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NTRODUCTION

This report gives the details of a method for
determining the longitudinal aerodynamic derivatives

from analysis of longitudinal flight oscillations.

The method may be adopted to & digital computer

programme,

It is assumed that the reader is fully converstant
with time vector analysis of oscillatory flight which

is described in references 2 end 3.
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INTRODOCTICN TO DICIT SIS OF CSC FLIGHT TF

From the method of vector analysis described in references
i, and 2, it is known that if the modulus and phase relationships
of the incremental variables are known together with the damping
and frequency of the oscillatiocn, the main derivatives governing
the characteristics of a short period oscillation may be determined,

Until the present time all this information has come from the
measurement of the timing and shrinkage of peak values on recorded
traces. However this procedure suffers from a number of disadvan-
tages:

1. =~ Peak values only are utilised
2. - Peak values are obtained by visual interpolation,

3+ = An insufficient number of peaks during zerc change
in equilibrium speed.

L, - Extensive man hours required for conscientious
measurement.

These disadvantages have been eliminated by a digital compiter
best fit curve process which digests every point from which a sin-
usoidzl trace would be formed,

The process is applied to each incremental variable ¥ielding
accurately the reguired relaticnships,

From the above it may be gathered that the digital computer
best fit curve process makes pessible a more accurate time vector
analysis. However from experience of the method of time vector
analysis of Free Flight Model results, this is not considersed
desirable mainly because of the extensive man<hours reguired to
operate the method and because an altemative method cutlined
below may be sald to have very largely eliminated human srror.

In the time vector method the complex relationships of the
incremental variables are expressed 4n polar form; however the
altermative is to express these complex relationships in Cartesian
co-ordinate form. Hence each egiation of motion may be asplit inte
a real and an imaginary domain and the solution will yield two
'unimown® values of azerodynamic derivatives, This is analogous to
the tire vector analysis; however the important point is that the
linearised eguations of motion although expressed in complex form

have been retained in digital notation which may be manipulated by
a digital computer.
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This makes possible a comrrehensive diitsl computer programme.
The input is edited digitalised flight recording on tape and the
output is evaluated aerodynamic derivatives.

Visual comrrehension of the dynamic ~moticn is the main zdvan-
tape of the time vector diacrams. This may be rrtained by drawing
out the solutions of the comruter rrogramme in time vector disgram
form for selected fli~ht cases.

All the main and auxilliary enuations of motion solved by the
computer programme are riven in this rerort. However all the
details of the digital computing rrogranne are given in ref.




71/STAB/6

3 ) AEPORT No
m ALRG AIRCRAPT ELIMITFL

MaL O Dwtam O | SHELT No 4

TECHNICAL DEPARTMENT

e PmErPaBgs =Y DATE
| | M,V. Jenkins | oot, 1937,
cHEC®ED B~ | DaTE

Fuw R

R ne

1, Dynamic Equations Rslative to Body Axes

P/Stab./132 M. V, Jenkins

2. Time Vector Analysis of Fras Flight Model Lataral Rsaults
P/5tab./135 M. V. Jenkins '

3. Time Vector Analysis of Free Flicht 'lodel Lonpitidaal Rasults
P/Stab./14G M. V, Jen¥rins |

4, Computing Depec-tment Rsport No. A.27 !

J. Shoosaith



71/STAB/6

REPORT NoO

m AVRO A/IRCRAFT LIMITED

MALTON - ONTARIO SHEET No 5

TECHNICAL DEPARTMENT
PREPARED BY DATE
AIRCRAFT:
M.V, Jenkins Oct. 1957,
CHECKED BY DATE

All symbols used in this report are those in

current use in Avro for a body axes system

unless designated otherwise in the text., The Avro
notation which in the main is that accepted by

N. A, C. A, is found in reference 1, This
reference also contains the derivation of the linear
equations of motion which form the basis of this

report,

1319 A
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IGHT OSCI

Those derivatives which are virtually independent of incre-
mental speed and height changes during short period oscillations
are solved by the simultaneous solution of the normal force and
pitching equations. This is made possible by the measured inter-
relationship of the normal acceleration, incidence and pitch
variables together with the frequency and damping of the short

period oscillation.

