BN :_+. e ﬁ_:} :
3‘ s H ? 0 — I AMC 588 EXTRUDED SHAPES
S 25 i : (EXCEPT HOLLOW)
o 1 :“”“||H||=7u’EHH“H;HHHHHHHH”H”HJU““:
l o E: l” __MH}IFI‘||(il"!—'ril\\III\\III\!'—ITY_I LT eTr
v 104 W ROUND TUBES, Fcy = 10,000 PSI 3
-I'.. o) 3T .-F!\. -
R g e H
; F= H
- : b A R SRR =l
0 20 A0 &0 20 100 120 140

Effective slenderness ratio L’/P

Fig. 6.1 3..10 Moagnesium Alloy Columns
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6.1.4 Miscellaneous Formuias

p/ 2
'A_-zﬁp Pc‘_ =1,89 7 2El
P/Z _-I—-—L/z—- :
L
m2El
Pe, =7.58 T
R T W N N 2
= -—FP P,, = 1.87 L
. L ! L2
a E w 2 El
I I N N e e —-—p Pcr=7-24 L2
2
_._+__..-__-_.-_d.d-1l l)cr = 3,17 L EI
O ———— ]
+ A—-‘_d—-—
72 El
3—4 P, = 7.68 1

Note that the above information, while believed to be cortect, has not

been substantiated and should therefore be used with caution,
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Long Columns of Yarying Section

6.3 BUCKLING LOAD OF COLUMNS OF VARYING CROSS SECTION

TABLE OF CONTENTS

6.3.1

Standard Cases of Long Columns;

Tabular Summoary

6.3.2

6.3.2.1 . Numerical Example

411 Loog Columns of Varying Section

"Approximate General Method for Pinned Ends

M

PINNED - PINNED

(&

PINNED — PINNED

PINNED - PINNED

i

See Fig. 6.3.1-2

- See- Roark|,p. 298,
e e | Sce Fig. 6.3.1-1 STRAIGHT TAPER | Tapie XV '
. —— ——
7.

Y FIXED — FIXED

STRAIGHT TAPER

B

See Roark , p- 298,
Table XV'

PINNED -~ PINNED

i
!

See Fig. 6.3.1-3

8
. PINNED - PINNED

- ——

ELLIPTICAL TAPER

See Fig. 6.3.1-4

4
PINNED - FIXED

i

See Fig. 6.3.1-1

9

-See J. Ae. Sc., April 54,

and J. App. Mech.
Dec.'s1, 415,

S
FREE — FIXED

Iil—l 1—*—;2 '

l

(LIKE A MAST)

m@n Flll tan -#212:#—!
: #2

See Numerical example
in GEN/1090/811.5

J. App. Mech.
Dec.’51, 415 -
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6.3.1 Long Columns of Yarying Section (cont'd)

E,I
Buckling Load P, = m 22
L2
E,l
=11 =1.0
logEzlz s i Hiin
.S e T S i
___l — ! M} H) H" Z I
9 b=t 8 0 E 7m J' ;
i =
sﬁ_ .? " ¥ ’
‘I._6_7 T
Fi
R :: 5 o :
AT
6
3p L/
5
.2 -
m
J.lsr i
4 .' 10 LFHE
© 08t A
.06
3 .04
: A 02
I 0
2
Er
SesasasaEnEREREICC HH
o }:; i ' | H i”L
4] 1 2 3 . 4 5 a & 7 8 9
L

Fig. 6.3.1=1 Buckling Load for Column of Varying Section
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6.3.1 Long Columns of Varying Section {cant’d)

Eila hzlﬁ b,
L -

pCt —

E, 14

Buckling Load P, =m <7
10
R T Bl _ g
i it Fal2 T
-—; TT T
] 1.
8 EA 1—:'31.
:E It g 'i.‘al
4: =
A ot M Do 1.6
6 EHH S 0 ‘ 1.8
m, %:: b T __2 ]
5 “. X H P
3 2.5
4 [y - 3 E——
3 e )
; T 5 L]
T @ T
2 . s
z = BEama il
‘ EEi0
1 iR
g T 1 1T Li- L
0 ] 2 .3 4 "] 6 7 8 9 1.0
| a
L

Fig. 6.3.1-2 Buckling Load for Column of Yarying Section
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Long Columns of Varying Section

6.3.1 Long Columns of Varying Section {(cont'd)
Pinned-Pinned Strut with Elliptical Taper

B Y
L
P // h Y h : P,
— _ |‘* Y. ! ~—
Y
| X
S
L

SYMMETRICAL ABOUT MID-SPAN

SECTION YY

' 2
-Equation to profile is y2 = h? ~ (h? - hlz)(ﬁ.)
I

See GEN/1090/812.1 for derivation.

1.0
k PROCEDURE
\ (a) Find ratioh /hl and read
off value of 5 from curve.
.90 ®) Pee = 7 n2El
\ L?
\ where ] = moment of inertia
"9 of strut at mid -span.
.80
N
N
70 AN
: N
\\
N
-
&0 L
B | by 2 3 4
Fig. 6.3.1-4

Pinned- Pinned Strut with Elliptical Taper

6.3.2 Approximate General Method for Pinned Ends

Procedure

(1) Divide the column length into 20 equal increments

(2) Compute I at the mid-point of each increment

ky

kg
(3) Evaluate = > (or =L . if E is constant), the value of

k; for each increment being obtained from Column 2
of the table below,

Note that these values of k, are the same for any .

pin-ended column and are independant of 1 and the
length of the column.  If the column is symmetrical
about its mid-length, it is only necessary to consxder

10 increments and double the value of 2;1[ so

obtained, -

INCREMENT 1 2 3 4 5
k, .020 | .177 | 476 | .887 |1.370

INCREMENT 20 19 18 17 | 16

INCREMENT 6 7 8 9 10
ky 1.879 [2.362 |'2.773 | 3.072 |3.229

INCREMENT 15 14 13 12 11

(4) Critical Buckling Load

e ~ 320%(0.9)

= = - for constant E.
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Sub-Sect 6.3 .
Numerical Example voL. 1 (DESIGN)

6.3.2.1 Numerical Example -
. Pinned - pinned column with elliptical taper, shown in Fig. 6.3.2-1.

/\

30 ———» 30

" Fig. 6.3.2-1

From GEN/1090/812.1, the equation to an elliptical profile is:

ytmbt - @2 -bi) ()

Valuesof yand I = '-4" y 4 are given in the table below and plotted in Fig. 6.3.2=2, -

(h%-h,%) = (2.25-.25) = 2.0

5 0 |5 10 15 20 28 30
(x/1) 0 | .167 .33 S0 | .66 | .83 | 10
/1?3 | 0 | .0278 ) .11 25 | 4421 .687 | L0

(b 2-h, ?) &) o | .0856| .22 | .50 | .884 | 1374 2.0
y2 225 [2194 | 2.03 | 175 | 1366 | .876 | .28

y 1.5 (1481 | 1.426 | 1322 L.ivo | 937 | .%0
y4 5.07 |4.80 412 | 3.06 | 1865 | .765°| .0625
I 3.98 |[3.77 3.24 | 2.40 | 1,464 | .601 | .049

The half column length is now divided into ten equal‘increments and the value of I
at the centre of each increment obtained from Fig. 6.3.2=2 and tabulated.




