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JNTRO ID CTI ON 

This report gives the details ot a method tor 

determining the longitudinal aerodynamic deriTatives 

from analysis ot longitudinal flight oscillations. 

The method may be adopted to a digital computer 

programme. 

It is assumed that the reader is fully converstant 

with time vector analysis ot oscillatory flight which 

is described in references 2 end 3. 
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INTBOOOCTIC.N T~> DPIT.l\L Af!ALYSIS Of CSCillA'T'ORY FLIGHT 'Lr.SIS 

From the method of vector analysis described in references 
l and 2 it is known t hat if the modulus and p}a.se relationships 
of t he i.~reroent.al variables a re known together "'1. th the da!!:ping 
and f requfficy of t he oscillation , t he Clain derivatives governing 
the characteristics of a short. period oscillation 111ay be deterc:ined. 

Until the present time all t his infort!\ation has come fro~ the 
measurement of the t i ming and sh rinkage or penk values on recorded 
traces . However this procedure sufrers from a number of disadvan­
tages; 

1 . .Peak values only a re utilised 

2. Peak values are obtained by visual interpolation . 

J , - A11 1.nsuffici ent number of peaks durini:; zero change 
1.n equilibrium speed. 

4 . l:.xt.ensive !!Ian hou rs required for con sci entious 
measureJ!lent . 

These disadvant ages hav e been eliminated by a digital computer 
best fit cutve process which digests every point fro~ which a sin­
usoidal trace would be formed. 

The process i s applied to each inc rement al variable yielding 
acc·.1rately the req..1i red relationships . 

f roi:: the above it may be gathered that the di~ital co~'f'lter 
bes t fit curve process l"!akes possi ble a more accurate time vector 
ana lysis . Howeve r from experience of the methOd o.f time vector 
analysis of Free Flight Model result s , this is not considered 
desi rable mainly becau se of the extensive m&n-hours required to 
operate t he method ard because an altemati ve ir.ethod outlined 
below roay be sai.d to have very l argely eli.aiinated hl.ll!Lan error. 

In t he t i.me vector method t he complex rel a t ionships of the 
incremental variables are e xpressed in pol• r form ; however the 
alternative 1.s t o express these complex rel at ionships in Cartesian 
co-ordinate form. Hence each eq~ation of motion may be split into 
a real and an imaginary domain and the sol•.ition will yield two 
'unknown' val ues o.f aerodyna.~1c derivatives . This is analosous t o 
the tine vect or analysis i ho-..ever the L"'lportant poi nt is that t he 
l inearised equat ions of motion although expressed in cor.ipl& f onr.. 
have been retained in digital notation which ~ be manipulated by 
a dieital cO!'lpu ter. 
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This makes possibl e a C '.):~r re hens ivle cl i ,'.i tal c 0m10u t e r pr otira:nme . 
The input is edited digitalised fli ght r ecorCing on tape and the 
output is eval ua t ed ae rodyna mic d e r ivative s. 

Visual c or1'."' r eh<0nsion o f thP dyna:ni c ."1oti on i s t he main ad van ­
t ac;e of the time vecto r diagra ms . This may be retained by d r awing 
out t he soluti on s of t he co<rUt Er rrosramme in time v ector di 2 i:; r am 
form f or selected fli ~ht cases. 

All the main and auxi l l ia!",\' enuations of motion solved by the 
computer p r ogramme are c i ven i n this r e:-ort. Howeve r all the 
details of t he digital comrutine: rrocra-r1e are c;iven in ref. 
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Note on notation 

111 eymbole used in this report are those in 

current use in A.vro for a body axes system 

unleee designated otherwise in the t ext. The Avro 

notation which in the main i a that accepted by 

R. A. C. !. ie found in reference 1. This 

reference also contain& the derivation of the linear 

equations o! motion which form the basis of thie 

report. 
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EVALUATION OF LONGITUO:::NAL DERIV,<TIVF,.5 FROM 

FLIGHT OSCIIJ...ATIONS 

Those derivatives which are virtually independent of incre­
mental epeed and height changes during short period oscillations 
are solved by the simultaneous solution of the normal force and 
pitching equations. This is made possible by the measured inter­
relationship of the normal acceleration, incidence and pitch 
variables together with the frequency and damping of the short 
period oscillation. 

