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Vs The treansient Heating of an Insulated Slab

: DRAFT
Summary

There are several contradictions in the basic assumptions leading. to the

" vtandard Fourier series solution to the heat diffusion equation, and in
addition the information given by this solution is far from complete.

In the present report, a reappraisal of the whole problem has been
carried out, and it has been determined that the problem of the transient
heating of an insulated slab is not capable of being solved by a Fourier
gseries, since it does not; strictly speaking, completely fulfill the require-
ments of Fouriers theorem.

The present analysis results in a solution by an ordinary trigonometric
seriesy; for which it is no longer necessary to assume the contradictory
boundary conditions usually assumed, and which, in the light of recent
literature on the diffusion type of equation, is mathematically more sound,

A much more satisfactory and informative result is obteined, and while
completely acceptable from the standpoint of physics, is neverthelsss,
fundamentally different from the result indiceted by the classical solution,

The present solution indicates, unlike the standerd solution, that a
finite time elapses between the time that heating is initiated in a slabd of
uniform temperature, and the time that maximum gradient is reached at all
points within the slab, including the surface., The maximum value that the
temperature gradient reaches in any particulet problem is consequently
smaller, and in the case of insulating slebs, considerably. smaller then that
calculated from the so called Fourier series solution., The new solution
further makes it possible to calculate the time it tekes the material in
question to reach its condition of maximum temperature gradient.

— In general, the new solution, by showing that the . heat transfer co-
efficient in the case of aerodynamic heating is a function of the thermal
properties of the material being heated;, as well as of the air, reveals a
method of reducing the heat transfer problem to a completely general case,
for simple shapes, at least,

Specifically, it shows that the heat transfer co-efficient, when an
insulating material is being considered is far less than is ordinarily
supposed, and the effectiveness of insulators in trensient heating conditions
for greater then has been realized,

The solution has immediate usefulness in determining the temperature
distribution without recourse to cumbersome numerical methods or computor
programs and mekes it possible to calculate maximum stress conditions with=-
out calculating complete temperature histories.

Because of the interdependence of the temperature and velocity gradients

in the boundary layer;,; the present solution also indicates that the skin
friction and hence the drag, may bs, in some cases, below the usual estimate.

Introduction

A close look at Newton's equation of coolirng indicates that it applies
only when the temperature difference between the fluid and solid surface,
and the gradient in the solid at the surface, are decreasing, .

= 4 (,72-2;) =7 %%(3%ZQL

Yet physical reasoning requires that, if a solid is suddenly subjected
to a heating or cooling environment, there must be a period, initially when
the gradient at the surface must be increasing while the temperature
difference decreases, There isfﬁ@”?@ason for believing that the time during
which this phenomena occurs is infinitely short. It should, in fact, depend
on the thermal properties of the slab.



o Nevertheless, the classical solution to this problem implies that the
temperature gradient .assumes a value

G2); % (7%

instantaneously at the surface, thus causing a discontinuity in the second
derivative at the surface and contradicting Newton's equation in its differ-

entieted form 27 44 27
( Z .,,6246/

There are other discrepancies in the usual solution to the heat diffu-
sion equation, For this reason, and also because the usual solution has
never seemed complete or satisfactory, this problem is investigated agein
here, attempting to make only thos assumptions which may be rigorously
proven to be true or which at least seem physically reasonable,

Analysis
The differential equation for heat conduction in a solid is given by
37 . K 27
2k )z
K is the thermal diffusivity and mey vary by a factor of over a hundred
for different materials. A possible solution is 2L

a T—7r=(@.Skrec+ b cofalx) @ P
b7 2(d pud\sx +h zothieR) &

That these equations satisfy the basic differential egquation may be
confirmed by carrying out the differentiations, An investigation also shows
thet these solutions are identical, with real in the first instance; and
imaginary in the second., Thus; it is only necessary to consider one form,
and for convenience, the present analysis is restricted to the first
equation, using circular functions and a real value for

It appears that the solution contains three arbitrary constants, which
must be determined by three independent initial or boundary conditions,
which, when applied to the general form of the equation given above, causes
it to be & solution to the particular problem defined by the boundary con-
ditions, This.is, however, not quite true., Only two of the constants may
be regarded as arbitrary; the third is specified when the other two are

specified,

The heat conduction equation, or diffusion equation, belongs to.a family
of differential equations generally defined as parabolic, which all exhibit
some rather peculiar propertieso. The result is that a unique stable solu-
tion is obtainable for positive values of only, and only when the boundary
is left open i.,e. "the boundary goes to infinity and no boundary conditions
are imposed along the part at infinity." (Ref, 1) In addition, either the
value or the slope of the function may be specified, but not both independ-