Al_RCRAFT ENGSNEERING MANUAL
voL. 1 (DEsSIGN)

6.3.2.1 Numerical Example (cont’d)

| INCREMENT
40112 9
B 8
3.5
;
3.0
TR 61_
2.5 g
B 5
2.0 =5 i
y : )
1.5 :
1.0 : : .:!:
LHH 2 i 1
: 50
i A : P
Ht E f 049
0 5 10 15 20 25 30
INCHES FROM € ‘
Fig. 6.3.2-2 Plot of yand I
INCREMENT ki1 I ki/
1 .02 .20 .100
2 177 .50 .354
3 476 1.0 AT76
4 .B87 1.56 568
s 1.370 2.12 .646
¢ 1.879 2.66 | .706 Check from Fig. 6.3.1-4
2.362 3.16 747
! > For L =3.0 , =649
8 2.773 3.56 778 B,
. .812
9 3.072 3.78 8 -2 EL
10 3.229 3.93 822 Per =-649 >
K1 ~6.009
! _ Gag 2:B5x107x3.98
Lk, B 3600
o7 =2x6009 = 12018 _
288E 288 x 107
FPer = ky 3600 x 12.018
235 = A0 x 12 = .649 x 109,000
= 67000 Ib. (approximately) = 70800 1b. -
—
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Two Span VvOL. 1 (DESIGN
6.4 BUCKLING LOAD OF CONTlNUOUS COLUMNS

TABLE OF CONTENTS

6.41  Two Span

6.4.1.1 Pinned at ends: E,Iand P constant
6.4.1.2 Pinned at ends: E, I and P not constant

6.4.1.3 Pinned at one end, fixed at other end:
E,Iand P constant

6.4.1.4 Fixed at both ends: E, I and P constant

6.4.2  Three Spon:

6.4.2.1 Pinned at ends: E,Iand P constant
6.4.2.2 Pinned at ends: E, I and P not constant

This section is concerned with the determination of the buckling load of columns,
continuous over two or three spans, carrying-axial load but no lateral load.

6.4.1 Two Span Fig. 6.4.1-2 is similar to Curve (1), Fig. 2,
J. App. Mech., Dec. 1942, p. A=190. The method of

obtaining -Per = 33.5 %and hence 8 = 5.8 for the

particular case in which one span is twice the other

6.4.1.1 Two Span, Pinmned at Ends, E, I and P 1
constant. (Fig. 6.4.1-1). - : K= ; } is given in the numerical example of GEN/
1090/811.6.

Clearly when K = % the set up is the same as

LN for the second column mode (b) given in GEN/1090/
811.6 and consequently Pgp = 472 %2

and B =4r?2
B = 27 =6.28, as in Fig. 6.4.1-2,

Fig. 6.4.1-1

EI Also when K = 0ot K = 1,0, the problem reduces

Buckling load Per = 82 _—t to the standard case of a column with one end pinned
L and the other end fixed.
where L = overall length of column Pgr.= 2.047 72 ]ﬂ from 6.1.1
: : L2

B = a coefficient, plotted in Fig.
6.4,1-2 against K B2 =2.047n2

K = ratio length AB
length AC o B =45




Sect V

AIRCRAFT ENGINEERING MANUAL

- & junysucny 4 puo | '3
3 .
- .m. Spug §p pauuld uwnjoD) snonuizucy) undg om|] 4of poo} Buipong Z—L°F9 *Bid
3 e .
2 oL & g r 9" s T oy £ z -
21
<y &y
- H
Z
5| 0 PhEmiiiiiimmma el e
) 8" HERS
E L]
o 879
-
0 1 0 1
> - L§ =7°d GVOT ONITIONA

6.4.1 Two Span {cont'd)
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6.4.1.2 Two Span: Pinned at Ends: E.l and P not
constant. -

PiEy Pa Ejl2
Per—— P

Al-*lx 2 124—‘1(:

Fig. 6.4.1-3

The following method is from '*Buckling of Struts
and Frameworks’!, Ratzersdorfer, p. ‘280 (in German).

Let
P, = applied end load in span AB
P, = applied end load in span BC
I, = moment of inertia of cross section of
_span AB
I, = moment of inertia of cross sectio. of
span BC
E; = modulus of elasticity of span AB
E, = modulus of elasticity of span BC
1, = span AB such that . is less than f2_
: E I E.l,
i, = span BC :

Equivalent pin-jointed length of span AB, I; = .’61_
. 1

= 1
Equivalent pin-jointed length of span BC, I, = -(—:%-
2

there C, and C, are obtained from Fig. 6.4,1—4.,

I, E)I,
knowing the ratio — + — for a particular value
‘ I; EiLy
P, E,I
of A=wt —22
P, E1 1,

~ This is the same result as quoted in 6.4.1.1.

The critical loads are:

2E, 1
Pier = ﬂszu
1

72E; 1,

ILLUSTRATIVE EXAMPLE

'El ='E2, Il ='Iz » ll = 0.5 12 and P1 ='P2

A= B2 Eala _ 50
Pl Elll

From Fig. 6.4.1-4 C, = 0.613

C2 =1-23
- "ll -2
T e =1‘6311 ll =2-645
Cy ’
- 1
g=— =2 =08121,
2 1-23
P =-”2E1 =W2EI =372§_I.=335§I.
YT ey’ 1, L2
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Per PiEil; | PyE,, < Per
14 35T T ‘
! \~‘;:: ~ ‘_‘MII_*— 'Iz
| N \\\\
| NS~
1.3 - S =~
I S
[ \ S~ R~
o ?\,\ \‘ ~Z \"“:{g:.__::__“d:___uo A:lom
12101 i\ ~ S h o oIz f
i~ % K, T =
\ 4 ~
| \ N /)—-;\:(_),_..a{\
1 .I | \ /X ~ “‘)‘
T ) / - N \//
: xr-G//r e . N
10— ] ly/ =
A N
\ N
/ \ / A /
o \ Z > Procedure |
0.9 S N e
= . S I E,l,
by . (1) Calculate —. —£2
- ~ Iz Eily
0.8 \ / AN '
\ : and A= Pz Ejl; .
\ P; Eily
A s . ) ’
C1'0.7 (2) Read off C, from the full curves
cy / ? \\ | / _ and C, from the dotted curves
Cap ¢ 7 A / .'
0.6 -~ \\ va (3) Picr = H'_Q__E_z_ll_l where,fl' = IL
N , - 1
/ -§ yaR CURVES OF C, - A
V.
oe / 2 | GHOWDOTIED) | p  _mBals gpeog _ha
. y S - - 122, 2
4"» "~ !
04— 4 —3
| / o s
0.3 / : / A=
, / 4 )_4\
CURVES OF C;
. / / (SHOWN FULL)//
0.2 /// 4 N / .
/ e
0.1 //
A= oo
0 91 02 03 04 0.5 06 0.7 0.8 0.9 10
| L, Ealy '
12 E111

Fig. 6.4.1-4 Buckling,‘Loud for Two Span Continvous Column, Pinned ot Ends. E, |l and P ﬁot constant
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6.4.1.3 Two Span — Pinned at A: Fixed at C
(Fig. 6.4.1-5) E,land P constant

Flg. 6.4.1=5

Buckling load P,, = 82 E-le

C!en;ly when K = 0, the column is fixed - fixed
and P, = 4w2 %(&m 6.4.1.1 and 6,1.1)
B =4w
p - 2' -6-28

When X =L the column ls pinned at A
and fixed at C without an intermediate support and

P, =2.04701 B2 fom 6,11
L2

B? = 2,047 72

ﬁ - 4.5-

Values of 8 are plotted against X in Fig, 6.4.1-6,

6.4.1.4 Two Span — Fixed at Ends A and C

(Fig. 6.4.1-7) E, 1and P constant

FI’- 6.41 ‘-7 )

Buckling load Pg; = 82 Ef'lz

When K = 0 or K = 1,0 the columa is a single span -
one with fixed ends

Per = 413 f-_‘-, and 8 = 6,28

ﬁ 1- PIO“Ed ‘Fin’t K in Fl5| 614-1-81




Sect V

AIRCRAFT ENGINEERING MANUAL

M ] JUDISUOD 4 puv | ‘g
% .m. D 0 pOXI4 ¥ iD pauuEd — uwnjoD) snoaupjuos) undg om] 104 poo-y buyyong 9—|'¥9 14
] : Lo
32 o
3
L o't B 6 8" L 9* -5 ¥ JE° (A 1 0
i |
T 2am) ‘7 819 ‘061 v *d ‘Ty 23 gl ~ddy [ :poy Tk
[A
£
HH V Q .
om 'y i
Z §
C)
i i 9
2 7
- L
|
m 1 i 8
_ £ o =*a avo1 snriona 6
W
el
|
=]
=
.m. g o
o [ 4 \ 1
B HE :
= HHL i
" g
3
o




