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lNTRO IXJ CTI ON 

This report gives the details ot a method tor 

determining the longitudinal aerodYDamic deriYBtives 

from analysis ot longitudinal flight oscillations. 

The method 11111.y be adopted to a digital computer 

programme. 

It is assumed that the reader is fully converstant 

with time vector analysis ot oscillatory flight which 

is described in references 2 end 3. 
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INTRODUCTICN TO DIGITAL ANALYSIS OF OSCILLATORY FUGHT TESTS 

From the method of vector analysis described in references 
1, and 2 it is known that if the modulus and phase relationships 
of the i~cremental variables are known together with the damping 
and frequency of the oscillation, the main derivatives governing 
the characteristics of a short period oscillation may be determined. 

Until the present time all this infonnation has come from the 
measurement of the timing and shrinkage of peak values on recorded 
traces. However this procedure suffers from a number of disadvan­
tages: 

1. Peak values only are utilised 

2. - Peak values are obtained by visual interpolation. 

J. - An insufficient number of peaks during zero change 
in equilibrium speed. 

4. - Extensive man hours required for conscientious 
measurement. 

These disadvantages have been elimi nated by a digital computer 
best fit curve process which digests every point from which a sin­
usoidal trace would be formed. 

The process is applied to each incremental variable yielding 
accurately the required relationships. 

From the above it may be gathered that the digital computer 
best fit curve process makes possible a more accurate time vector 
analysis. However from experience of the method of time vector 
analysis of Free Flight Model re~ults, this is not considered 
desirable mainly because of the extensive man-hours required to 
operate the method and because an alternative method outlined 
below may be said to have very largely eliminated human error. 

In the time vector method the complex relationships of the 
incremental variables are expressed in polar form; however the 
alternative is to express these complex relationships in Cartesian 
co-ordinate form. Hence each equation of motion may be split into 
a real and an imaginary domain and the solution will peld two 
'unknown' values of aerodynamic derivatives. This is analogous to 
the time vector analysis; however the important point is that the 
linearised equations of motion although expressed in complex fom 
have been retained in digital notation which may be manipulated by 
a digital computer. 
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This makes possible a co:ij)l re hem;ive c.: i ,'.i tal comnuter proi;ramme. 
The input is edited digitalised fli6ht r ecorc ing on tape and the 
output is evaluated aerodynamic derivative s. 

Visual cornprehPnsion of the dynamic .,otion is the main advan­
tage of the time vector diagrams. This may be r etained by drawing 
out the solutions of the comruter r,rogr~-rune in time vector dicgram 
form for selected fli r,ht cases. 

All the main and auxilliar:y e~uations of motion solved by the 
computer p rogramme are e;iven i n this re!'ort. However all the 
details of the digital computing )') roc ram..~e are given in ref. 
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Note on notation 

ill symbols used in this report are those in 

current use in A.vro for a body axes system 

unleaa designated othervi!le in the text. The Avro 

notation which in the main is that accepted by 

N. A. c. A. is found in reference l. This 

reference al.so contains the derivation of the linear 

equations of motion which form the basis of this 

report. 
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EVALUATION OF LONGITUDINAL DERIVATIVES FROM 

FLIGHT OSCILLATIONS 

6 

BY 

BY 

Those derivatives which are virtually independent of incre­
mental epeed and height changes during short period oscillations 
are solved by the simultaneous solution of the normal force and 
pitching equations. This is made possible by the measured inter­
relationship of the normal acceleration, incidence and pitch 
variables together with the frequency and damping of the short 
period oscillation. 

The solution will yield Cina, Czc( , (Czc( + Czq) and 
(Cina: + Cmq). 

However initially the recordings of the CX:vane will not be 
accepted until confidence is felt .- in the corrections to be 
applied to phase and amplitude of the recordings. Consequently 
an assumotion which is described in the appropriate section 
concerning the inter-relationship of the incidence and pitch 
variables is made. This assumption eliminates the experimental 
determination of (Czq + Czq)• 

In order to find additional longitudinal derivatives with 
respect to speed an attempt to analyse the phugoid oscillation 
must be made and incremental speed must be taken into account. 
Following the principles of the analysis of the short period 
oscillation, tentatively one would attempt to detect incremental 
speed through the medium of the longitudinal accelerometer and 
its relationship to the pitch and nonnal acceleration variables 
during the long period oscillation. 

However unlike the short period oscillation analysis where 
several cycles may be examined, the phugoid is unlikely to 
complete one cycle, since the period in many cases is of the 
order two minutes, before being subjected to a random disturbance 
such as a gust or cross-coupling effect due to aileron control. 
This disturbance will prevent satisfactory determination of the 
inter-relationship of the longitudinal variables. 

