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INLURODUCTION AND SUMMARY

This report includes a method of calculating aireraft
responas by a atep by step time solution. The 704 digital
asomputer facilitetes the determinstion of incrementsl rssponse
during sxtremely small time increments and honce the ususl ine
acouracy dus to employing relatively large time incremsnts, is
eliminated.

The report also includeas & method of determining , damper
sngaged copdition, effectlve sircraft derivatives which may
alternatively be described as synthetic asrodynamic derivatives,
since demper eystem asrodynamic outputs are clasgsified eccording
to which particular aireraft response promoted the input and
then summed with the patural sircraft derivatives, A typical buk
gimplified example of this; 1s sn alrcraft response p which promotea
a proportional signel to the differepntisl serve producing &
proportional eileron pure rolling moment output in phese with pe
ﬁ.ﬂﬁ% has been orected and this may be added to the natursl aircraft

€1, to form an effective or synthetic aerodynamic 5Tp 2

The method also includes determination of the control derivatives
end thia ylelds valuss of the natural aircraflt derivatives subsequent
to the evaluation of ths effective derivatives,

It 1s thouwzht thet the rframing of the damper sngaged condition
squations of motion into & notaetion analpgous to the Irew airoeraflt
aquationr of motion expressed ip familier asrodynamic notation
faecilitates a gulck cleer phyaieal interpretation of the functione
of the demper ayatem as regards alircraft response,

The parallel serve output ia proportionel to the integration
with respect to time of the srror bstwesn command end rssponss, A8
command is arbitrary & numerical step by step time sclution wes
preffered to & lapluce transformation, utilisation of which, would
nacesaitats in many instances an approxirate trenafoym of the
arbitrary eommand, the approech to which would vary sccording to
ths circumstances,

DEVFLOFEMENT OF THE SCOFE OF THE DIGITAL TIMRE RESPONSE SOLUTTON

Having embarked on anelysis of time solutlons of the reaponse
of the aireraft rather then restricting anslysis to linear equations
of motion with zoro flyinz control foreing functions, it 1is no longer
necessary to restrict the apalyais to emall mwotions, nor is it
necessary for the longitudinal apd latural motions to be uncoupled,
Usution must be applied if 1t is suspected thut sircraft rssponse
frequency approachss that of the ssrvo-mechaniam system.
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ADVANTAGES OF DIGITAL SOLUTION

Once the response prosremmes heve been proven chances of any
srror in the analysis &re remote and time to solution uveing exmect
sarodynsxmic dsrivatives rether then ™simclator® ssrodynizies
derivatives =2y well compere favourally with the analogue computer
facility, In apy event a very poeitive check is vossidls. Chenges
in servo-mechanism gaivs are &also sasily iancorporzted in ths digital
Progremme. Extropelation to other rIlight conditione is an sasy
matter.




W REPORT No__71/Stab/9
AVRO AIRCRAFT LIMITED

MALTON - ONTARIO SHEET No 3

TECHNICAL DEPARTMENT

AIRCRAFT

PREPARED BY DATE
M.V, Jenkins Nov. 1957.
CHECKED BY DATE

FOm 13194

Sa output from parallel servo due to P,p is assumed of
the form ba= (K; P -K, p) dt

$a output from differential servo due to P,p is assumed
of the form fa= K:,’ P- Kg p

Therefore totel da from P,p is )’(Ka P-x‘ p) 4t + x; P-Kg p

where K4, KL K5 Ké are constants for any given flight case
’
and negative in value.