JuDjsuod 4 puo |’y
D pub y 4b paX|4 luWN|O0D) SAonLUo) undg om ) soj ppoT] Buipjang gl

m

=

voL. 1 (DEsSIGN)

[

o~ ot

g =*daavo1o

AIRCRAFT ENGINEERING MANUAL

s m

Tt

TTET

8

W S £ 2 U S W

e

6.4.1.3 Two Span (cont’d)

Sub-Sect 6.4
Two Span
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' Three Spon
- 1
6.4.2 Three Span Equivalent pin-jointed length of span AB, I; = c
1

Equivalent pin-jointed length of span BC, I, = c
2
where C, and C, are obtained from Fig. 6.4.2-2,

i l
64.2.1 Three Span, Pioned at Ends knowing the ratio — - 22 for a particular value of

d P
E,Tan coastant I, Ei
See Figs. 3 and 4 in J. App. Mech., Dec. 1942 A =_P_2 E,l, .
p- A-190. Py E,I

The critical loads are:

w2 E111
Plcr _..Th
P2
6.4.22 Three Span, Pinned at Ends w72 Eul,
E, I and P not constant Paer = T2
2

ILLUSTRATIVE EXAMPLE

Continuous beam of constant E, I and P in which
4 =1,=101in. and AD = 30 in,

Fig. 6.4.2-1 | From Fig. 6.4.2-2,
i |
B 1.0
{2 Ezly
The following method is taken from ‘'Buckling of ) )
Souwts and Frameworks'’, Ratzersdorfer, p. 280 A =1.0siace P is constant
{in German). - and C; =1.0
. . . 11 =l, =10
Let P; =applied end load in spans AB and CD
P, = applied end load in span BC P, =Z2El _4.085 EI.
1, = moment of inertia of cross section of spans 2

AB and CD

I, = moment of inertia of cross section of span BC

‘ From Fig. 3, Curve (1), ]J. App. Mech., Dec. 1942
E; = modulus of elasticity of spans AB and CD  p. A-190 for j = 1/3, 8 = 9.42 and 82 =-88.7.

E ; = modulus of elasticity of span BC

Pcr V“"'Bz E_I"
!, =span AB= spanCD L2
I; =span BC : = 88,7 EL; = 0,985 EI as above. -
30
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6.4.2 Three Span {cont'd)
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6.5 STRAIGHT BEAM-COLUMNS

TABLE OF CONTENTS

Introduction

6.5.1
6.5.2

Columns

Cantilever

* »

B WD B

P
.
N =

Tabular Summaries: Constant | Beam-

Simply Supported
Fixed Ends
Propped Cantilever

Perry's Approximation

Numerical Examples

Unifermly Distributed Load
Triangular Load

= - - N Y Y - Y-
o i L

*

W :h.::..;-. W RN

Polar Diagrams for Straight Compression
3eam-Columns

o
o
o

Tapered Beam-Columns: General Method

6.5.7

Stiffness and Carry-over Charts

(including effect of end load)

6.5.1 Introduction

Methods are given herein for finding the
distribution of bending moment over the length
of a beam-column, that is, a member subjected to
end load (compression or tension) and lateral
load. Note that the formulas quoted are only
valid for values of P less than the  buckling
toad under compression alone (no lateral load).

Only straight beam-columns are dealt with
in this particular section: for those with slight
initial bow, see 6.6.

When the beam-column reduces to a standard
case, a quick solution is given directly by the
tabular summaries of 6.5,2,

Knowing the end moments, the distribution of
bending moment can in many cases be found by

conmstructing a Polar Diagram (6.5.5), except
where the beam column has varying | and a
complex loading system, under which circum-
stances the general treatment of 6.5.6 can be
used.

The Perry Approximation of 6.5.4 is useful
for a quick estimate of bending moments, even
when the loading is complex.

Stiffpess and carry-over charts, to include
the effect of end load, are given in 6.5.7.

i 6.5.2 Tabular Summaries: Constont | Beam-Columns

Common cases of Beam-Columns ate given in the

. sections that follow.
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6.5.2.3 Fixed End Beam-Columns: | Constant (conf'&)

2.0 [AXIAT COMPRESSION ) I
~¥B COMPRESSION /:F L ."%.5 —]
-  j
//
% 0 \
1"
| NA
T
e T N
] P
"] 3
o ] ‘ 3.0 :

1.2 /'//-‘—L"P——d_— e \\l
o N o s O o i e e N
Ce éé/ A TR

N — 20 1
N D 3.0 %
0.8 I ﬁ:\#} I ///
—
o TENSION : — ‘ -_—_"'_‘_‘L le |______.---"/
‘ L 1 - . -
0 .1 .2 3 4 .5 .6 7 .8 9 1
‘ or %

Fig. 6.5.2.3-1 Fixed End Moment Coefficients for Beum-Coiu_mns carrying Concentrated Lateral Load
anywhere on Spar [ From N.A.C.A., T.N."534] '

Precedwe

To find MA

To find M

#) Calculate —E and read off value of C, from the

sppeopnate carve of —, tension or compression ,where

(i) Calculate ?b‘ and read off value of Cy from the

lappropriate curve of =, tension or compression,
j

(i) Mg =~ 12D
L2

-}aCB

For Watmid—spanl-)-=.50, MB=—“.%:CB
: L
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6.5.2.3 Fixed End Beam.-Columns: | Constant (cont'd)
Procedure
To find My _

MA Mg
AXIAL r R
COMPRESSION” '
P v P
— PP S

I.G T T 1 !
COMPRE SS:ION 1 ;
1.5 L: 4.5,/
- J /
1.4 //
7
// 4.0 L
1.3 / //
3.5] =
1.2 ’/ // //
Ca //// — 13.0
1.1 / / |, a r/2.5_
//// L+ J2.0]
1.0 /_,;é%——ﬂ"’"" 1.0
TUING F——1 1.0
NN S N e e e Y
9“ NN - 3.0
. ]
EX 1 |40
———
.BI BN i 5.0
=] 6.0
g \"“‘.-.-
T_FI'NSI?N
4] N 2 a .3 4. 5
L

(i) Calculate 2 and read off value of Ca from the

. L . .
appropriate. curve of =, tension or compression, whete

2 EL

P
(i) Ma

~‘11“2—2 [6-2+3¢)] ca

To find Mg

@) Calculate E and read off value of Cg from the

appropriate curve of .E, tension or compression.
]
2 2
i) Mg = — v2_ [43_ 2y ¢
(ii) Mg 12 L 3 (L) B

When 2 is > 0.5, find the fixed end moments for a

uniformty distributed load over the entire span (Case
3A or 3B) and subtract the fixed end moments that
would be caused by a uniform load over the part of

} the span gllgt is not loaded.

COMPRESSION :
2.0 - I L_tast—
// i J 74?‘
]
184
4,0
1.6 *
41 |
Cg ‘
(3.5
1.4%- - - R i
San :
3.0~ -
— ;
1.2 257 1
i ,_"/__‘,__r—r—_'_-—" 2.0
i T 1.0
1.0} T E—
I ——— 2.0
CTT e —] ' 3.0 |
.8 == . 4 o. -]
] R B 1
k i —— 5.0
. 6.0
o — -
TENSION .
0 1 2, 3 4 .5
d 2 )

Fig. 6.5.2.3-2 Fixed End Moment Coefficients for Beam-Columns carrying
Uniformly Distributed Lateral Load over part of Span [ From N.A.C.A., T.N. 534]
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6.5.2.3 Fixed End Beam-Columns: | Constant {cont'd)

30~
\\\ 1=
28 AN cmlimssrgn
N M ‘Mp
N, 4 =
N "2 '
26 h -F—- vy ooy £
\ L
Cal
24 \\
cﬂzzh
or
Ca 5 \
\\
g
18}
91
16 \
N
14 \\
)
12
0 2 3 4 5 [
L
j
Fig. 6.5.2.3-3 Fixed End Moment Coefficients for

Compression Beam Column Carrying Triangular Lateral
Loading [ From N.A.C.A., T.N. 534]

Procedure

26

22

18

— W

Fig. 6.5.2.3-4 Fixed End Moment Coefficients for
Tension Beam Column Corrying Triangular Lateral
Loading [ From N,A.C.A., T.N. 534]