The solution will yield Cmy , Czq , (Czg + Czq) and

(Cmg *+ Camg)-

However initially the recordings of the (! vane will not be
accepted until confidence is felt-in the corrections to be
applied to phase and amplitude of the recordings. Consequently
an assumvtion which is described in the appropriate section
concerning the inter-relationship of the incidence and pitch
variables is made. This assumption eliminates the experimental

determination of (Cza + Czq).

In order to find additional longitudinal derivatives with
respect to speed an attempt to analyse the phugoid oscillation
must be made and incremental speed must be taken into account.
Following the principles of the analysis of the short period
oscillation, tentatively one would attempt to detect incremental
speed through the medium of the longitudinal accelerometer and
its relationship to the pitch and normal acceleration variables

during the long period oscillation.

However unlike the short period oscillation analysis where
several cycles may be examined, the phugoid is unlikely to
complete one cycle, since the period in many cases is of the
order two minutes, before being subjected to a random disturbance
such as a gust or cross-coupling effect due to aileron control.
This disturbance will prevent satisfactory determination of the
inter-relationship of the longitudinal variables.

In addition to the major consideration above the procure-
ment of a satisfactory longitudinal accelerometer is problematical.
Incremental flight path in radians approximately equals incre-
mental normal acceleration. Consequently the maximum value of
incremental normal acceleration would be less than 0.1 'g'.

The accelerometer would be required not to sense higher frequency

accelerations of the same order,
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Consequently it appears that the principle of accurately
measuring the inter-relationships of the longitudinal variab-
les and substituting these values into the equations of
motion to yileld the values of aerodynamic derivatives is not
possible,

Inclusion of height effects presents a further obstacle
in that accurate measurement of heigh variation together
with accurate phasing is thought to be unobtainable.

ati ethod

If the frequency and damping of the phugoid can be
satisfactorily measured and the values of the derivatives
found from the short period oscillation are substituted into
the equations of motion together with the theoretical estimates
of lesser important derivatives the inclusion of which is assessed
as improving the accuracy of the solution, experimental determin-
ation of the speed derivatives is possible.

It is anticipated that measurement of the phugoid damping
will be within large tolerances. The consequence of this is that
determination of Cx/ M is unreliable. However if the frequency
of the phugoid is measured accurately BCz/BM and bCM/aM values
will be reliable.

A series of checks utilising Free Flight Model data yielded
the following results. Varying height effects were included.

4 error in measuring
amplitude ratio over

one period }Cx/aM 2Cz/ M BCM/3M
-5847 - 0274 .0969 20249
-51.26 -.0106 0979 .0249
-15.28 +.0195 .0996 . 0249
0 +.0250 .0999 L0249
+72.95 +.0382 .1006 . 0249

+107.9 +.0412 .1008 .0249
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In The Ph

For aceurate determination of the additional derivatives
which have a significant bearing on the characteristics of
the phugeld oseillation, the effects of incremental height
and speec changes during the long peried oscillation should
be simultaneoisly intreduced. A kinematie relation equation
has t¢ be intreduced equating ineremental B to the other
variables.

The solution of the equations of motion now involves a
statility quintie the roots of which are the short period
complex pairs together with a real root which physiecslly will
be :ecopnised as 2 slow convergence or divergence in height
relative to egullibrium height.

If the following derivatives with respect to height are
caleslated znd substituted into ihe egiations of meotion the
resultant determination of the speed derivitives will be more
accurate.

Cx= = 20y .3 M B3P
B R SE
Cuf = 20, .B3H 2T
2 M 2 h 20

CmE o E cm .BM

os
=
af
=1l
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HOTATION

Let Z be the complex relation between any incremental
variable and incremental ( .