Forcing side force along OY axis due to P,p

is({ACy »p
'4 CEL g ¥s5a J(K; P-X, p) dt+KL P|[ Vm
s v
where A|Cyp p= ..xb Cy“ ..tg;_v

Forcing rolling moment due to P,p

1) Ac
s .1pb.p+0’l“ j(KZP-K4p)dt+K'5? =

Vi 1y

where O, C1 = - K5 CL .tﬂ
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Forcing side force along OY axis due to $a, (r - .061p), a8y,

is A(:ySa f(K; P-X,p) dt + Ky P'i’ACyr oT
2 4
+A§yp -p+ C¥a, -2y Vo
T

where ACy =K 6 : Aoy =
6 ; Yr=2 . Cy K
8a §r 5 b $r 7

AC - - (K Ke + <061 K ) 2V Cy L =

vy & /] — ¥ K

P 6 =5 8 L 8 cy
Y 8!‘

Forcing rolling moment due to $a, (r - +081p)m 8, is

C
A 188 [(K;P-K“p) dt+KéP

i

Acy b A
s e A S IR . 2
t 1 EX + szp+1ay % [ =
X lK
1x

whereACI =K. 1 ;Ac1 =k cl
Sa © g r 7 &r .EI

Z& (: 1 - - l(
B (6K5+.061 K2 )20 01 ;61 =k o
) s, 8

= y §r
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Forcing yawing moment due to %a, (r - .081p), e, is

ACn 4
S {(x“ Fok BlatEL P

iz
Acn!‘ '_b T Azcnp . Py Cng -8y
i, oV T2 y
z i
whers Acn = K6 Cn ;ACn =K .2V .Cn
§a or I T §e

Azcnp = ~(Kg Ky + 061Ky ) %_V . t}n8
r

Cna = Ke (:n8
y T
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The principle of ths time solution of the leteral
equations of motion may be sesn by the step by step solution
of the following differential equation.

E-t

az-q-b:a—cx-J{Kx xx}dt-;

whers &, b and u are constants and I is the command rete of
displacement

The wvaluea of the variables ars studied et successive
conatant time intervals of At= 2 h. The notation used is
demonstréted by the following example,

X, oh is the value of % &t time t= 342 mary
plied by At
% E = =

(]

The initial conditicns at %0 8re X=X =X =0

The following is the sequence of steps taken for aolution
xka X, + b ‘.'t,

i.i- ;:,+ h :':'b

L AKX L ) h -k (Xs .x‘}_l;}

x‘!. I‘i- b x_,i- cl:)i

® ¥ by
T,x X+ 2hx

x= x,+ h{ ":.+i‘]

I 3 lL ELVE M LY h -k, (%, n‘]

:-Il-bl:, X,

T+ Xt Xh
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continued...

Iy~ % { 2 I+K (‘xf"i\&) L2 K,.('x"x“)

x.i- Ilk' b x&- e X,

a
T-x+2h Xy

. .
x,+ x+h (x+x, )

- . . .
I').- é {2 Ilkﬂ('.(x.v x‘) h-K, (x"i+ Z‘)

ﬁ'lt'bx._"’x-.

etc.
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INCREMENTAL AILERON AND RUDDER MOVEMENTS

WITH LATERAL DAMPER ENGAGED

t-t (31
a=K' |P.at =K «dt + X. P - K
$ ‘jd 4Jp £ 5 5P
t=o t=o

br= Kg.ba + K, .r - 061 K p

+xa - E.;-r;(. T-p dl.V - ¢.g 008 ¢1 cos/s|cos®

V.d@34r. cos @) V
dt

+ Kq.&.qh + K. R

For pernimons see Pace 12, K K, Are runcTions oF TiMe

romw 1394
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With the above in mind the side force ejquation is more
conveniently expressed as folloews,

- = ___q I

o o Zp %3 e kabclie
v =P =V e | T ||V Datge 4Ty

P 27 ? .:—ufz ‘M‘ v V] 41-1*- i v

-— -

f 4 - —
— - {1 \ ! &7
= +t...4-f:‘-!;‘(f‘p__ y Ka_‘ -
PR ([N [ (IR PTG PR
L ¥
Let 1t be supposed that the above squition exactly expresses

the side force equatism and that jhysical measuremsnts sre 1008
acTturate,

r 1 - r "
The cnimoursin the eguation are, ' ":.., o L L,

5’ Be - L) |

Nou 47 tte values of the variasles 1, p T 1,%.&,,?&,?

