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INTRODUCTION

This report gives the details of a method for
determining the longitudinal aerodynamic derivatives

from analysis of longitudinal flight oascillations.

The method may be adopted to a digital computer

programme,

It is assumed that the reader is fully converstant
with time vector amalysis of oscillatory flight which

is described in references 2 end 3.
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INTRODUCTICN TO DIGITAL ANALYSIS OF OSCILIATORY FLIGHT TESTS

From the method of vector analysis described in references
1, and 2, it is known that if the meodulus and phase relationships
of the incremental variables are known together with the damping
and frequency of the oscillation, the main derivatives governing
the characteristics of a short peried oscillation may be determined.

Until the present time all this information has come from the
measurement of the timing and shrinkage of peak values on recorded
traces., However this procedure suffers from a number of disadvan-
tages:

l. - Peak values only are utilised
2. ~ Peak values are obtained by visual interpolation.

3 - An insufficient number of peaks during zero change
in equilibrium speed.

L, - Extensive man hours required for conscientious
measurement,

These disadvantages have been eliminated by a digital computer
best fit curve process which digests every point from which a sin-
usoidal trace would be formed.

The process is applied to each incremental variable yielding
accurately the required relationships.

From the above it may be gathered that the digital computer
best fit curve process makes possible a more accurate time vector
analysis. However from experience of the method of time vector
analysis of Free Flight Model results, this is not considered
desirable mainly because of the extensive man-hours required to
operate the method and because an alternative method outlined
below may be said to have very largely eliminated human error.

In the time vector method the complex relationships of the
incremental variables are expressed in poler form; however the
alternative is to express these complex relationships in Cartesian
co-ordinate form. Hence each equation of motion may be split into
a real and an imaginary domain and the solution will yield two
'unknown' values of aerodynamic derivatives. This is analogous to
the time vector analysis; however the important point is that the
linearised equations of motion although expressed in complex form

have been retained in digital notation which may be manipulated by
a digital computer.
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This makes possible a comprehensive dicital computer programme.
The input is edited digitalised flight recording on tape and the
output is evaluated aerodynamic derivatives.

Visual comnrehension of the dynamic motion is the main advan-
tage of the time vector diagrams. This may be rctained by drawing
out the solutions of the computer rrogramme in time vector dizgram
form for selected flicht cases.

All the main and auxilliary enuations of motion solved by the
computer programme are given in this rerort. However all the
details of the digital computing programme are given in ref.
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All symbols used in this report are those in

current use in Avro for a body axes system

unless designated otherwise in the text., The Avro

notation which in the main is that accepted by

K. A, C. A, i1s found in reference 1, This

reference also contains the derivation of the linear

equations of motion which form the basis of this

report,
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EVALUATION OF LONGITUDINAL DERIVATIVES FROM
FLIGHT OSCILLATIONS

Those derivatives which are virtually independent of incre-
mental speed and height changes during short period oscillations
are solved by the simultaneous solution of the normal force and
pitching equations. This is made possible by the measured inter-
relationship of the normal acceleration, incidence and pitch
variables together with the frequency and damping of the short
period oscillation.

The solution will yield Cmy , Czq , (Cz + Czq) and
(cmd + Cmq)-

However initially the recordings of the X vane will not be
accepted until confidence is felt-in the corrections to be
applied to phase and amplitude of the recordings. Consequently
an assumotion which is described in the appropriate section
concerning the inter-relationship of the incidence and pitch

variables is made. This assumption eliminates the experimental
determination of (Cza + Czq).

In order to find additional longitudinal derivatives with
respect to speed an attempt to analyse the phugoid oscillation
must be made and incremental speed must be taken into account.
Following the principles of the analysis of the short period
oscillation, tentatively one would attempt to detect incremental
speed through the medium of the longitudinal accelerometer and
its relationship to the pitch and normal acceleration variables
during the long period oscillation.