In addition to the major consideration above the procure-
ment of a satisfactory longitudinal accelerometer is problematical. 
Incremental flight path in radians approximately equals incre­
mental nonnal acceleration. Consequently the maximum value of 
incremental normal acceleration would be less than 0.1 'g'. 
The accelerometer would be required not to sense higher frequency 
accelerations of the same order. 
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Consequently it appears that the principle of accurately 
measuring the inter-relationships of the longitudinal variab­
les and substituting these values into the equations of 
motion to yield the values of aerodynamic derivatives is not 
possible. 

Inclusion of height effects presents a further obstacle 
in that accurate measurement of heigh variation together 
with accurate phasing is thought to be unobtainable. 

Alternative Hethod 

If the frequency and damping of the phugoid can be 
satisfactorily measured and the values of the derivatives 
found from the short period oscillation are substituted into 

a 

the equations of motion together with the theoretical estimates 

b . /6 

of lesser important derivatives the inclusion of which is assessed 
as improving the accuracy of the solution, experimental determin­
ation of the speed derivatives is possible. 

It is anticipated that measurement of the phugoid damping 
will be within large tolerances. The consequence of this is that 
determination of Cx/ Mis unreliable. However if the frequency 
of the phugoid is measured accurately ~Cz/CIM and c>CM/oM values 
will be reliable. 

A series of checks utilising Free Flight Model data yielded 
the following results. Varying height effects were included . 

.,, error in measuring 
amplitude ratio over 
one period oCx/"bM oCz/c>M ~CM/ClM 

-58.7 -.0274 .0969 .0249 
-51.26 -.0106 .0979 .0249 
-15.28 +.0195 .0996 .0249 

0 +.0250 .0999 .0249 
+72.95 +.0::,82 .1006 .0249 
+107.9 +.0412 .1008 .0249 

CA.TE 

n..+ 1 bi:., 
DATE 



AIRCRAF'T: 

»< AVRO AIRCRAFT LIM/TEO 
MALTON • ONTARIO 

REPORT No _71/'-=-=S'--'t-=•c.=.b.,.,1 /.._6=-------

SHEET No. 

TECHNICAL DEPARTMENT 
PREPAREO BY 

CHECKED BY 

Height Effect In The Phugoid 

For accurate d etermination of the additional derivatives 
which have a significant bearing on the characteristics of 
the phugoid oscillation, the effects of incremental height 
and speed changes during the long period oscillation should 
be simultaneously introduced. A kinematic relation equation 
has to be introduced equating incremental n to the other 
variables. 

The solution of the equations of motion now involves a 
stability quintic the roots of which are the short period 
complex pairs together with a real root which physically will 
be recognised as a slow convergence or diver~ence in height 
relative to equilibrium height. 

If the following derivatives with respect to height are 
calculated and substituted into the equations of motion the 
resultant determination of the speed deriv"'tives will be more 
accurate. 

= ~ Cx • oM "'?i~ -rn- n- ~ 

= ~ Cz .oM oT 

~ 
--

dM o fi 

= ~ Cm • c!l M 
dM ~ fi 

8 
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HQT.t,TIQH 

Let Z be the c011plex relation between a.iv incremental 
variable and incremental a: . 
B♦MPT.fe5 

Zq .. I q I . I 0: I ~ • ¾ + 1y q 
1,ri 

q • 

where l9.._ is the phase lead or q on a: 

where 

I q I . I a: I cos Gt_ 
rcn 
- z .. 

M 

~ is the phase lead or 
. 

Yq "' J3.i ./ 0: I sin ls_ 
I O:I 

q on 0: 

CATE 

and X.>-q = ~ I o:I cos I t-q Y>-q = ~I.IO:ls1n/ ~q 

)-_. K + 1w 

Aq = = (I+ i~(Xq + iyq) 

= /qll>-1.10:I Cos~ = (Kxq ~q) = Xq 
7tU 

Y>,q = '1&1 I. I ({ I Sin/ }..q = (Kyq -+1..:>xq) = y~ 

~ = Ix:( q = /\q 
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SHORT PERIOD OSCILIATION 

Instrument phasing errors are such that certain 
justified assU111ptions must be made to replace unob­
tainable accuracy in measurement, 

The normal acceleration equation is used for 
obtaining l.1.. Unfortunately it calls for unobtainable 
accuracy to avoid the assumption that normal accelera­
tion is other than in phase with c(, 

This assumption having been made, the equations 
are now framed so that Czc:( + Czq-!:.O sincelO'.l~lql 

and the phase lead is small, Should confirmed phase 
measurement between normal acceleration and c( arise 
this additional fact may be used to determine (Czc:( + 
Czq ), 

In order to avoid error in the recordings of t he 
pitch functions the followinE assumptions are made. 