Procedure

To find M,

To find M,

(1) Calculate L‘ where j2 = % and read off the value
}

(i) Calculate & where j2 = % and read off the value
j

of CA' of CA'
(ii) MA ‘—‘—“L-I-'E = 2WL sinceWml wl. (1;) MA =“_r]';2 =—m‘sincew3 ];wL
Ca Ca 2 Ca A 2
To find Mg To find Mg

@) Calculate L and read off the value of Cg

I_-'i and read off the value of Cg.
J

{i) Calculate
2WL

.. L2
(i) M = WL _ WL
) Mg Ca o

1
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Fixed End Beam-Columns

i Consieni {cont'd)

6.5.2.3 Fixed End Beam-Columns:
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i
| . w3l
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oF £ 7 0 B
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Fig. 6.5.2.3-5 End Moments for Beam Cclumn;r. cutr}ir;g o _Uniformly. Distributed Load over whole Span
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6.5.2.3 Fixed End Beam-Columns: | Constant (cont’d)

s 11,6691
at I—‘ =450
: 2
1.5 HE £
: '
1.4364
14FE
M
..... Fiz:::_ M
: L
4 P !
1.3 : 21.2003 n
+ ﬁ::a
H AXIAL '
Fer Y COMPRESSIO T P
Y 3
125 1.1915 3
: i METHOD
® -
T 1.1226 £ Find j2-EL ana T
: : P j
1.1 ; Read off value of C
07373 from appropriate curve for
Hi axial compression or tension
i 4+ G6EI 8§
- M=1 22— 2
it | L2 ¢ &
1.0 bt | 2 3 4 5 6]
-9837 37
9392
I H AXIAL TENSION M M
8762 R e
P T T 1 :
} et
B 8060 B P
73640
g 5
6716

Fig.r 6.5,2.3-6 "End Moments for Beam-Column with Sinking Support
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6.5.3 Perry's Approximation

The bending moment M at any section X of a constant I beam-column pinned at both ends and
carrying a uniformly distributed lateral load is proved in GEN/1090/811.7.1 to be:—

M = Q wm {approx.)

where M”-

load effect,
P

end load (less than Q)
and Q = Euler failing load for pinned ends =

72 El
LZ

the bending moment at section X due to the lateral load alone that is, ignoring any

This approximate formula gives results which are in close agreement with the secant formula
of 6.5.2.2, Case 6, except when P approeches the value of Q. (See worked example in 6.5.4).

OTHER CASES

By writing the expression in theform

M= —2_ M
Q-CP

- an approximate expression for M for other loading cases and different end conditions results,
C being a coefficient having values as below:

END CONDITION LATERAL LOAD C‘ REMARKS
Both Ends Pinned Uniformly Distributed 1.0 B.M. at centre of Beam
Both Ends Pinned Central Load 0.894 B.M. at centre of Beam
Both Ends Fixed Uniformly Distribured 0.276 B.M. at centre of Beam
Both Ends Fixed Uniformly Distributed 0.172 ' | Fixed end moment
Both Ends Fixed Central Load 0.212 Fixed end moments and

B.M. at centre of beam
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6.5.4 Worked Examples

. P M
6.5.4.1 Uniformly Distributed Load :r.\A w=9 Mg
Beam column shown in Fig. 6.5.4-1 for which EI = 108 P= lomw—?
C
20 :
Fig. 6.5.4-
END MOMENTS '9- 6.54-1
My, = My = - % B~ from 6.5.2.3, Case 3A it = ]-;l= 100 j =10
1-Year U UL 2 0cadian = 57.3 deg..
' 2 2 3 x .358 2 2 20
(02 1.0 U
3 cot 3 = 6420
M, = Mg = - 300x 1.074 = —322.2 Ib. in. (1 —cot Uy = 358
208 ¢ 5 .

This result was obtained in 3.3.3.
W = 9x 20= 180

WL 180 x 20

" - 30
CHECK BY PERRY APPROXIMATION of 6.5.3
2 [
Q ) _7El _ 985x 108 _ .o
“g-c M Q=13 400 >
. = . = . 10000 = 1720
= 1.075x 300 = 322.5 lb. in. | 172 CP = 172X
Q 24625
Q- CP = 22905 Q-CP 22905 1.075
CENTRE MOMENT U
. 3 = 1.0 rad. = 57.3 deg. {_J cosec E _1
L U vogli 2
M. = 3% ¢ cosec 5 = 1.1883 a’ = (2)2
= 150 x 1.1298 = 169.5 Ib. in. (% cosec g ~1)=.1883 2

6 x .1883 = 1.1298

CHECK BY PERRY APFROXIMATION

C = 276 CP = 2760
Q.
M. = 1.126 x 150 = 169 1b. in. Q-CP = 21865 Q-CP 1.126
;WL
M'= o2 = 150
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6.54.2 Triangular Load

Simply supported beam column shown in Fig.6.5.4-2. P = 6000.,.. P

carrying triangular load. p—— L=80
EI=8.68 x 10°
Fig. 6.5.4-2
By the formula of 6.5.2.2, Case 4,
sin = s
- wjz| —L _X 2 EL_ 868x 107 ) t49x 10
M= {sm U L ) P 6000 449 x
L 80
= 38 U= - = — = 2105
b= " 38
= 120.7°
sin U = 8599
Max. M occurs at x = ) arc cos (Sm U)
sin U 8599 .
T~ 705 - AU

The angle whose cosine is 411 is 65.79 = 1.146 rad.
x = 38x 1.146=43.6in.

Values of M at this and other stations are evaluated in the table below.

x 10 20
I(rad)) 263 | .526
j
= (deg.) 15.1  [30.2
]
sin X 2605 503
)
s_in X/
—_—l 305 | .585
sin U
z 125 | .25
L
sinx/j
SpTUR .18 .335
sinJ L
M 2600 | 4850
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Polar Diagrams = Beam-Columns

6.5.5 Polor Diagrams for Straight Compression Beam-Columns
See GEN/1090/811.7.2 for explanation of theory.

TYPE

1A Constant 1
Uniformly Distributed Lateral Load _ plus aggravating end moments

1B Constant [ plus one aggravating and one relieving
Uniformly Distributed Lateral Load end moment '

1C Constant I plus both relieving end moments
Uniformly Distributed Lateral Load

2 Constant |
Sudden change in Uniformly Distributed
Lateral Load plus relieving end moments

3A Constant 1
Single Concentrated Lateral Load plus relieving end moments

*3B Constant 1 ,

Single Concentrated Lateral Load plus relieving end moments

3C Constant 1
Single Concentrated Lateral Load plus aggravating end moments

4 Constant 1
Fwo Concentrated Lateral Loads plus agpravating end moments

5A I Varying Stepwise plus one aggravating and one relieving
Uniformly Distributed Lateral Load end moment

5B No Lateral Load plus end moments

* Type 3A differs from Type 3B only in so far as the relative value of W, the lareral load.
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6.55 Type 1A

CONSTANT I: COMPRESSIVE END LOAD: UNIFORMLY DISTRIBUTED LATERAL LOAD

+ AGGRAVATING END MOMENTS

Ma = 600G Ib. in, Mg = 3000 Ib, in.

w = 10 1b, per inch Vi

P =6000 —= «P
A L C- TB_
A= ———-

2
= L=80in
El = 8.68 x 106

Procedure
(i) Find a= % = 40
P 6000
2= o= =6_ Xlo-—‘
EI 8.68 x 106 ?
g =.0263
Ay
ga = 0263 x 40 = 1.052 radians = 60 degrees
w 10

¥ ___10 . 145001b. in.
g2 6.9x10-4 T

(ii) Draw OA,; and OB; at 60 degrees to OC; and
markoff points aand b. Draw normals aA, and bB,, to

meet at F, Construct a circle on OF as diameter.

(iii) Draw arc of radius !2. Resultant B.M. is shown

7
shaded. Max. M is given by FF; and equals 24,000
1b. in.

I occurs at pxp = 2.25 degrees that is, at a disrance

z_éois_x 40 = 1.5 in. to the left of C.