However unlike the short period oscillation analysis where
several cycles may be examined, the phugoid is unlikely to
complete one cycle, since the period in many cases is of the
order two minutes, before being subjected to a random disturbance
such as a gust or cross-coupling effect due to aileron control.
This disturbance will prevent satisfactory determination of the
inter-relationship of the longitudinal variables.

In addition to the major consideration above the procure-
ment of a satisfactory longitudinal accelerometer is problematical.
Incremental flight path in radians approximately equals incre-
mental normal acceleration. Consequently the maximum value of
incremental normal acceleration would be less than 0.1 'g',

The accelerometer would be required not to sense higher frequency
accelerations of the same order,
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Consequently it appears that the principle of accurately
measuring the inter-relationships of the longitudinal variab-
les and substituting these values into the equations of
motion to yield the values of aerodynamic derivatives is not
possible,

Inclusion of height effects presents a further obstacle
in that accurate measurement of heigh variation together
with accurate phasing is thought to be unobtainable.

Alternative Method

If the frequency and damping of the phugoid can be
satisfactorily measured and the values of the derivatives
found from the short period oscillation are substituted into
the equations of motion together with the theoretical estimates
of lesser important derivatives the inclusion of which is assessed
as improving the accuracy of the solution, experimental determin-
ation of the speed derivatives is possible.

It is anticipated that measurement of the phugoid damping
will be within large tolerances. The consequence of this is that
determination of Cx/ M is unreliable. However if the frequency
of the phugoid is measured accurately BCZ/BH and bCM/aM values
will be reliasble.

A series of checks utilising Free Flight Model data yielded
the following results. Varying height effects were included.

4 error in measuring
amplitude ratio over

one period ch/aM BCz/bM BCM/BM
-58.7 -. 0274 .0969 « 0249
=51426 -.0106 0979 .02L9
15028 +.0195 .0996 . 0249
0 +.0250 .0999 .0249
+72.95 +.0382 .1006 . 0249

+107.9 +.0412 .1008 .0249
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Iif In The Phugo

For accurate determination of the additional derivatives
which have a significant bearing on the characteristics of
the phugoid oscillation, the effects of incremental height
and speed changes during the long period oscillation should
be simultaneously introduced. A kinematic relation equation
has to be introduced equating incremental A to the other
variables.

The solution of the equations of motion now involves a
stability quintic the roots of which are the short period
complex pairs together with a real root which physically will
be recognised as a slow convergence or divergence in height
relative to equilibrium height.

If the following derivatives with respect to height are
calculated and substituted into the equations of motion the
resultant determination of the speed derivatives will be more
accurate.

CXH = )Cx <M }P
M 2R > B
CZE = 3C, M 2T
2 M 2 h 2 h
Cmpy = dCp oM

|

(1%
=
o/
o1}
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NOTATION

Let Z be the complex relation between any incremental
variable and incremental ( .

EXAMPLES
q = Zq=|ql'|dllisxq+iyq
||
where b is the phase lead of q on

ind = |q|.la| cos|q yqg = 14 .|<X|sin'.i
A R

= A = 2z, = x]llql.lo(l N = xy + g

where I\q is the phase lead of ci on

L-]&ﬁi | al cos %Hdlsm'&

>\s K +
XQ = Z%$ = (K+i®(xq + iyq)
Som xthl |q1n&r|.|dl0osb_q = (Kxq -wg) = x
g * lqulq Ml stn[ha = (Kyy +ox) = ¥;

A=A § =x
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SHORT PERIOD OSCILLATION

Instrument phasing errors are such that certain
Justified assumptions must be made to replace unob-
tainable accuracy in measurement.

The normal acceleration equation is used for
obtaining % . Unfortunately it calls for unobtainable
accuracy to avoid the assumption that normal accelera-
tion is other than in phase with O .