( LiJ) I e I = ~ I>- 11€\I + '1t I + I >-- I 
lql = -~-c >-latl + l~ll + I~) 
1 q I = ill Q )-. ll8tl + lh I + LhJ ) 

3 ,~1 

Notee on the analysie of the longitudinal short 
period oscillation are given on the followinf, paP,e, 

10 
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There are two alternative values of led which may be 

accepted viz l>-.IIC(tl or lq I . However initially it will 

be assumed that I~ l = l q I is more reliable than I>, llo<tl • 

The justification for the assumption IC( I = I q I is 

given in P/Stab/140. 

11 

For the purposes of finding l3.. , 
zq cos ((1 = + ZN + zb: cos C(l + 

Zq is tre~te~ entirely as an unknown. 

Z0( q
1 

sin ({
1 

+ Z9 ! sin@cos ~l 

Vi 
Zq = + ZN sec. o(1 + zO:+ ZC( \ 'fan C(

1 
+ z

9 
~ sin@cos ~1 sec o(

1 
Vl 

For z9 use should be made of the best average result from the 

following relationships. 

Zg = z = z. ZO( = z· 
<It qt C( t 

~ ~ >·--2 
XO, = -;, ~ sec ~-;, xe(-t- xo( ql tan CJ( + XQ g 

1 -
Vl 

sin@cos ~l sec C(l 

y = + y sec 0( + ye(.+ y q tan CS.+ Yg ~ sin@cos ~l sec C( ' q I 1 C( 1 

6_ = tan -1 !:[ 1£_ = s-½-E., 
Vl 

Li= jq +~+E... 
x, 

Hence ZC( , Zrf z9 , z q and Zo have now become knowns. q 

These functions may now be used in the OZ and pitching equations. 
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LONGITUDINAL SHCRT PERICD OSCILLATION 

EQUATIONS 

The following OZ and Pitching Moment equations 

are considered to adequately determine the 

characteristics of the longitudual short 

period oscillation. 

1? 
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The OZ Equation 

- C ZC( C( - C( Cz~ - q Czq 
. 

+ 0( cos ({1 
2,,.. 4,f'-, 4)-'-, 

- .un.J_ .o T C( .,. ex q sin ex 
m v

1 Tor 1 1 

- q cos C( + Q g sin@ cos~ :: 0 
l 

Vl 
1 

Written in complex form the equations becomes: 

(a.,. b.,. c ) .,. ( d + e ) Z. + ( f ~ g ) Z + h Z = 0 
0( q Q 

Solve for a and d.. All other coefficients ftre known. 

a = - C ZC( 

2 ,,.. 

b = + q1 sin ~ 
C :: - fil!U dT 

o ex m V 
1 

d = - C.J'..;c: 
l+-JJ-1 

Check that C
2 

+ Cz 6 o •q q 

e :: + cos 0( 
1 

f :: - C zq 

4)-A-r 
g = - cos CX

1 

h :: : sin ®cos 
Vl 

~l 
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0( cm - "C( Cm '1'! 
2 

C l'l 'I'.! 2 - - q 
0( Q q 

~ 4 K2y-,, 4 K2y 'l' 

- ~ ,6T c.( + q = 0 
Iy -'t)C( 

Written in complex form the equation bPcomes 

(j+k) + l z + mZ + z. a ~ 9-
= 0 

Solve for 

j = 
j and 1. 

• C 

All other coefficients are known 

2 

~ 
1. = • C c mcx 

k = - ~ cl T 
I ~ y 

m = C - 2 
- C 

mn 

i --( 4 y 
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LINEARISED LONGITODINAL ESUATIONS TO INCLUDE l'HmOID EFFECTS 

The following equations include varying height 

and speed terms in order to adequately cover the 

characteristics or the phugoid. 
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dCx - V C x

1 - o( Cxo( - ~ Yi-! ,r 2,,, 

2 --< 
- q ~ - Cxh ii - Cx

1 
~ -.h . 
dh '1/-41 21' 'T2f'" 

- cos i dT . h - £Q.L.! 
• ~~l • 

V 
m V1 -Oh m 

. 
+ V cos C( -q sin c:(

1 
+ V. sin C:Xq+C( 

1 1 1 

+ q sin CX + 9 g cos p l cos ® 
1 -

Vl 

All angles expressed ln radians 
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Cxt'.X 

4,r 1 

- S2L1 . %f c C( m v
1 

ql COB C(l 

:: 0 

V (a+b)..) + C( (c+d)..)+Q (e+f}._)+h(g) ==O 
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o/'l1 _JI. 

~1 

- ii.i~ -~ i_ -~C .- m..J. ·°4- h 
rr 2 f oh ■ v1 oh 

- .1a.1 k . v - mL1 . lI_. C( + o<. cos C( 
• ~V1 ■ V1 1ic.( 1 . 