The solution will yield ~ , Czq , (Czq + Czq) and 
(Cine:< + Cmq) • 

However initially the recordings of the C( vane will not be 
accepted until confidence is felt -in the corrections to be 
applied to phase and amplitude of the recordings. Consequently 
an assumotion which is described in the appropriate section 
concerning the inter-relationship of t he incidence and pitch 
variables is made. This assumption eliminates the experimental 
determination of (Cz({ + Czq)• 

In order to find additional longitudinal derivatives with 
respect to speed an attempt to analyse the phugoid oscillation 
must be made and incremental speed must be taken into account. 
Following the principles of the analysis of the short period 
oscillation, tentatively one would attempt to detect incremental 
speed through the medium of the longitudinal accelerometer and 
its relationship to the pitch and normal acceleration variables 
during the long period oscillation. 

However wtl.ike the short period oscillation analysis where 
several cycles may be exainined, the phugoid is wtl.ikely to 
complete one cycle, since the period in many cases is of the 
order two l11inutes, before being subjected to a random disturbance 
such as a gust or cross-coupling effect due to aileron control. 
This disturbance will prevent satisfactory determination of the 
inter-relationship of the longitudinal variables. 

In addition to the major consideration above the procure­
ment of a satisfactory longitudinal accelerometer is problematical. 
Incremental flight path in radians approximately equals incre­
mental normal acceleration. Consequently the maximum value of 
incremental normal acceleration would be less than O.l 'g'. 
The accelerometer would be required not to sense higher frequency 
accelerations of the same order, 
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Consequently it appears that the principle of accurately 
measuring the inter-relationships of the longitudinal variab­
les and substituting these values into the equations of 
motion to yield the values of aerodynamic derivatives is not 
possible. 

Inclusion of height effects presents a further obstacle 
in that accurate measurement of heigh variation together 
with accurate phasing is thought to be unobtainable. 

Alternatiye !1ethcxi 

If the frequency and damping of the phugoid can be 
satisfactorily measured and the values of the derivatives 

"' 

found from the short pericxi oscillation are substituted into 
the equations of motion together with the theoretical estimates 

b . /6 

of lesser important derivatives the inclusion of which is assessed 
as improving the accuracy of the solution, experimental determin­
ation of the speed derivatives is possible. 

It is anticipated that measurement of the phugoid damping 
will be within large tolerances. The consequence of this is that 
determination of Cx/ M is unreliable. However if the frequency 
of the phugoid is measured accurately 6 Cz /'Cl M and o CM/~M values 
will be reliable. 

A series of checks utilising Free Flight Mcxiel data yielded 
the following results. Varying height effects were included • 

.,, error in measuring 
amplitude ratio over 
one period oCxp;M oCz/~M ~CM/~M 

-58.7 -.0274 .0969 .0249 
-51.26 -.0106 .0979 .0249 
-15.28 +.0195 .0996 .0249 

0 +.0250 .0999 .0249 
+72.95 +.OJ82 .1006 .0249 
+107.9 +.0412 .1008 .0249 
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Height r:c.t:.,ct In The Phugoi d 

For accurate d etermination of the additional derivatives 
which have a significant bea ring on the characteristics of 
the phugoi d oscillation, the effects of incremental height 
and speed ch;mges durini; the long period oscillation s hould 
be simult:meo.isly i ntroduced. A kinematic relation equation 
has to be introduced equa ting incremental n to the other 
vari.<ibles . 

The solution of the equa t i ons of ~otion now involves a 
statilitj· qui.."lt.ic the roots of which are the sr.ort period 
comple:>t pairs together with ;,. real root which physicolly idll 
be :"t!c~cnised as a slow convereence o:r d ivergence in height 
relativ~ to c~uilib:rium heig~t . 

If tf.e following derivatives with respect to heiGht a!'e 
calcJlated a~.d substituted into the eq·.iations of motion the 
resultant detc!'?'.ir,..tion of the speed deriv~tives will be more 
accuro.te. 

Cxf. ~ Cx .aH 'of' 
~ ~ ~ 

,.. - o Cz • 0 11 °4T ~Zh 

'dM ~ -on 
Cmfi ~Cm • "OH 

dM ~ fi 

$! 