/‘\ently, Otherwise the solution becomes overspecified,

Considering a slab of material, insuleted on one side and exposed to a
heating or cooling flow on the other, we may stipulate that the temperature
gradient is zero at xagero for all t, as one boundary condition.
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and the solution reduces to

/- = b, cosrdre

— %, %

We may write, therefore

_ 2
-7 = b, cosa, L e 7% #

— '
/27 s — B s Siissl & <
2e/< — 74z
@_j/' : —he B, CoSb Y

> e

these parameters, the temperature
must have a certain
Expressed

Now, at a particular value of %,
and first and second derivatives with respect to x,
fixed relationship with each other, given by a function of ¢+,

™ vithmeticaelly in non dimensional form
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These functions may contain thermal constants relating to the material,
in addition to %, but in any one problem, these will be invariable.

and - we may write
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we have, by differentiation <. ~ % X
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from which we get 74(5-}= "’74 1/—)
and 7{;C(Z€)=A£;gygqy7z—

The above result is rather surprising, since it implies thatod: is a
function of t, The nature of the solution demands thetss, be independ-
ent of t, and this can only be true if 4 fi. and are constants,

Since o~ L £, .z = ,Z:

Y

we have

as the condition which must be met if the equation
/= Je = oS W 2

is to be a solution of the problem,

There are an infinite number of roots to this equation, and hence the
solution is the sum of all solutions and may be represented by an
infinite series of trigonometric functions

— — 2
/- /e =2 b, cor i, x € S

It should be noted that this series is not necessarily a Fourier
series, A Fourier series is an infinite series of trigonometric
functions with certain characteristics, which are lacking in this case,
These characteristics simplify the process of solving for the constants,
in the case of Fourier series. In other words, a series of the latter
type apply only to problems in which the boundary conditions are of a
certain types In cases where they are not, an ordinary trigonometric
series may be made to represent the function, providing the constants
may be determined, In these cases, there is not a specified way of
determining the constants, All that can be said is that, if the con=-
stants when determined give a solution which satisfies the boundary
conditions and the original differential equation, the solution is the
correct one, (Ref °

It should also be noted that the constant O has been solved for
without specifying eny particular value to the temperature or temp-
erature gradient at the boundary x = l. Only one constant remains
to be determined D~ and to find this we are free to specify either
the temperature or the gradient at the surface for a specific time,
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Since the term on the left hand side is constant, we may cross multiply
and equate corresponding terms in the resulting series, giving, Amrs/A
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Now a difficulty arises physically and the difficulty is reflected
in the mathematics, If a slab, such as the one referred to in this
problem is suddenly subjected to strong heating or cooling, there exists
e short but finite time initially, when the above solution does not
apply. This is because the heat travels at a finite velocity, and hence
must, in the beginning be distributed in the slab as if the slab were of
infinite depth, Strictly speaking then, the solution for a semi-infinite
slab should be applied at t = 0o, and the initiasl conditions for the
present solution should be those which exist in the slab at the moment
the heat reaches the insulated sideo

Fortunately, we now know that the solution is completely specified
if we know either the temperature or the gradient at any time t;3; it is
not necessary to know both.

2t Z=o T—%+ 2) bncolllr - 2 CofidnX J1) ™6,
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—
PU'/‘ ,é,, = /0—72.-‘ /
6L, £
This may seem rather arbitrary and in feact it is, What we are
really doing is assigning a value to 4, and then studying the result-
ing series to determine what boundary condition it refers to. As far
as the equations themselves are concerned, any value could be ascribed

to 4, providing
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This is the condition we are forced to take as the initial con=
dition by virtue of the fact that (oS Wnl is a constant and not a func-
tion of ©, and this applies no matter what value is ascribed to {5,

It will be clear from the discussion to follow, that the above
condition correspondsto the condition when the temperature gradient
has its maximum value throughout the sleb., This is shown rigorously
in the appendix.. Moreover, it is clear from the proof given in the
appendix that, the time taken for an isothermal slab to reach the con-
dition when the gradient is a maximum everywhere must be greater than
the time given by the equation

'7%’ = | 'y ‘f:?%&

Discussion

The results of the present analysis differ profoundly from the
results given by previous solutions to the problem., However the
present method is more acceptable both mathematically and physically,
since it does no% imply the usuel mathematical and physical contradic-
tions usually necessary to arrive at a solution,

It has usually been assumed that the solution is in the form of a
Fourier series; and consequently the assumption has also been made that

the depth 1 of the sleb corresponds to an interval of In the
present case, no such arbitrary assumption is necessary, and in fact
the depth is found to correspond to and the function need not even

be defined beyond this limit, For a Fourier series to apply, the
function must be defined over an interval of

In saddition, an infinite discontinuity is assumed to exist at the
boundery 1 in the usual solutiom. This discontinuity is implied by
the application of the initial and boundary conditionsj—

T =T ol +
GE (o) = enc

This makes it necessary to assume that 2 T is infinite while
2ty

X
2 T)x-/——@ is zero., A Fpurier series may represent a function only

when the function ocontains no infinite discontinuities,
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The initial and boundary conditions, in any case, contradict Newtons
equation defining the heat transfer co-efficient,; for

< (7??/{){ - ﬁCﬁ‘@)

£/ . L
dxcily YEY/

which shows that the second derivative is finite and equal to
times the gradient at the surface,

Finally, (Ref 1), to apply conditions involving both temperature
and gradient in the case of the diffusion equation causes the solution

to be overspecified.