- T ql 0011 <ll + ain ~ V + C( ql •in '\ 

-q COIi <\ + 8 I. sin@ COIi ~l 
Vl 

•0 e. ...... 

X"' \. 
l, 

1 1a + " U' 

All anclea apnaaed 1n radians. 
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Linearising the equation of hand allo~ing all products of 

incremental variables to vanish and putting cos 9 = l, 
sin 9 = 9. Also extracting h1 

- C( V 
l 

-=-­
c 

(:i = (; = 0 is assumed, 

DATE 

DATE 

-­c 

{cos 0: 1 cos@cos ~ 1 + sin@sin c:( 1 cos (; 
1 

+ sin~ l sin (;1 sin @} 

.:. 
- h = 0 

- J. 

h = g ; h = f 
C C 

- + 0: y Ah V X + 9 z + = 0 
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COllING OF AEHODYIWIIC DERIVATI V~ 

&3s - COi 1."\T/~ V1 
m 

b• + 001 l\ 

o1= - Cio( / 21 

or - co• 1 -. T /'b ~ 

11 Vl 

dl'" - Cx. 01 
4}'-, 

da• - •in <X1 

•• + g 00113 1 001@/ v1 

-
g

2
x - Cx~f /'\ h 

2 'i I' 

83c - cos i.OT /oh 
m v

1 

j3= - 1in 1. dT /oVl 

m 

)[ E + sin <X 1 



AIRCRAFT: 

WK AVNO AINCNAFT LIM/TEO 
MALTON • ONTARIO 

REPORT No -1.7J.lluS21t.aieLCh_._. LJIF.o.__ ____ _ 

SHEET No 20 
TECHNICAL DEPARTMENT 

PREF'A.REO BY 

CHECKED BY 

CODING 011' AEOODYNAIIIC DERIVATIVF.S 

l=L,+l~+l 1 r.-. r 1 -t r 2 +r
3 

- sin 1. 11 T / ~ 0( 
m v1 

n • + g. ain@. coa f1 
Vl 

- Cz - / 2 '1' h 

q2.. - Czl l f /'ii h 
2-ir 

-sini.~T/)6 
m Vl 

r1 • 

ra"' 

r:5: 

•= 

•1-= 

- ll-:. Cm / ') ll 
,,s:~ 

2 
- Cml Vl 

I' K2 
I y 

- v1 e 6 Th v1 
Iy 

81 + 82 

'). 

- Cm Cl/"( h 

-s,6T/'~g 
Iy 

2 
t: - Cm,9 . ~ 

4 K2 '"I' y 

_2 
U-::.-Cmq,C 

4, x:2 --{ 
y 

•1= - em h /h'T 
"l. 

•2= - ~ • em1 _....,,,1~h 

2r I"• x; 
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X : 
0: 1 11in@coe~ 

1 
-11in 0( 

1 
cos @cos fJ 

1 
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The assumption is ma.de that the damping and frequency of the 
short period oscillation and the frequency of the phugo1d are 
known accuratelyi also that the damping of the phugo1d is known 
within large percentage tolerances •~nee the convergence or 
divergence of the phugoid oscillation is small and difficult to 
measure. 
The equation of the imaginary components of the phugoid is chosen 
since this minimizes the importance of the damping factor K of 
the phugo1d oscillation when determ1n1np; d Cy-aM , °dC~M 
Let primed values be relevant to the ro0ts or the short period 
oscillation and let the unpr1med values be relevant to the 
oscillatory roots of the phugo1d, 

a R' + J s• + r T' + P • = O 

a u• + j v• + r W' + Q' = 0 

The above equations yield that: 
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1. Cmcx , CzO( , (Cm.i( -t Cmq J can be determined accurately from 

flight analysis or ehort period longitudinal oscillations. 1r 

phase relationship between normal acceleration and incidence 

can be measured very accurately then (~ 'Cl. + (.;z
4

) rrAy be determined, 

2. ~ C.:~M, au,-(11 can be determined if the frequency and damping 

or the phugoid ie measured simaltaneouely with the requieite 

~eaeurements for the analyeie or the ehort period oscillatio~. 

It 1s aseumed that the phugoid period may be measured accurately 

and the d&lllpi~ can only be meaeured within large tolere.ncee. 

3. lntroduction of height deri nti ves will improve the accuracy of 

the evaluation or d l.y(ll, )c,/411. At tre.neonic and supereonic 

speede thie is known to be more essential. 

4. The diecussed digital computer programmee will greatly reduce the 

time to evaluate derivativee and largely eliminate human error. 

5. The discussion in thie report ie relevant only to the aircraft in 

the pitch damper disengaged condition. 

DATE 

DATE 