Cl AT [ 

n..+ . . 1Q5.7 
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Let Z be the c011plex relation between any incremental 
variable and incremental C( • 

q • Zq .. I q I . I ex: I ~ .. ~ + 1y q 
1cr1 

where 1.1._ is the phase lead or q on C( 

and , .. I q I . I C( I cos Ls_ Y q 

rar 
q • Aq • ZM .. '~&i I . I o:I I Aq • x>.q + iy>-q 

where is the phase lead of q on CX: 

and X)>q = 

"· II'. + iw 

Aq = z '>-'l- = (I + i~(Xq + iyq) . 
jqlJ >-1. /C( I Cos lh (Kxq -<.lYq) . . x>.q = = = xq -m 

Y>,q = '1!1 Lla:I S1nj).q = (Kyq -+t.ixq) = y~ 

~ = /\q . 
= /.-q q 

0 ATE 

C'\.t.. 1Q'\7 

OA T E 
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SHORT PERIOD OSCIL!ATION 

Inst:ru.ment phasing errors are such that certain 
justified assumptions must be made to replace unob­
tainable accuracy in measurement, 

The nonnal acceleration equation is used for 
obtaining 1.1.. Unfortunately it calls for unobtainable 
accuracy to avoid the assumption that normal accelera­
tion is other than in phase with c:( • 

This assumption having been made, the equations 
are now framed so that Cz(( + czq~O sincelO'.l~lql 
and the phase lead is small, Should confirmed phase 
measurement between normal acceleration and c:( arise 
this additional fact may be used to determine (Cz(( + 
Czq ), 

In order to avoid error in the recordings of the 
pitch functions the followin£ assumptions are made. 

( 1k1) I e I = ~ I"- llE\I + l~t I + I >._ I 
1q1 = -~-c >-1at1+1~l1 + :~) 
I <l I = ill Q}.. ll0tl + lh I + LhJ) 

~ l~I 

Notes on the analysis of the longitudinal short 
period oscillation are given on the followinp, paf,e. 
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There are two alternative values of I ct I which n:.ay be 

accepted viz l'>--l!C(tl or lq I 

be assooed that I~ J = I q I 

• However initially it will 

is more reliiible then I A II o<tJ 

The justification for the assumpt ion I i:J. I = I q I is 

given in P/Stab/140. 

11 

For the pw-poaes of finding GL t 

Zn cos Ct = + Z + Z,._, oos C( + 
~ ~ N ~ 1 

Zq is tre~te~ entirely as an ur.knovn. 

z0( q
1 

sin G
1 

+ ZQ ! sin@cos ,el
1 

~ 
Z4 :: + ZN sec. 0(

1 
+ ztX+ ZC( \ 'hn C(

1 
+ z

9 
~ sin@coa ¢

1 
aec 0(

1 
V1 

For Zg use should be made of the best average result from the 

follO\iing relationships . 

T~ese functions may now be used in the 0 Z and pitching equations. 

0 ATE 
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LONGITUDINAL SHCRT PERI([) OSCILLATION 

EQUATIONS 

The following OZ and Pitching Moment equations 

are considered to adequately determine the 

characteristics of the longitudual short 

period oscillation. 
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The 0 Z Equation 

- Czq Q - C( Cz~ - q Czq 
. 

+ 0( cos C{l 2..,.. 41-'-· --
~' 

- ll!L.L .o T ex ... ex q sin ex 
m vl Tex 1 1 

- q cos Q -t- l;l g sin @ cos ~ = 0 
l 

vl 
1 

Written in complex form the equations becomes : 

(a .,. b .,. c ) .,. ( d + e ) Z. + ( f * g ) Z + h Z = 0 
0( q 9 

Solve for a and d.. ~11 other coefficients ftre known, 

a = -

Check that C
2 

+ Cz ~ o ·a. q 

e : T COS 0( 
1 

f = - c zq 

4)-J-r 
- cos 0:1 g = 

h = ~ sin @cos ~l 
vl 

OATE 

DATE 
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Pitching Moment Equation 

ex - 'C( c!!l "!! 
2 

Cn ~ 2 - c - q 
mo( Q q 

~ 4 K2y'1' 4 K'\ I' 

- !! .~T d.. ... q = 0 
Iy -CIC( 

Written in complex form t~e Pquation bPcornes 

( j + k ) ... '\. z -t- m~ + Z· <i 9-
= 0 

Solve for j and 1. All other coefficients are known 

j = - c 2 
l = - c c 

~ m(X 
Y. 2 .,. 

4 y 

I< = - e dT m = - c - 2 

r; ~ rr. c 
a 

') 

4 K~y '-< 

I 
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LlH&AJUSED LONGlroDINAL ESJll.TIOOS TO INCLUDE PKIDOID EF!'ECTS 

'lbe tollow1ng eqUAtione include ....arying be1ght 

Md •peed tenaa in order to adequataly coT&!" t he 

ebarecter1et1ct ot t.~• pi;.ugoid. 
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- v M 
dCx - v C x1 - o( Cxoc - ~ ¥M -;:r 2.,.. 