This assumption having been made, the equations
are now framed so that Czg + 0z &0 since & |2 ql

and the phase lead is small, Should confirmed phase
measurement between normal acceleration and X arise
this additional fact may be used to determine (Caq +
Bz, e

q

In order to avoid error in the recordings of the
pitch functions the following assumptions are made.

o] - —,—1anq|+nqt|+ liL")
lal = —L (Mbl+lqtl+|
131 = Aal (xlletl+|$ | 4 é:’%

Notes on the analysis of the longitudinal short
period oscillation are given on the following page,
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There are two alternative values of |(X I which may be

accepted viz |)\"qt| or Iq . However initially it will

be assumed that |d| = Iql is more reliahle than|>\ “°Q;|

The justification for the assumption ’(.Xl = |q| is

given in P/Stab/140.

For the purposes of finding l&' Zq is treated entirely as an unknown.
=+ 2 + 2 cos O + 2 sin + 2 -

zq cos C(l . & 2 A 8 dl o % sin(B)cos #

2 =+72 + 20+ 2 +

: N 5ec. o(1 ZO( 0( ql Tan dl Zgé sin@cos 251 sec 0(1

1

1

For Zg use should be made of the best average result from the

following relationships.

th = th = Z[it ZO( = E&_
= 2 A
Xq, =+stec(Ll+xd+ xo( q, tan 0(1+ xe‘% sin@cos ﬁlsec dl

1
yq =+y. sec O(l+ y(-xﬁ—yc(ql t.nfl.l+y9§ sin@cos ¢l sec O,
1
= ‘ly = e, it [
l& tan ?3 l_G_ h%&, ]i.- |q+:%+s\°

Hence Zd ’ Z(‘f Zg » Zq and Zc‘i have now become knowne.

These functions may now be used in the 0O Z and pitching equations,
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LONGITUDINAL SEORT PERIOD OSCILLAT ION

EQUAT IONS

The following OZ and Pitching Moment equations
are considered to sdequately determine the
characteristics of the longitudual short

period oscillation,
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The O 7 Equation

-Gz Q- O Ca

0 SR +6( c0sCﬂ1
Zar b,

by
oM TR OGS An ol
2 o 1 1

- s8in i

mV1

_qcosql+9 g sin@cosﬂl =0

b

Written in complex form the equations becomes:
(arb+tec)+(d+e)Z.+(f+g)2 +hz =0
of q e

Solve for a and d. All other coefficients are known.

Q
N

a:—

o e = + cos 0O

o
Iot = = qlsin% f‘-‘--CZq
c=-sini.3’1‘ g____i{::'o(

m V1 L) 3
d=- Czu h=Esin®cos¢l

70 L

Check that C, + C, &= o0
Z.q Zq
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FomM

Pitching Moment Eguation

. 2
- g -0 Cm, -q © 2
o Do mqt‘ q My o]
1% 4 Koy 4K,
-8 ;Ed +q =0
Iy 2

Written in complex form the equation becomes

. =0
(IR lza*mzq*'zq'

Solve for j and 1. All other coefficients are known

- 2
J==0Cp 1=-cmds
;h —E_AKy'r
k=-e.23T m=-Cm'é2
Iy d q
)
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LINEARISED LONGITUDINAL EQUATIONS TO INCLUDE PHUGCID EFFECTS

The following equations include varying height
and speed terms in order to adequately cover the

characteristics of the phugoid.

13194

FoRM
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6 X Equatio;

= dCx .7 C - o Cx - § cCxg
-V M VT s £, ol
M - 27 7
——=— i
-q Cx - CKE H o Cxl s éﬁ—.v;

7 2R

- cos i BT h.-cosi DT ¥ - cos i

m BVI 1

v ~ +7 . s +
+V cos O(1 q sin dl sndlq1 o q, cos dl

+qsin(11+9 cos/.slcos® =10

g
v
il

All angles expressed in radians

V (a+bdA) + d (c+dXN)+8 (e+fXN)+h(g) =0
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-28ni31 .y Y '
B s g

-;qicosd1+sanc11? +«q1=mog

-q cos C‘i + 0% sin. cos ¢1 e«
1 .