Physically, it is reasonable to suppose that all materials, not
only fluids, possess the property that their heat transfer rate is
limited by their physical properties, If the slab in the present
problem was heated; not by the proximity of a hot fluid but by another
solid slab, i% is evident that the heating slab must have associated
with it a.property exactly similar to that ascribed to the fluid and
designated as the heat transfer co-efficient. And since it makes no
difference which slab is being heated and which cooled, as far as the
fundemental process of heat transfer is concermned both slabs must, in
fact, possess a "heat transfer co-efficient." In other words, the
process is controlled; not only by the rapidity with which one body
can give up heat dbut on the rapidity with which the other body can
accept and diffuse it, Thus, whether both bodies are solid, or one
solid and one fluid, the heat transfer process is controlled by the
thermal properties of both materials. The formula

M, = =€ =y
-

thus is universally true for solids being heated or cooled under the
conditions described above. This formula has far reaching implications
both in problems of heat conduction in solids and in boundary layer
problems,.

The classical Fourier series type of solution makes it necessary
to believe that, if one body has the ability to transfer heat at a
rate of sey the other body will accept is at
this rate; regardless of its ability to diffuse heat away from the
common surface., Such an idea is physically implausible,

The reason the present series gives a solution which begins only
at the time the temperature gradient has its maximum value is easy to
see physically,. This is the first moment at which Newton's equation.
may be assumed to hold, After time zero, both the temperature differ-
ence and the temperature gradient decrease in magnitude as expressed

in the equation _ Sr

However, before this time, the temperature gradient must increase
in magnitude, since it must begin at zero and reach some finite value,
but the temperature difference must still decrease, Therefore the
boundary condition for this phase of the operation must be more like

() -4



where h' is a parsmeter whose nature can only be determined by solving
the differential equation of heat diffusion,

Unfortunately, it is known that the diffusion equation cannot be
solved except for an open boundary, and in order to make the solution
up to the time our present soclution becomes valid, fit the initial
conditions, it would be necessary to close the boundary. This would
seem to indicate that the process which takes place up to the time of
maximum gradient throughout the slab, may not be a diffusive process
in the usual sense of the word at all,

Fortunately, enough information is derived from a consideration
of what happens after the maximum gradient has been reached, to give
useful engineering resultse.

Applications.

The above solution fundamentally changes present concepts of heat
transfer and heat conduction within a solid body. While it would be
necessary to carry out careful testing to evaluate the constant in
the series, it is possible, without this check to draw certain quante
itative and qualitative conclusionss-

(1) The heat transfer process from a fluid to a s0lid is controlled,
not by the thermal properties of the fluid alone but by the thermal
properties of the body with the lower thermal capabilities. The other
body adjusts itself to this state of affairs, In the c¢case of aerody-
nemic heating in general, for flight at Mach 2 in the tropopause; heat
transfer to metals is completely determined by the heat transfer
capabilities of the air, since all metals are capable of such high heat
diffusion rates thkat they can absord any heat the air is capable of
generating and transferring, In the case of insulators however; the
process is completely controlled by the insulator, and the heat transfer
rate may be as little es a few percent of what the classical solution
would indicate. In this case, even during a trensient heating condition,
the heat transfer co-efficient settles down to a constant value after a
period of increase which depends on the thermal propertles of the insula-
tor only. Since the temperature gradient at the surface is inextricably
bound up with the velocity gradient, it follows that the velocity grad-
ient at the surface must be less than previously estimated, and hence
the skln friction reduced, in the case of an 1nsu1atoro '

(2) There is a characteristic maximum heat transfer co-efficient
for all materials when insulated which depends only on the conductivity
and geometry, Thus the maximum temperature gradient may be calculated
without calculating the complete temperature history, from a 51mple
universal formule,

(3) A "thermal efficiency" may be defined for any material, in
terms of the time taken for the material to heat up to a condition
where it is able to absorb heat at its maximum rate. For insulators
this is so low that the time it takes to reach this condition may be
‘hundreds of times the time necessary in the case of good metallic cone
ductors,. From the table it is apparent that one of the best insulators
is hard rubber of the neoprene type used for de-icing boots. Its ther-
mal lag is the highest of any material listed, not a desirable property
for de=icing boots,
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