EXAMPLES
a = Zg = ] [X]|[a = % * W,
1|
where |q 1s the phase lead of q on (

ad xg = |a|.|d| cos|q vq = laflalsin|q
4l laf

a = }\q = qu = ﬁ"qllql )\q = XM + iqu

where l\q is the phase lead of q on

and Xg = ll\IJHJ 'd' cos'ﬁ Frg = %“dlﬁnm

)\8 E + 1w
= (E+1)(xg + i5g)
. Xy lqll)\|_|d|Cosllg

TaT
q |)\c([|q |lal Si_nm
q =X

(Kxq -ayq) =

|
3'.

o
>
1

(kyq oxg) = 3q
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ORT PERIOD OSCILLATION

Instrument phasing errors are such that certain
justified assumptions must be made to replace unob-
tainable accuracy in measurement.

The normal acceleration equation is used for
obtaining |%.. Unfortunately it calls for unobtainable
accuracy to avoid the assumption that normal accelera-
tion is other than in phase with O( .

This assumption having been made, the equations
are now framed so that Czg + 0z &0 since |&( |2 1ql

and the phase lead is small., Should confirmed phase
measurement between normal acceleration and O arise
this additional fact may be used to determine (C’/_‘(X +
Cz. Ve

q

In order to avoid error in the recordings of the
pitch functions the following assumptions are made.

6l = ——;—-leuquc;tH P;—l'
lal = —L— (Xl +lgl 4 iL,)
FIIEIN( (xlletl+|$|+' 3

Notes on the analysis of the longitudinal short
period oscillation are given on the following page.
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There are two alternative values of |5(| which ray be

accepted viz |>\Hqt| or |q . However Initially 1t will

be assumed that lal = lq! 13 more reliable than | A “O(tl

The justification for the assumption '(:'(l = lql ia

given in P/Stab/140.

For the purposes of finding |i' Zq is treated entirely as an urknown,
i + Z, oos + 2 i + 2 g

B 08 Uy T % N (11 g % sin(cos £

72 =+ z .+

A  98C. 0{11- ZD( ZC( 9 Tan c(1+ ze 4 sin@coa ﬁl aec O(l

v
1
For Zg use should be made of the best average resuit from the

following relationships.

zgt: zqt = zat Zy = EE(X
A N2

i

+
Xq, x, sec C(l - xd-r xo( 4, tan O(1+ e ‘%1 sin@cos ﬁl seo dl

rq =t yy seo 0{l+ }'é(-t- Vg9 tan {Il + ¥, € gin(®)cos ,‘.’51 sec 4,

<

]
-1 v
= - 8 = - o=
ll tan ;f l__ b % Ep j&_ lq + 2 +€Ep
Hence ZC( s 3&, 2g Zq and Z§ have now become knowne.

These functions mey now be used in the 0 Z and pitching equations,
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LONGITUDINAL SHORT PERIOD OSCILLAT ION

EQUAT IONS

The following OZ and Pitching Moment equations
are considered to sdequately determine the
characteristics of the longitudual short

’ period oscillation,

FORM 13194
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The 0 Z Equation

-ﬂ d-b( C_zﬁ_ -quq +€;( cos (
27 A/"' bpty '

- sin i .LOT . d~+ g sinCX1

mV1 ?d o 1

-qcos(‘(1+9

{Jusd

sin ® cos ¢1 =0

¥

Written in complex form the equations becomes:
(arb+rec)r(d+e)2.+(f*g)2 +hz =0
o( a 6

Solve for a and Cl All other coefficients are known.

«
N

s = =

o} e = + cos O

27
b=+ ql sin(ﬁ F = 'Czq
c=-sini.3T -'--1;{:;.0(

m Vl d O £ 1
d=- Czi h=Esin®cos¢l

M N1

Check that C + C, &= o0
Z.q Zq
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Pitching Moment Eguation

. 2
= c - Cp, = - C, 2
of L md q " b+

1% 4 Koy Y 4 XS Y
-8 2T. *4 =0
Iy

Written in complex form the equation becomes

+ * * + Zs = i)
(3+%x) IZC.( MZ(} 3

Solve for j and 1. All other coefficlents are known

. 2
J"Cm;; 1=-Cy. ©
" szy"l'
k== . 3T m=-Cm32
I, ? q
i)
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LINEARISED LONGCITUDINAL EQUATICRS 70 INCLUDE PHUGOID EFFECTS