B.M. at any station G is GG, = 21700 lb. in. which

occurs at an angle pxg from OC,

13350 x .0263
351 ib,

ShearatGisFGx,u

]

Type 1A

BENDING MOMENT
TOP FLANGE IN
; COMPRESSION
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Type 18 THE SAME AS TYPE 1A BUT M, IS A RELIEVING MOMENT.
Cl Bn An
M, = 6000 Mg =3000
/\ w=10

1

NDING MOMENT
TOF FLANGE IN COMPRESSION

Procedure

POINT OF
Similar to Type 1A except that CONTRA-
point a is positioned differently FLEXURE

Max. M = FF, .= 11700 lb. in.

at uxp = 11.5 degrees to A
the right of C !

\

Type 1B

Tree 1€ THE SAME AS TYPE 1A BUT M, AND Mp ARE BOTH RELIEVING MOMENTS.
M, = 6000 Mg = 3000 An

4\ w =10

BENDING MOMENT
’rop FLANGE IN COMPRESSION }
‘)(//

POINT OF
CONTRA- <3
FLEXURE P
POINT OF
Procedure ,’ CONTRA-
yz FLEXURE
Similar to Type 1A / ‘
Max, M=FF, = 6100 b, in. é P 5
At pxyp = 6° to the right of C. ” >
D,
<) ~] Mo
Al pa = 60°
a
hd w
2 ;1-5
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6.5.5 Type 2

CONSTANT 1. COMPRESSIVE END LOAD. SUDDEN CHANGE IN UNIFORMLY DISTRIBUTED LATERAL
LOAD. + RELIEVING END MOMENTS.

My = 6000 Ib. in. Mg = 3000 1b. in. Ap
wy = 20 1b./in. B _ Ct e
= wy=101b./in. N AT
P = 6000 P |
B ot T
40 in. W2,
| u?
|
EI= 8.68x 105 |
/
BENDING MOME
TOP FLANGE IN
COMPRESSION
Procedure
POINT OF
CONTRA- POINTOF
FLEXURE CONTRA
FLEXURE
(i) pa = G0 degree as for Case 1A “A,
w1 Wy
w— = 20000 — = 14,500

2 .
# # ’ i J -~

(ii) Draw 0A, and OB, at 60 degtees to OC, and
mark off points aand b Draw normals aAp and bBy,

(iii) Draw arcs of radius Y1 and 22
2 2
# K®
From any point h on aAp draw hk of length (W1-W2)
.u2
parallel to OC,; and from k draw kX, parallel to aAq

to meet normal bB, in X,. " Draw the part-circle on

OX; as diameter. From X, draw X,X; parallel to
OC,; to meet normal aAp in X;. Construct part-circle
on OX, as diameter,

Resultant B.M. is shown shaded.

The same method can be employed for any combination
of end moments .
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6.5.5 Type 3A
CONSTANT I: COMPRESSIVE END LOAD. CONCENTRATED LATERAL LOAD + RELIEVING END MOMENTS.
<
] Dy
P GOOOh C TN p
= — —
A 2= 40 10 D B
i 80 ' = 15200
EI=8.68x 10° -~
A, A
B
1/
/ .
\ 0 8 /
/
TOP FLANGE
IN TENSION /
/
//
/
/
TOP FLANGE
IN COMPRESSION
X,
T i TpeaA
ype
Procedure ) _
. (iii) From anypoint h onaA, draw (o the right of aAp)
(i) pa= 60 degree as for Case 1A : W )
W 400 - . a line hk of length = at right angles to OD;; from k
o .0263

(ii) Draw OA, and OB, at 60 degree to OC, and draw
OD; at 15 degree to OC, to represent the position of
D (where W acts). Mark off points .a and b on OA, and

T3
draw kX, parallel to Aja to meet Bgb produced in X,.

Construct a part.circle on OX, as diameter.
From X, draw X,X, parallel to kh to meet Aga

produced in X;. Draw the part-circle on OX, as

OB, and construct the normals aAp and bBn. diameter. Resultant B.M. is shaded.
‘Free BM < 18D _400x50x30 _ .50
— 6000 80
- 6000

3200

B.M. Diagram without End Load
ona St:aig}:t Base

— 3000

1 A

T Zs 2671 8
| i

3700

B.M. Diagram with End Load
on a Straight Base
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6.5.5 Type 3B
CONSTANT I, COMPRESSIVE END LOAD, CONCENTRATED LATERAL LOAD +

RELIEVING END MOMENTS

This case differs from 3A only in so far as W (and hence Wl) is smaller. This results in a different

diagram, as will be understood by considering the analogous cases when there is no axial load.

|
Ma = 6000 Ib. in. Mg = 3000 b, in. Cy
I

EI = 8.68 % 108

Procedure

(i) pa = 60 degree as for Case 1A

W _ 100 _

i= .00 = 3800
(ii) Draw OA; and OB; at 60 degtee to OC; and draw
OD, at 15 degree to OC; to represent the position of
D (where W acts). Mark off points a and b on OA, and

OB, and construct-the normals aAg and bBg.

0
(iii) From any point h on aA, draw (to the right ofaAp) Ay
a line bk of length ¥ ae right angles to OD,; from k ; - /z :
[ A
. Z //’
draw kX . parallel to A, a to meet bB in X,. Construct e / Z
2 paralle 10 A 19 mect B in Xa = A
a part-circle on OX, as diameter. .'-“1_-';’5;/
From X; draw X,;X, parallel to kh to meet aAp Mg =3000
in X;., Draw the part-citcle on OX; as diameter.
Resultant B.M. is shaded. Type 3B

Wab _ 100 x 50 x 30-

- 6000 Free BM = — = 1875
L 80

760 7120 7000

6000
- 3000

TOP FLANGE
IN TENSION 1875

} % 1 L
TOP FLANGE
IN TENSION

B.M. Diagram without End Load B.M. Diagram with End Load
on a Straight Base on a Straight Base
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6.5.5 Type 3C

AS FOR TYPES 3A AND 3B BUT WITH AGGRAVATING END MOMENTS
The procedure is the same except that hk is struck off to the lefr of aA,.

B C, An

" Fux >
/ [T SO
/
/ .
5
~
2
F
+BM
TOP FLANGE IN COMPRESSION
O‘A: 7 \
a
8
o 1A= 60° Bi
| b
Ma , “‘
Mg
Type 3C

TOP ¥FLANGE IN COMPRESSION

_|_

3000

B.M. Diagram without End Load B.M, Diagram with End Load
on a Straight Base _ on a Straight Base
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6.5.5 Type 4

CONSTANT I: COMPRESSIVE END LOAD. TWO CONCENTRATED LATERAL LOADS +

AGGRAVATING END MOMENTS.

My =10,0001b. in W, =11001b. y, — gog 1,

P = 10,000 1b.

Mg = 10,000 lb. in.

E—
JANS

A -2 [P I,=30

T >

a =60

E|C

a= 60

EL= 22.9 x 10¢

Procedure

4
Q) g =/ 2 . /10 — .02105
El 22.5 x 105

w1 = .02105 x 25 =.527 radians 30°11*

s = .02105 x 30 = .633 radians = 36°12?
pa = .02105 x G0 = 1,261 radians = 72°24!

W, _ 1100

l

= = 52250
7! 02105
‘EZ = _6_0(1 = 28500
1] .02105

(i1} Draw OC, vertically and mark off OA, and OB, on
each side of it at 72°24!. Then draw in OD; at
300111 to OA; and OE, at 36°12! to OD;.

Mark off Oa to represent My and Qb to represent Mg

and construct the normals aAp and bBy.
From any point h on aAy draw hh; normal to OD;

and equal to ¥, From h, draw h,K equal to Y2 and
# K
pormal to OE;. From K draw KX; parallel to aAp

and cutting bBy in X;. From X3 draw X X, parallel
to Kh, to cut OC; in X,;. From X, draw X,X, parallel

to h;h to cut aAy in X;.

Construct part-citcles on OX;, OX; and OX; as

diameters.

Resultant B.M. is shaded.