2 "'? 
- q ~ - Cxh h - Cx

1 
.M:.-. h . 

9-4• 21' ~ dh 

- cos i dT . h -~ OT . v 
m v1 - dV

1 oh m 

. 
+ v cos ex - (( sin exl + v. sin CXq+CX 

1 1 1 

+ q sin d.. + 9 g cos ~ 
1 

cos ® 
1 -

\ 

All angles expressed ln radians 
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Cxc( 

4r1 

- cos i . 
%-&-·ex 

m vl 

ql cos cx1 

= 0 

v ( • + b ).., ) + ex ( c + d ).._) + 9 ( e + f)...) + h {g) = 0 
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- V q 0011 <( + sin d v + C( q sin Ci 

1 1 ""'1 1 l 

~ oo• <\ + e I. sin@ cos ¢
1 v1 

x"' \. 
(, 

1 111 +ft if 

All. ancles uprused 1n radians. 
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o~ 
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-v (J+\k)+C((1+a'>..) +e (n+p\) +h(v=o 
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Pitching Moment 11.:guation 

- ~Cm C( 
-"( f\ 

-2 Cmh h 2 
~ ~ - q c111 ~c - -hr-4 K -1 Ii,. 2 ~ fi /1K'f 

- e ~T • vl • v - e ~T~- e -+-& ·C(+q • 0 r.('"~1 1Y ~ fi ~ 
. 

e • + 1.06 for &11 above datum. C.G 

All angles expressed in radiaus. 

v ( r ) +a ( s +N; ) + e ( >.u + }..2 ) + h (w) :I 0 
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Incremer:t•l h 

From P/Stab,/132 SheP.t 12.5 

Linearisinr, the equation of h and allo~ing all products of 

incremental vari ables to vanish and putting cos 8 = l, 

sin 8 = 8 , Also extr acting h1 /3 = 1:1 = 0 1s assw:ted. 

- 0.. v 1 [sin C(1 sin@cosf->t + cos <X 1 cos@cos tl
1
J 

DATE 

-­c 

{cos a: 1 cos@cos ~ 1 + s in@sin ({
1 

cos ~ 
1 

..- sin~ 1 !~n ¢1 sin @} 

!. 

- h = 0 

.:. 
h ~ f 

c 

V X + C( Y T ij 2 T '>.h : 0 
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CO.Ul.NG OF ilRODlNllMIC DERIVATI V~ 

a • •1-Ta2+ a ~ a 
3 4 

•1,. _in~~/~ M 

a : 
2 - Cxl /1 

•3" - coa i."\T/t>V1 
m 

84• +sin C( 1 • ql 

tis + COii ~ 

01· - c~ I 2i 

or - COii 1 • T /o <X 

11 Vl 

dl"' - Cx.C( 

4]J-, 

d2· .. llin ql 

• • + g cos13 1 cos@/ v1 

-
g 2 s - cx)!;r /"'& h 

2 --( f' 

g3 : - COB i.O T /oh 

m v
1 

- :ancz /'l> 11 
2 ;> 

j:3• -111ni."dT/oV1 
m 

II: : +- sin ex l 

10 

0 ATE 
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v (a + b )._ ) + C((c + d>..) + Q ( e + f >--) + h - (g) = 0 

v (j + ).. k) C( n + m)..) + Q ( n + p)\) + h - (q) 0 + = 

v ( r ) + C( (s+t)..) + Q c>-.u+)\2 ) + fi (w) = 0 

v (x ) T C( (y) + Q ( z) + h- ( >.. ) = 0 

The determinant of the coefficients in brackets = 0 

and the solution of the above is reduced to 

A ')._5 + a).. 4 + c)., 3 + D 1' 2 + E1' + F = 0 
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A = b m - k d 

B = u b m +am + b 1 - p b t - k c - j d -ukd+k.tf 

= a m 

- j d 

+ l_u b m + b 1 - p b t - k c - u k d +kt~ 
Bl = m ; B2 = - d 

.~ = a B l + j B 2 T B 3 
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C = + u a m + u b 1 + a 1 - p a t - p s b - n b t - b y q 