X“
i
i is+ve if

All angles expressed in radians.

¥V Gk +a(l+ar) +6 (n+ph) +h () =0
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Pitching Moment Fquation
-Tu 28 _F ocn v2 . Cm SR
ALY = R TKS
;i R
=2 - 2
-qC ¢ - Cmph -y 2P cCm
4 K2yt vz 2F ¥ mx%
s Sy RN RS ST T D
Tos Sl bk ==nN-e_. T.X4+qa0
M y 3 I 30 *
e = + 1,06 for 8" above datum.CG

All angles expressed in radiaus.,

Fo(r) +a (s+x) +© Nu+X2)

+h

(w} 20
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Incremental h

From P/Stab./132 Shest 12.5

Linearising the equation of h and allowing all products of
incremental variables to vanish and putting cos 6 = 1,

sin 8 = 6. Also extracting h; [2= 8 =0 is assumed.

+V Vl

————

c

-V

[+]

+9V1

———
(o]

[ell]eg

e

Vx+0y+6z+ Ah=0

(cos (Xl sin@cos 1 = sin O(1 cos@cos Iél -sinﬁl sin 251 cos @

{sin dl sin(lbcos[:sl + cos 0(1 cos@cos ﬂl}
{cos dlcos®cos[5 1t sin@sin C(lcos y51+ Sin/bl sin ¢l sin @}

h-ag’
c
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CODING OF AERODYNAMIC DERIVATIVES

as= l1+ &2+ 53* 84

n:-u}cézbl
L 2
.2=‘cxl/'f

8z - cos 12T/dV)
o

ac +s8in 01 .q

b= + cos Oy

c= 01+ Co + 03

0= = Oxy / 21

Cgs =cos 1 T />0
T_

Sy = +4; cos O

d=4 + 4,

- Cx.p2
7

dz' - sln ql

o=+ g cos /3, eos@/ 1

f=fi+¢
T

f1= - Cxq i/ 9“
23 + s8in ql

€ =8 + 82+ 83

Glz - CX'E / 2

8y - CXPP/B 1
BETR

8z= - cos 15TT /Bl-x

mV1

= .11+Jz+35+j4

J;= = M3Cz /A M
2

Jg= = Czy /T

Jg= - sin 1,37 /37,

Jg= - 9 cos Ql

k=+sind1
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CODING OF AERODYNAMIC DERIVATIVES

L= +11 +\3

1f - 02q /o2t

)f - 8in 1.3 T /> o
m Vl

13’ ar Ql sin dl

m= m + my

ml‘ = Cz &. / 4/‘\

Bo= + cos dl

n=4 g sin@®. cos §;
L

P= Py +
1 pz
p1“ - ch / 4/_.‘

pa= - CO8 ql

1= Q1+ qa+ qs

S:

-Cz =
23/ 2@

9= = Cz3p /3%
27p

-8in i .37 />
T mV

1

Tmsa o —

Qe =

r=

rlg

W=

'1=

LA

rl'i' 1‘2+1‘3

-M3Cm /M

A

»

-Cm V
i

<«

Iy

8; + 8,
-Cng /TR

-8.3T />d
Iy
ne
= Cm.s ., ¢

XA

¥y
2

-Cmq.c

4 szq

'1"’ '2‘?'3

7 -
- Cm ¢ /RY

= -Y:.le .‘o,n/zi

TR

-edT /3 0o
Iy
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X = +

"y
=

C

z =t

Ol,<
(%7

cos dl ain@coe/il-sin 0(1 cos @coa ﬂl

- sin /3 1 sin bl cos @}

¥ ="'v_1 {sin (Xlain @ cos/S 1+ cos dl cos @ . cos dl}
{ cos CXl cos @cosp; s in@ain q ) °o8 ﬁl