This diagram is similar in
general characteristics to

Type 3C

ANGLE A,0C,
ANGLE A,0OD,
ANGLE D,0E,

ANGLE B,0C, = 72°% 24!
300 111
36° 12!
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6.5.5 Type 5A

1 VARYING STEPWISE. COMPRESSIVE END LOAD. UNIFORMLY DISTRIBUTED LATERAL LOAD + ONE
AGGRAVATING AND ONE RELIEVING END MOMENT

M, = 6000 Mg= 3000

’ w=10 —N,
s L SR TN TR TR

=30 P =so |°

(EI); = 12 x 106
(EI); = 8.68 x 10%

Procedure
G p,*-=E - 000 _sox10-4
(ED), o 12x 105
g, =B _ _6000 = 6.9% 10™*
> (ED, 8.68 x 10°
M1 = .0224
Hi
py =026 | 1 T .852
pel, =.0224x 30 = .672 radians = 380301
pal, =.0263 x 50 = 1.315 radians = 75030*
114°
¥ = 20000 s = 14500
#!2 po?
114

{ii) Draw OC; vertically and OA; and OB; at T= 57

degrees on each side of it. Then put in OD; at an
angle p,7, = 380307 to OA;. Mark off = and M, on
p#1?

OA, to give point a and ¥ and Mg on OB, to give

it
point b, Draw normals gAnzand bB,,.

(iii) From any point h on aAp draw hk normal to OD,
t0 meet OD, in k. Choose a point h; on hk such that

M _#2 o he= Pt k= 852 bk .

bk py P

Aqg

D1

B

o 0 ik
2 \/ \/ .“22
Type 5A
Join hy vo T, the point of intersection of aA, and OD,

Mark off a length TT; on 0D, equal to GG, that is,

equal to (=~ , = ¥ ), and from T, draw T{X, parallel
g7 pa?

to Th, to cut bBy, in X,. Draw a part circle on OX,

diameter. From X, draw X,m parallel to OD, to cut

Th; inm. ~

Construct the normal to OD; viz omX; to cut aAp
in Xl'

Draw the part circle on OX; as diameter.

Resultant B.M. is shaded.
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6.5.5 Type 5B

I VARYING STEPWISE. NO LATERAL LOAD BUT END MOMENTS.

’N'A\:SOUO

(ED)y = Mga = 3000
12x106  (EDa= >

P = 6600 B.68 x 106

C
Alr=s0l © g0

Same construction as Type SA, but since there is no lateral
load X, coincides with m and T with T, .

Bn
D,
k
bk _#1
hk 2
hik =.852 hk
PASSES
THROUGH X,
PASSES
THROUGH X 1

Ay
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6.5.6 Tapered Beam-Columns: General Method

A general method for determining the distribution of bending moment, shear and deflection of a beam-column
of varying I acted on by end momentsand carrying a fairly complex lateral load is developed in *'Aircraft Engin-
eering’’, February 1953, p.56 by Gittleman.

Briefly the method is as follows:- Considering any segment KL of a deflected beam-column AB having
ordinates xg and xy , such that J = (z, ~ xg) Fig. 6.5.6-1(), it is shown that if

Mgand M, = bending moment at K and L
Og and 8, = slope _ respectively

K
3L=—MKEsiupJ+9Kcospl+a L

P x
)
P
ML=MKcospl+9KEsmpl+ﬁ xp
where | i Fig. 6.5.6-1(a)
a = M(l—cospl)—z(smld +ch03pl—xL)
P P
sing w w  cos .
= -(ZW-Q) - - + = - X sin pl)
. pooo#r e g *
2 P r MB - MA L) -

g2 = == and Q = R, " + ~B—-2 where R, “ is the free reaction at A.

EI

a and 8 depend solely upon the loading and beam geometry.

My +Mp
TN AN
+SLopg LA v W,
p'—-.- -..—.p
Al - B
Ry © D F o9oPE g

Fig, 6.5.6-1(b)

By first assuming that K coincides with A and that the slope there, viz O = 8, , is zeto (which it may

very well not be of course), it is possible to calculate a and 5 and find 84, and My, at C.

Having found these values for segment AC, consider the next segment CD and use the L values
just found as K values for this second segment and find §;, and My at D,

In this way f at B = p and My at B = My are ultimately found (by tabulation).

A further relationship is:— Mg =a 04 + b where a and b are constants,

The calculation is repeated for another value of 0, , two trial solutions being necessary,
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6.5.6 Tapered Beam-Columns: General Method (cont'd)

NUMERICAL EXAMPLE

The problem considered is the same as in the reference quoted above,

Although this particular beam-column is symmetrical about its mid-span, it is not necessary fot
this to be so, for the method is a general cne in this respect.

Fig. 6.5.6=2(a) shows the dimensions of the beam (not to scale), (b) shows the complex loading
and (c) the method of step-wise division, referred to below

125" DIA. |
1 2,0 DIA.
= B
A —T E L;O’I'F G 15'"

(&) DIMENSIONS OF BEAM-COLUMN (NOT TO SCALE)

M; = 600 Ib. in. } M, = 1000 Ib. in.

M,y ! M, [
T L .
v, W, @3 5!;__\1600!1). in

M; = 4001b.in. Y

¥, =8001b. |
W, =500 1b. |
W, =8001b, { [

w
-
P = 12000 1b._f P =12000 Lb.
A E F G B

7(h) LOADING ON BEAM- COLUMN

l..
[

5
| I

w =201h./in. }

|
A C

PROCEDURE

(1) Divide the span into convenient segments. In
this case each is 5 in. long, such that / = 5 constant,
but it is neither necessary nor desirable thar / should
be constant in some instances. In fact, the sub-
division into segments must be guided by the rule that
no concentrated load or moment must be applied within

the length of @ segmeni. Note, for example, that the

concentrated loads and moments occur at E, F and G
at one end of a segment.

The diameter of cross-section of each segment is
considered as uniform over its leangth and equal to
that at the mid-section, that is, mid-way between A
and C,C and D, etc.

(2) Consider the beam-column as @ beam pinned al
the ends and calculate the free reaction R, “ at A.

L
G H ;
‘!|:=—5,-'L?2—=A§!75u..l.. 5! !+_511,L5' l.L_S: "'LS"‘-I

AXIS OF
SYMMETRY

-5+ 6178

I
>
|

23—

|
D E F

B

{c) STEP-WISE DIVISION
Fig. 6.5.6-2

By moments about B,

R, “x 40 + 600 — 400,

=322x402+800x25-800x15+500><20

R, ‘= 845 Ib.
, Mg —M
Q =RA+LL_.:
=845+5‘-@Z"0—1939-=a45+15=8601b.

(3) Find the sum of the concentrated loads W at
any station and hence W = Q).

For each segment calculate the values in Table
6.5.6-1 and then a (Table 6.5.6=2) and 8 (Table
6.5.6-3).
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6.5.6 Topered Beam-Columns: General Method {cont’d)
TABLE 6.5.6~1
SEGMENT 1 2 3 4 5 6 7 8
MEAN DIAMETER D 1.375 1.625 1.875 2.0 2.0 1.875 1.625 1.375
D* 3.56 6.96 12.25 16.0 16.0 12.25 6.96 3.56
1=é’.4 D4 1748 3415 .602 .786 .786 .602 .3415 .1748
EI x 10~6 5.244 | 10.245 | 18.06 23.58 23.58 18.06 10,245 5.244
12 % 104 22,9 11.71 6.65 | 5.08 5.08 6.65 11.71 22.9
P .0477 L0341 .0257 .0226 .0226 0257 03411 .0477
! (RADIANS) .2385 .1705 .1285 .1130 .1130 .1285 1705 .2385
(DEGREES) 13.7 9.77 7.36 6.48 6.48 7.36 9,77 13.7
sin pl .2368 . 1696 .1282 .1126 1126 .1282 .1696 .2368
cos pl 9717 .9855 9917 .9936 9936 9917 .9855 9717
v - - - 800 1300 500 500 500
, Ev-Q ~860 -860 860 - 60 440 ~360 -360 -360
TABLE 6,5.6~2 FOR FINDING a
(2%2) -.07167| -.07167| -.07167} ~.005 036671 —.030 ~.030 -.030
(1-cos pl) .0283 .0145 .0083 .0064 .0064 .0083 L0145 0283
10% x (2_——_'; D(1-cos ) | ~2028 |-L039 | -s95 | -032 | —235 | —249 | —a35 | —sdo
sia pl 49539 | 4.9736 | 4.9883 | 4.9823 | 4.9823 | 4.9883 | 4.9736 | 4:9539
= .
5 5 10 15 20 25 30 35
x cos pl 0 49275 | 9.917 | 14.904 | 19.872 | 24.7925 | 29.565 | 34.0095
e 10 15 20 25 30 35 40
(f_'_”‘+ ag cos Wl ~xp ) ~.0461 | ~.0080 | -.0947 | —-.1137 | —.1457 | ~.2192| ~.4614 | -1.0366
-F CONSTANT AT 1.666 x 1073
P
w S s ax y —T7 | -16s | -Lss | -190 | -2.43 [ -365 | -7.69 |-17.28
P I} :
- 104 a ~19.51 ~-8.74 ~4,37 1.58 4.78 1.16 3.34 8.79
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6.5.6 Tapered Beam-Columns: General Method (cont’d)