- j c - u j d - u k c + k s f + j t f + k t e 

+ k y g + "f"d p - r m f + x d q - x m g 

c = a u m + a 1 - • p t 

- j c - j u d + j t f 

+ -rd p - rmf 

+ u b 1 - p 8 b - n b t - b y q - u k c + k s f + k t e 

+ k ~ g + x d q - x m g 

let ( u m + 1 - p t ) = c, ; ( - c - u d + t f) = c2; (dp - mf) 

= C3 

let ( + u b 1 - p s b - n b t -byq - u k c + k s f 

+ k t e + k y g + x d q - x m g) = C4 

•• c = + j TC 3 + c 4 
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- a y q - b y q u - u j c + z w k d - z g k t + j s f 

+ j t e 

+ k s e - w f k y + g j y + k y g u + r c p + r d n - r 1 f 

-l'!me -xdwp -+-xcq +xdqu -xlg -xmgu 

+ x m w f - x t q f + x t g p 

D = a ( u 1 - n t - p s - y q )---------------------------a D 1 

+ j ( - u c + s f + t e + g y)-------------------------j D 2 

+ r ( + c p + d n - 1 f - m e )---------------------------r D 3 

( - z w b m + z q b t - n s b + b y w p - b y q u + z w k d - z g kt 

+ k s e - w f k y + k y g u - x d w p + x c q + x d q u 

- x 1 g - x m g u + x m w f - x t q f + x t g p )--------- D 4 

• • D = • n, + j D 2 + r D 3 + D 4 
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Further Simplifying let: 
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The assumption is made that the damping and frequency of the 
short period oscillation and the frequency of the phugoid are 
known accurately; also that the damping of the phugoid is known 
within large percentage tolerances a~nce the convergence or 
divergence of the phugoid oscillation is small and difficult to 
measure. 
The equation of the imaginary components of the phugoid is chosen 
since this minimizes the importance of the damping factor K of 
the phugoid oscillation when determinin~ "'dCy-aM , "dC::;:/'dM 
Let primed values be relevant to the roryts of the short period 
oscillation and let the unprimed values be relevant to the 
oscillatory roots of the phugoid. 

a R' t J s• + r T' -r P ' = o 

a u• + j v• + r W' t Q' : 0 

aU+jV .;-r.W t-'t~o 

The above equations yield that: 

r= (S' u• - v• ) (Q. P.: - Q' ) - lP' u• - Q' ) (V .!!_' - V') 
iF u 'R• u 

(s• u• - v• ) (W .!!' - w• ) - ( T' u• - w• ) (V Q' - v• l R'• u 'R• u 

J ~ Q' - pt u• - T (T' u• - w• l 
'R• 'R• 

~· u• - V' 
R'• 

• = -..!( J v+ ~ l+'l,) 
u 



)Md( REPORT No 
• 

.a .. 
A V llO Al llCRAF T LIM/TEO 

MA L TO"" ONT AJll O SHEET N o ·n 
71 /<>.t h /f.. 

TECHNICAL DEPARTMENT 
PREPARED BY DATE 

AIRCRAFT 

"' u _T .n.n \, .. t''IHll nrt. lQ<;? 
CHECKED B Y DATE 

d Cx : 2-T { (a2 + a3 + a4) - a} 
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d Cz - 2--( { j2 + j3 • j4 - j } 
~ - M 

d Cm : i'2fl { (r2 + r3) - r} ~ rr 
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Conclua1ou 

1. Cmq , CzO( , lCi!!.(x + Cmq j can be deterDlined accurately from 

flight analysis or ehort period longitudinal oscillations. lf 

phase relationship between normal acceleration and incidence 

DATE 
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DATE 

can be measured very accurately then (~ 'Q + t.;zq) may be determined. 

2. ~ C~M, "dc,-(M can be determined it' the frequency and damping 

of the phugoid ie measured simaltaneouely with the requieite 

Dl&aeurements for the analyeie of the ehort period oscillatio?. 

It is aseumed that the phugoid period may be measured accurately 

and the dampit1g can only be meaeured within large tolerencee. 

3. .Introduction of height derivatives will improve the accuracy of 

the evaluation of a t.;0M, )~K. At tre.neonic and supereonic 

speede thie is known to be more essential. 

4. Thie diecussed digital computer programmee will greatly reduce the 

time to evaluate derivativee and largely eliminate human error. 

5. Thie discussion in thie report ie releVhnt only t o the aircraft in 

the pitch damper disengaged condition. 