+ s8in /:Slsin ¢lsin k
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T (a+bXh) +0{(c+dX)+@(e+fN) +h (g) =0
T (3+Ax) +o(l+mN)+6(n+pA) +h” (g) =0
T (r) +a (S+EN) +8 (Au+AN) +5 (w) =0
TV (x) + dy) + 6 (3) * o (\) =50
The determinmant of the coefficients in brackets =0

and the solution of the above 1s reduced to

AR® & BhE v e N3 Bk T4 BNt T
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A= bm-=-kd

u bime t fgimit bR =Sp i bt =tk e

(o]
n

1]
[ ]
B

+[_ubm +bl -pbt -kec -ukd *ktﬂ

-3d -ukd+k.tf




W AVRO A/RCRAFT LIMITED

TECHN

MALTON - ONTARIO

RePORT No._71/Stab./6

ICAL DEPARTMENT

AIRCRAFT:

SHEET No 24

PREPARED BY DATE
M Y Jenking Qct 1987
| 1357
CHECKED BY DATE

FORM 17194

C=+ua
-jc
+ky

C= au

J o

+

+ubl

tkyg

let(Fu

Tet

Tk

o e c =

m: bl e TS =Spiatits C=ApisibY =snsbiEt =1 b v g

=usjidit="ulk e % kg £ e o kit

gt Xdip =P mif svx dig =x nl g

m +al -apt

= Jud + jJtf

p -rmf

-psb =nbt =byq -~ukec

tixid g =xmg

m +1 =pt)

wbs1s=Spis b =tnt bt =tbiyiq

te +kyg +txdgqg -xmg)

IC|+jC2+ TCB+CA

+ksf tkte

Cy35 (=c-ud+tf)=cy (dp - mf)

=C3

nkec tksf

e
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-Pme -xdwp txcq txdqu =-x1lg -xmgu

tixmwf =xtgf txtgp

D = +
+
- a
-
+
D =a
25 3
+ 1

(-2zwbm + zgbt -nsb+bywp =byqu+tzwkd-=-zgkt

H7 X

8

3!
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The assumption is made that the damping and freguency of the
short period oscillation and the frequency of the phugoid are
known accurately; also that the damping of the phugoid is known
within larges percentage tolerances since the convergence or
divergence of the phugoid oscillation is small and difficult to
measure,

The equation of the imaginary components of the phugoid is chosen
since this minimizes the importance of the demping factor K of
the phugoid oscillation when determining'ch/”aw1,?Ck M

Let primed values bs relevant to the ronts of the short period
oscillation and let the unprimed values be relevant to the
oscillatory roots of the phugoid.

AR 4+JS 4+ 1T+ Piz0

o

aU 4§V + 2 W + Q=0

0

aU+ 3§V +r. W + Q

The above equations yisld that:

r= (S'p_'_—V') (QEIL-Q!)_(FQ.U_'_Q') (VU - V)
5 U R? k]

(S'g'-V' ) (wgﬁ -W')-(’I"_g' - W) (VH'-V')
R' ) R* U

J'— Qv -P'I_J.'—T(T'E'-W')
R R*

ST U - vt
R

a=-=2(3V+PW+Q)
U
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cius

Cay | Czy , {Cr.g+ Cmg ) can be determined accurately from
flight analysis of ehort period longitudinal oscillations. 1f
phase relationship between normal acceleration and incidence

can be measured very accurately then (Ce .a 4F Uzq) may be determined.

)cyéu,?u M can be determined if the frequency and damping
of the phugoid ie measured simaltaneouely with the requieite
meaeurements for the analyeie of the ehort period oscillatiod.
It is aseumed that the phugoid period may be measured accurately

and the damping can only be meaeured within large tolerancee.

lntroduction of height derivatives will improve the accuracy of

the evaluation of ch{l,}ayél. At traneonic and supereonic

speede thie is known to be more essential.

The diecussed digital computer programmee will greatly reduce the

time to evaluate derivativee and largely eliminate human error.

The discussion in thie report ie relevant only to the aircraft in

the pitch damper disengeged condition.