TABLE 6.5.6-3

FOR FINDING f

] 2 3 4 5 6 7 8
(Sw-Q) —g60 |-se0 |-s0 |- 60 s40 |-360 |-360 |- 360
SL‘#EE 49539  49736|  4o08e3|  4os23|  4os23]  a9mes]  s9736| 4953
3W-Q )Sﬁ‘ﬁff’ ~4260  |-4277 |-4200 |- 299 292 |-1796 |10 [-17es
22 8790 17199 30280 39159 39159 30280 17199, 8790
ﬁo_s&l 20.3711 28.9003 38.5875 43,9646 43.9646 38.5875 28.9003 20.3711
Xy sin }ll 0 84RO 1.2820 1.6890 2.2520 3.2050 5.0880 8.2705
ECETIE! —xg sin 'u_l 20.3711 28.0523 37.3055 £2,2756 4£1.7126 35.3825 23.8123 12:1006
E(cos Soxceinh | ez e Json e [sets (2735|1966 5074
B 4012 3531 3041 |-1446  |-4435 |- 949  |~1443  [-1933

{4) Assume that K coincides with A and take My
= 1000 } (the known fixing moment at A) and 6, = 0,
as an initial assumption,

Then for segment AC

BL = - Mg

=
o]
I

P

sinpl + a

1000 cos pl + B

971.7 + 4012 = 4984

- 1000 x 939 x 10—% - 19,51 x 10—+

1939%10~%~ 19,51 x 10—%=-28.90x 10~*

Assume now that K coincides with C and L. with D

Mg

6 =

M, above = 4984

6§, above = -28.9 % 104

Hence determine ; and M for segment CD and for

all segments, by tabulation, as shown in Tables
6.5.6—4 and -5.

It is found that M; at B'= My

—-2867 }
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6.5.6 Tapered Beam-Columns: General Method {cont’d)

. TABLE 6.5.6-4

1 2 3 4 5 6 7 8
£ siapl x 1076 .939 .482 275 212 212 275 48
5 . . . .482 .939
My 1000 4984 8271 11476 9432 3879 2152 |- 116
- MK% sin g x 107 -39 | -24.02 | -22.75 | -2433 | —2000 | -10.67 | -10.37 -1.09
Og x 107* 0 -28.9 ~61.24 | -87.85 | -110.04 | —124.56 |-133.05 | -138.15
cos 9717 .9855 .9917 .9936 9936 .9917 .9855 9717
g cos pf x 10~ 0 -28.48 —60.73 -87.29 | -109.34. | -123.54 | -131.12 —134.24
104 ~19.51 ~8.74 -4.37 1.58 4.78 1.16 3.34 8.79
104 6, . —28.9 ~61.24 | -87.85 | -110,04 |-124.56 | -133.05 |[-138.15 | ~124.36

TABLE 6.5.6-5

1 2 3 4 s 6 7 8
Mg ' 1000 4984 8271 11476 9432 3879 2152 | -116
My cos pl 972 4912 8202 11403 9372 3847 2121 §  ~1i3
£ sin 59446 59683 59860 59788 59788 | 59860 59683 59446
5; L 0 “172 | —367 -525 -658 —746 94 | -s21
B ’ 4012 3531 3641 . —=1446 -4435 | -949 ~1443 | -1933
My, 4984 8271 | 10876 9432 4279 2152 -116 |

Note that when transferring M; from column 3 to Mg in column 4, it is necessary to add on
the applied moment of 600 1b.in. at E, thus making 10876 + 600 = 11476 as indicated by the
dotted line in Table 6.5.6-5.

Similarly when transferring My, = 4279 from column 5 to columné. it is reduced by 400 to 3879,
. because of the applied moment at G.




Sect ¥ AIRCRAFT ENGINEERING MANUAL
Sub-Sect 6.5
voL. 1 (pEsIGN)

Tapered Beam-Columns

6.5.6 Tapered Beum-Columhs.: General Method (cont’d)

The deflected shape of the beam, relative to A, is shown diagrammatically in Fig. 6.5.6-3. (It is thus
because all the values of §; are negative).

MB = 2867
™
M, = 1000 L
i —~ B
/‘\ -, .
_ sLOPE O = — .012436
Gr=0 = '
A A

. Fig. 6.5.6=3
From the relationship My =af, +b
~2867=0. +b
b =~ 2867

SECOND APPROXIMATION
Assume a second value .= 0,10 and take Mp= 1000 again. Carry out a similar calculation

(not shown here or in the original reference) to give Mp = 34968 .
Mg = aBA +b .
34968 =a x 0.10 - 2867
0.10a = 37835
a = 378,350

It is known that the actual value of My = 1600

Hence 1600 = 378,350 0, — 2867
ard 0, = 0.011807

FINAL SOLUTION
Start with @, = 0,011807 and Ma = 1000)and work through as in Table 6.5.6—6 to find 6y, and My,

'for all segments

Values at B are O = - 0.010075
Mg = 1598 )

SHEAR AND DEFLECTION .
Refer to the original article for the method to be used,
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86.5.6 Tapered Beam-Columns: General Method {cont’d)

TABLE 6.5.6-6

1 2 3 4 5 6 7 8
B sin g x 107° .939 .482 .275 212 .212 .275 .482 .939
P
My 1000 5686 9647 13498 12068 7096 5904 4083
~My £ sin gyl x 10~4| —9.39  |-27.41 ~26.53 [-28.62 |-25.59 |-19.51 -28.46 | -38.34

P 4
O x 10-4 118.07 85.83 48.44 17.14 ~10.01 |~30.76 —48.86 -73.27
cos pJ 9717 .9855 9917 9936 9936 9917 .9855 9717
Og cos p x 104 14.73 84.59 48.04 17.03 -9.95 |30.51 ~48.15 [ —71.20
104 a —-19.51 -8.74 —4.37 1.58 4.78 1.16 3.34 8.79
10* 6. 85.83 48.44 17.14 -10.01 —30.76 |[—48.86 -73.27 [-100.75
TABLE 6.5.6-7
My 1000
N, cos 972
Psing 59446
Fp
5g — sin pl 702
f 3

8 4012
My 5686
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6.5.7 Beam-Columns STIFFNESS AND CARRY-OVER CHARTS (to include effect of End Load)

Stiffness and carry-over factors, required for carrying out moment distribution calculations of
beams with axial load and lateral load, are given herein in chart form.

19

1.87
1.8
o
L7 L2 Py
- W
A
1.6 “§.
) W)
7 S, =
- 449 17, é%\o‘é 9‘5§
4
11 H?}f o Qﬁ‘o
HHE v >
1.4 A TP, <%
Mo o
T 2y
1.3 1.27 e
o
1.2 S
o 1.127 3 B e
' L
1.033 H ]"
2 e
1.0 _EMI::”;E:I 2 13 4 5 6
9662 HH e
.9 e HH
e 8590
8 ABSOLUTE STIFFNESS = m x 4 ELl
PR ' e See GEN/1090/804.2 for derivation
7 a j2 = %I- where P = end load.
.6
5
4 :
3 2933
2 @
3
: %ﬁ 0648
| O, s
0 1 R N

Fig. 6.5.7-1  Stiffness Factor m for Constant | Beam-Columns {Frem N.A.C.A., T.N. 534)
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6.5.7 Beam-Columns (cont’d)
- T TTITIT I T T e
2.56at == 4!

i .