The following squations include verying height

and speed terms in order to adsquetsly cover the

cherecteristice of the pougoid.

oA
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6 X Equation

= ACx .7 C - 0o Cx - coxg
-V M v Xy O‘ o
SM e 27 Lf‘
Flhain 0
-q Cx - Cxg h - Cxl o _Bﬁ R
—a_ =
by, 27 T2P 2h

.
>

- cosi DT . - cos i_BT,V-cosi.BT,G(
mVl 2n m aVl mVl SE—

- -' +€4 i +
+V cos O(:L q sin C(l an(lq1 o q, cos CIl

+qsind1+9 cos/slcos® =0

g
v
1

All angles expressed in radians

V (a+bX) +  (c+dX)+8 (e+fXN)+h(g) =0
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-;H_&-\-’iﬁl-cf« .C(-C'IQLC:)L-q Cs
& = 5% S~
- BCmy - Cs T B
_’1}_— . 9T n
g 2P 2n ®*V1 ¥n
-gind d7 X

- a
- +
Vqloosdl+sintt(1v (10.1315(&

-q cos C& + 9% sin(@) cos ¢1 =0 g xi¢
1 .

X~

1.

L
i is + ve if

All angles expressed in radians.

v (J+\k)+«(l+.>\) + 0 (n+p\) +l:(q)=0
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Pitching Moment ®quation

-Tu 3B LF cn g2 %o« -4 c g =
;—w MY %R o
R Y
-2 - 2
-qC ¢ - Cmph -y 2P Cm
4 K FrZ 2F ¥ F MKy

e = + 1,06

All angles expressed in radiaus.

for 8" above datum.CG

T (r) 4 (s+X) +© Nu+X) ¢85 (w
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Incremental K
From P/Stab,/132 Shest 12.5

Linesrising the equation of h and allowing all products of
incremental variables to vanish and puttiing cos & = 1,

sin 8 = €, Also extracting h F= P = 0 1a assumed,

1
*V ¥y |cos 0:1 sin@cos 1 = sin C(l coa@)cos ﬁl —sin/31 ain ﬂl cos @
%
- C(Vl {sin C(l sin@cos/:bl + cos C(l cos@cos ﬁl}
c

—g—
[+]

-3
L
Gl
e

It
o

Vx+0Oy+8z~+ >\h=0

tey {cos C(lcos®casf3 3. ¥ sin(@)sin ({1 cos ﬁlf sin/bl 9in ¢l sinf®}
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COVING OF AERODYNAMIC DERIVATIVES

as= Ql‘\' az'l" a3+ 34

i:-lhcélll
1 2
a2= -Cxl ke t

8z - cos 1DT/27)
Y

8, +8in 01 .qp

b= + cos 0y

cs clﬁ- 02+ Cs

o= - Cxg / 2%

Gz‘ - co8 i ‘T/bq

Coq= +4; cos O

ad=4 +a,

- GI.'
o
ryTS

da' - 8in dl

e= 4+ g eoapl cos@/ v

f =

34+

fi1+¢
17 %

_Cxq/?“

+!1nq1

=8 + 821- &5

- oxg / 2

- CxPP/B
27p

- cos 1.'3’1‘/31—1

mVl

S PR
- M230z /2 M
2

- Czl Vas

- 8in 1, 3T /37y

= 9 cos (11

k=+sinq1
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CODING OF AERODYNAMIC DERIVATIVES

1=, +11 +]3

—
"
]

Czg / 27

I -sin1.27/> g
mvl

L=+ 9 stn g,

m= m+ m,

m3 < Cz .,
1 zx‘/y‘l

Bo= + cos Q

n=4 g sin@®. cos §;
V1

P= Pl‘f' pz

pl; - CZq / 4/‘\
Pa-' - CcO8 ql

= q’l"‘ q2+ qs

4= =%z /2

‘lzs - Czl}[s /3hb
27p

Q= - 8in 1 T />
m Vv

1

= 1'1# X‘z*r

3

l‘ln -H)sz)u
YR
2
Tg= = Omy V)
X2
P ¥

Tgz -Vlo)'l‘/)vl
Iy

8= 8 + 8,
81= = Cmd/'fiﬁ

sz= —B-BT‘bg
Iy
2
tz =Cms ., ¢

Eroma
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x

= + ¥

E.: {cos ({1 uin@coe{!ol-sin O(l cos @cos ﬂl
- sin /3 ) oin ﬂl cos @}
=3 {ain C(lain @ cos/3 N Cil cos ® . cos dl}