are sampled simmltaneously at five different Limes, 0 tzu
tae l.k. 1,5 and the values are substituted into the side force
equation to form eqn:=- Oft‘. 0'!‘2. K or‘t. c!‘s
simultaneous solution of these sjuations will yield waloes of
\-'b;‘ C-? - ;-, 9 I:'-.. s \::-,.‘

Eouever in practice jhysizal seasurements are nst 1003
asturste. Hence s of the aforv-zentiored derivatives wouls
be emaluated «ith dogbtfyl acewrscy. This situation may be
rezediad by the formatisn aof sofitisnal cases,

It 1z iztended that in mary cases Tlight recerding freseency
will b» 20 valoes per second. Bouever if the damper 1» engaged
and the impalse comand sigsel is guickly redeced to a4 constant
tere valee, the wariables will approach sieady walses abost 0.5
seconds altler the Saltis] impulse command sipgmal, Hence in mary
cases 11 15 only jossible to sample the values at ¥ d4stinct times
whtere ¥<0,.5/.05. Hence the nmber of eguatisss 13 resiricted o

S v, Bone Ean. G where (t-t)) = (1y - ¢)
* (% = %3 ) ete. = 0,05 seconts,
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As time increases from the instence of the initial impulse
gommand signel, the varimtion in the valuas of the variables
becomes less as the command signal approaches & constant value.
Hopece if it is decided to form 10 sets of & equatiocns it is
adventageous to utilise comdisaticns of Zga. %y ~=w-=we-- -
to the maxiz=m. Eguation ty is used to form sn additional four
cases, =lthogzh more are possible. It is thought that iccreased
sgsurecy will nct Be attained Dy more cases.

Hemce the Tommation of the following selected casss o the
next pagei~

————

- e
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CASE ] Eqns. tl - tz 2 ts
CIE S TP
Y
¥ 3 2 Haet, t,
" 4 - tl 5 tz ,t‘
i 5 " tl ¥ tz ) ta
- 6 L] tl 3 tz ’ts
" 7 " t EL %

LRy 3

- 8 -
tz s ts ;t‘

” L]
v tl 3 ts 1t‘
= 10 - tl 3 ‘2 N t‘

A nz (655 )+ (Gp ),
c;p. 1/ nz(c;p )+ (c;p ),

etc, where n élo and n

s %% = (Cy :Cyt0y. :c¢ c
4 o Y Y Yy
5 p r Sc S.)l
4 t5 : tG " ( - L] L] - L] )2
N ts & ts " (= " " - " )
3
’ ts = ‘5 - ( - L] " - - )4
» ts » ts " (w " " " - )5
N t‘ 3 gs L ( " " " - - )6
> t‘ vty @ (= - - = - )7
3 TR LR T e
3 t5 ) t7 - ( - - - L] ] )
9
) tb ’ t? w(nm " " " - )10

s e et St e (c'
’F)n

R L

is the number of cases fommed.
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The same process may be applied to the rolling and
yawirg equations.

Siailerly

d'lﬂz 1/0 Et Clg )+ G'iﬁ Jgt mmeeemeeenmad (c'i,, b
Cla1/2 E( el ) c1 FTRSE S = A

ete. where n € 10 and n §8 the number of cases Tormsd

Similerly
%‘ 2 ¥ 4 l{l ﬁ" jl'r{ %}2‘? — e ‘ﬁ: ll
Gy 175 (6T, +( 0% +(Cap)g

eto, whers n 10 apd n is the number of cases formed..

The solution of the three latersl eguations of motion ylelds
the valves of Cy Cy 1
br? 5’ iy cl;..cn‘ ,Cn‘ Prom these
T - -~
values and the evaluation of the effective doriun:u ca{, s 81

etc., the values of the free aireraft derivetives m,, , clp ete,

pay bs detemiced, Now if the gmins of the servo~ mschunism syatom
are sltersd, new wvalues of the sffective derivetives mey be

evaluated ard the comsequent resporse of the sircreft to sn arbitrary
ecccmand signal, oan be calculated by the afore-meacticmed step by step
method of response detsrmipation,