1.8

1.7

1.6

1.5

1.4

1.1

5 AXIAL COMPRESSION

1.0}

j2= %— whete p = end load

For derivation, see GEN/1090/804.2

' CARRY-OVER FACTOR'

5264

—ir

1 |
r 4
it |

4762

T
T
I
I

0 Bt L : : . ! :
Fig. 6.5.7-2  Carry-Over Factors for Constant | Beam.Columns (From N.A.C.A., T.N. 534)
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&6 COLUMNS WITH SMALL INITIAL BOW

TABLE OF CONTENTS

6.6.1 Tabular Summary of Standard Cases .
6.6.2  Numerical Example
6.6.3 Polar Diagrams

661 Colomns with Smcll initial Bow jz=% u==L
]
COLUMNS ¥WITH SMALL INITIAL BOW + B.M. PUTS TOP FLANGE IN COMPRESSION
m
SIMPLY SUPPORTED AT ENDS At any station distant x from A,
COMPRESSIVE END LOAD
RO LATERAL LOAD M = Q P.Cosin '15 i(Perry approximation)
- . w2 EI
where Q =- Euler failing load for pinned ends = -
' L°
o A g - | Max. M = & pgoatc
eSS 7 Co — P Q-P
% R A Deflection relative to line AB is
L ! 1 oy+yi .=--& Co sin I
(Deflected shape shown dotted) Q-P L
i = X
INITIAL BOW (SINUSOIDAL) ¥i = Co SN L =2 Co at C where it is a max.
' Q-P : :

Where C,, = initial bow ar centre C For derivation see GEN/1090/811.8
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6.6.1 Columns with Small Initial Bow (cont'd) ja=EL gL
- P j
'
COLUMNS WITH SMALL INITIAL BOW - + B.M. PUTS TOP FLANGE IN COMPRESSION
2 .
SIMPLY SUPPORTED AT ENDS At any station distant x from A,
IFORMLY DISTRIBUTED LATERAL LOA -
UN MLY D B D LATERAL D x . X .
(INCREASING INITIAL BOW) : M = Acos Tt B sin = —j? (w +2Pk)
j ‘ ;
where A = j2 (w + 2Pk),
B = v

j2 {(w +2Pk) tan E

Alternatively,use a polar diagram, as in 6.6.3

Max. M = j2 (w +:2Pk) (sec% -1) at C

INITIAL BOW (PARABOLIC) y; ~ Kx (L = x) These expressions are basically similar to those
iC in 6.5.2.2, Case 3A with the addition of a ‘term. ~
Where k = ==0 _ involving k due to the initial bow.
L
4C. =initial bo . c When the lateral load decreases the initial bow,
and Lo =imual bow at centre use (w ~:2 Pk) instead of (w + 2Pk): throughout. ;
) |
FIXED AT ENDS. COMPRESSIVE END LOAD + - My = Mp = — j2 (w +2Pk) 1-% cor U
UNIFORMLY DISTRIBUTED LATERAL LOAD . 2 .2
(INCREASING INITIAL BOW) - -
At any station distant x from C,
Ma Mg M =Acos +BsinX—j2 (w+2Pk)
N N o j '
Lﬁ—j R | hereAsiT IRt
A L - B B=j? Ew+‘2Pk)—‘MA tan U
2 L I . 2

Alternatively , use a polar diagram, as in 6.6.3. |-

. Max+M-;2(w+2Pk)[—cosecg-—1] at C.
INITIAL BOW (PARABOLIC}y; = Kx (L — x) 2 2 4
Where k= =<
12 ;
and Co = initial bow at centre C - use.(w.— 2Pk) instead of (w + 2Pk) throughout.

"When tﬁ_e lateral load decreases the initial bow,]




AIRCRAFT ENGINEERING MANUAL
voL. t (DESIGN)

SectV
Seb-Sect 6.6
Columns with Small Initial Bow

661 Colvams with Small Initial Bow (cont'd)

iz=§1.. U=
P

—

COLUMNS WITH SMALL INITIAL BOW

+ B.M. PUTS TOP FLANGE IN COMPRESSION

CANTILEVER

MA- — -2-— P-CD
Q-P

where Q = Euler failing load for pinned ends

- R2ElL
Lﬁ

-
ARCH PINNED AT ENDS
EXTERNAL RADIAL PRESSURE
Per= 4(!’-)2”1 2
'ﬂ ‘pc’ '6' Rs
Proof in Den Hartog '
Advanced strength of Matetials, p. 282.
@ ARCH FIXED AT ENDS
EXTERNAL RADIAL PRESSURE
2 EI
P 9[T ) -1 =l
s L < [ (e ) ] RS
P Per




Sect ¥ AIRCRAFT ENGINEERING MANUAL

Sub-Sect 6.6
_ voL. 1 {(DESIGN)
Numerical Example

6.6.2 Numericol Example

Ma - ) Mp
AN TN
w= 10 1b./in.
““"“"’"‘M I 1 I 1 J/f‘—p
I" L= 80 in. -1

Figo 6. 6.2-]

Slightly bowed - column of Fig. 6,6.2-1 having max. bow at centre cqy =-2 in.
To find Ms, Mg and Mc. EI=8.68 x 105

From tabular summary 6.6.1, Case (3):

Ms =~ j2 (w+ 2Pk) 1_‘_Jco:H] km o L AX2 Lo o
z 2 L? 6400
: El _ 8.68x 10°¢ |
2 oo BO8x107 48 ~ i
7% 6000 2Pk = 2 x 6000 x 125 x 10=* = 1.2x 12.5 =15
v.L. .8 _ 1.051 radians = 60,2 degrees
2 2 762 :
cot L = 5727
2
Mo =~ 1448 (10+15) [ 1--602] I
=~ 3,62 x 10* x ,398 3 cot = = 1051 x .5727
=~ 14400 = .602

Mc =j2 (w+2Pk) [y cosec v_ 1]
2 2 U
cosec — = 1.1524
. 2
=3.62x104 [1.212-1]]

U 1
= 3,62 x 10* x ,212 2-cosec ; = 1.051 x 1.1524

= 7670 =1.212

This value checks with that obtained from the Polar Diagram in 6.6.3.
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6.6.3 Polar Diagrams

The method of drawing the polar diagram for a column with small initial bow is stown below.
The derivation is in ""Aircraft Engineering’’, Oct. 1952 p. 288 "‘Solutions of Problems on the
Slightly Curved Beam® by Ratzersdorfer.

CONSTANT I[: COMPRESSIVE END LOAD. UNIFORMLY DISTRIBUTED LATERAL LOAD
(AGGRAVATING INITIAL BOW) + RELIEVING END MOMENTS

M, = 14400 MB= 14400
- Pl
P = 6000 w=101b./in. Cp=2"

GIVEN DATA: Initial bow ¢p = 2.0 in.
El = 8.68 x 10°
=69 x10™4

¥ = 14500
2

po = 60 degrees

i A
From Section 6.5.5, Type (1A) BENDING MOMENT
" TOP FLANGE IN
COMPRESSION

8Pc, =8X 6000X2 =9.6x% 104

L2 = 6.9 x 1079 x 6400 = 4.42 Al By
&P 9.6 x 104
o _ = 2.175 % 10*
an2 442
- QCO
(-~ ) = 14500 + 21750 = 36250
B L2
Procandure
8P
As far 6.5.5, Type IC except that an arc of radius (% + Czo ), and not E | is struck from O
p? L ?
w BPC O
X w acrs 30 as o relieve the initial bow, strike an arc from Q of radius (- -~ - )
2 L
[ U

K M, ar Mg is an aggravating moment the position of a and b will be changed accordingly.

BM 2 C is FF, = 7650 Ib, in.
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