=+ ¥
1 cos CI(1 cos ®cosﬁl+ s in(@)atn L cos £

+ sain plsin glain 3
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T (a+bX) +0(c+dr)+@(e+fX) +h (g) =0
T (3+Ax) +a(1+oN)+6(n+pA) +h” (g) =0
T (r) + (s+EXN) +0 (Au+RX?) +F () =0
T (x ) + d@y) + 6 (2) * (X) =0
The determinant of the coefficients in brackets =0

and the solution of the above is reduced to

AN + BA4 + A2« DANPs BN+ F=zo
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bm=-kd

>
1]

B= ubm +am +b1 -pbt -ke -Jd ~-ukd+k.tf

am
-jd
+ [ubm +bl -pbt -kec -ukd +kti}}

Bl=m ;Bé=-d_

.’3 ;.Bl+jB21—BB
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(e}
]

tuam tubl +al -pat =psb =nbt - bygq
=Jec =ujd - ukec + ksf +jJtf + kte

+ kyg + ®€dp -rmf +xdq -xmg

C= aum +al -apt

- Jec = Jud r jtf¢f

+ wdp -rmf

+ubl -psb -nbt =byq -ukec tksf +t+kte

+kyg +xdg -xmg

let (um +1 =-pt) Cy35 (=c-ud+tf)=cy (dp - uf)

=03
let (+ubl-psb -ndbt -byq -ukec +ksf

+kte +kyg +xdq -xmg) & By

ceC = alC +J Cy + TCB+CA
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D = tual =-2zuwubm +2z2qbt -nat -nsbd -pas
+bywp
- ayq =byqu -ujc +z2wkd -z2gkt +jsf
+ Jte
+ kse -wfkytgjy *kygu +rep +rdn-r1lf
-pme -xdwp *txcq *txdqu -x1lg -xmgu

+xmwf -xtqf +xtgp

D =a (ul-nt =ps =y Qq )emmeceemcmmmccmcmamcmceeee aD
+3 (-uec +8f +te +gy)emmmemmmmcmmcmcccccceee in,
+r (+cecp+trdn =1f -me)emmeemmmmmmmecc—emmeeoees rD 4 ‘

(-zwbm + zgbt -nsb+bywp -byqu+tzwkd-=-zgkt
+kse -wfky tkygu - xdwp txcq *txdqu

-xlg -xmgu *xmwf-xtgqgf+xtgp )--------- DL

|
.°.D=ID|*1D2*I'D3"‘DL 1
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E “~zvwanm =2whbl+zgat tzgeb ~nas taywp
rbywn =ayqu tzwjld tzwkev-zpglt-2z2gks
+ jse =weky ~wfiy *guljy +ren ~zqrd +

ZgTm

~-rle ¥*ryqgf =rygp -xXxcwp -xdvwn txcqu
-xigu *luf +xmwe - x8gl -xtqe
+x3gp+rxtgn

E saf(-2vn t2qgt =nsryuwp=yqujeemm—mve—e aE 1

+j{+vz2wd ~zgt+tse-wiy Tguy )rerrmmmmracn- & 5

+r{+en ~2qd +2gm - le +tyqf -yg';*}--r!3
{-zwbl t+zgqsb +bywn tzwke ~zgks-wveky
-xcwp -xdwn txequ =xlgu *+x1lwf
t+xmwe = x3qf - xtgqe *xsgptxtgn )k

E = uEl * 18, +rE3 + E4
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F = =zval *z2zgqgas = sywn + zwjij s =

\ mzgrec Fagrlivryge~rygn~icvn !

s X lve-xsge~Txsgn

4

3 {(+zve -2 gs-vey )-----'.-.--—-.----.—-.“.--fQ

\ F “a(-z2vil+zqe+ywn Jevmcecenccrocccaucascanangfy )
|

I fr(-zqc*'zgl'yqe-yg;l\; ----------- wm==meerfy
\

(=xcwn +xlwe =xSge +138’3)"""'"““"‘?£
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)\= -wi
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2 2
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Ry = x° = 3 x0?)
R

K _ o6 xPw? poft

4

R = K9 210 k%02 4+ 5 kot

\ Ay e

12= 2 ko

Ig= 3 k% w3
I,= 4 (k% = kw?)

L= 5wkt - 10 K203 448
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B +CR.+DR +ER_*F =0 Real
AlBg + BRy 3 2 1
+BI +CI +DI +EI =0 Imaginary
Al 4 3 2 T
+¢C R +D R +BE R +F =P
Lak {f‘%*BBRL L3 42 4 11
+B I +¢ I +D I +B I =Q
Let E‘Is 34 4T3 42 42
aB; R + B + + 5
. 4 J 2RL IC1R3 j02R3 rC3H3
+nD1R2+jD2R2+rD332+lBll?.l*jBZRl*'rEBRl
+|F1+jF2+rF3+P = 0 Real
Further simplifying 1let:
+ + =
BR, +C Ry *D Ry +E R +F, R
+ =
BZRL+CZR3+D2R2+E2R1 F2 S
Cq4 R, +D + =
3 Ry 3R2 EBR1+F3 T
J.8R+JS+rT+P =0 Real
aBy I, +3B,I,+aC, I +3JC I +rC
114+ 58; 3 T ALy 3 J 273 r 31
+aD I,+3D, I +rD, I +* aB I, +JE I +rE I +Q=0
112 2 72 372 14 g 1 31 Imaginary
Further Simplifying let:
B + =
15, 7C I, *D L,+E I =0
BQIA+0213+D212+E211=V
C3IB+D212+E311=H
coa Ut JV+rW+Q = 0 Imaginary
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The assumption is made that the demping and frequency of the
short period oscillation and the frequency of the phugoid are
known accurately; also that the damping of the phugoid is known
within large percentage tolerances since the convergence or
divergence of the phugoid oscillation is small and difficult to
measure,

The equation of the imaginary components of the phugoid is chosen
since this minimizes the importance of the demping factor K of
the phugoid oscillation when determining ?Cg/‘aP1,?Ciy/?“4

Let primed values be relevant to the ronts of the short period
oscillation and let the unprimed values be relevant to the
oscillatory roots of the phugoid.

aR+IS 4 2T+ P=g

al'4+ 3V 4+ r® +Q=0

o

aU+ JV+r. W +Q=0

The above equations yield that:

r= (S'U'-V') (QU' -Q')-(P'U'-Q ) (VU' V")
RY U R ki)

(S'I_I'-V')(wg_' -W‘)—(T'U'-W') (vgv-v')

R’ U R U
J‘Q'-P'g'-r(T'U'-W')
R R
S' U - Vt
Ty

a=z=2(3V+Pw+Q)
U
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dcm - -{_?ﬁ {(r2+r3)-r}

-BCX = 2"( { (324'63’34) -a}

dcp - 24 {J2vj3ﬁj4-:1}
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1. Craey , %%q , {Ca.+ Cmg ) can be determined accurately from
flight enalysis of ehort period longitudinal oscillations. 1f
phase relationship between normal acceleration and incidence

can bs measured very accurately then (Cx.a ¥ Uzq) may be detsrmined.

2e )C%M,ch{l can be determined if the frequency and damping
of the phugoid ie measured simaltaneouely with the requieite
meaeurements for the analyeie of the ehort period oscillatiod.
It is aseumed that the phugoid period mey be measured sccurately

and the damping can only be meaeured within large tolerences.

e lntroduction of height derivatives will improve the accuracy of
the evaluation of éuz/él,}myél. At traneonic &and supereonic

speede thie is known to be more essential.

4. The diecussed digital computer programmee will greatly reduce the

time to evaluate derivativee and largely eliminate human error.

5. The discussion in thie report ie relevent only to the aircraft in

the pitch damper disengeged condition.




