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INTRJDUCTION ·• 

'Ibis report includes a method or calculations aircraft 
longitudinal response by a step-by-step time eolution, The 
704 digital computer facilitates the determination or incr6111ental 
responss during sxtremely small time increments and hence the 
usual inaccuracy due to employing relatively large time increments 
is eliminated, 

The report also i 'ncludes e method of determining , damper 
engaged condition, effective aircraft derivatives which may 
alternatively be described as eynthstic aerodynamic derivativse 
since damper system aerodynamic outpute are classified according 
to whioh particular aircraft response promoted the input and then 
~ummed with the natural aircraft derivative, A typical but simplified 
eD.mpls or this, is an aircraft response q which promotes 11. 

proportional signal to the differential eervo-producing a proportional 
elevator pitching moment end lift output in phase with q. A Aem and 

tczq have been created end these 118.Y be added to the natural e~rcl'.'ert 
Cmq and Cz r espectively t o form effective or synthetic aerodynamic 

q -
derivatives Cm4 and Cz~ 

The method also i ncludes determination or the control de r ivatives 
end this yields values of the natural aircraft der ivatives subsequent 
to the evaluation of the effective derivatives. 

It is thought the t the framing or the damper engaged condition 
equations or motion into a notation analogous to the free aircrqrt 
equations of motion expressed in familiar aerodynamic notation 
facilitates a quick clear physical int erpreta t ion or the f unctions 
or the damper system as r egards ai rc raft response. 

The parallel ser vo output i s proportional t o t,ha i ntegration 
wi~b respect to time of the err or between no~mal acceleration 
command a.n o. r esponse and "hi e. s additional to the output proportional 
to the integrat i on ~ith r espect to time of qi however . it is the 
former contribution t o which the followi ng r emarke apply. As co111mti11d 
normal acceleration is erbitrery, e numeri cal step-by-step time 
eo l ution wae preferred to a Laplace trens f ol'lll8tion , util isation v' 
whi ch, would necessitate en approximate ~renaf orm or the erb1trery 
commnnd, the approach to whl ct would very according to the 
~i rcll.lllstancee. 
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. The . .1rrinciple of 'llhe ,1:1tep · by step tl,me solutAon ,of 
a ire.re.ft re spon sa to e:,n a rbi t ?"ary tomma nil si gna'l 1 s lHsc Ufl'lled 
in rer-arsnce • 1.. i t i s . cons i dered unneces~r:r t,o ·discuss the 
ob.vioua a-pplicah111ty or tll'e. m·~thod tq l.c!ne:1t,u~1ns.l us.wnse to 
an ·arb1.trary norma•,J, ac.ce1erat i-ofl commend. 
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DISCUSSION 

It js suerested in the rAport that due to recording 
frequency in some instances being fixed at 20 value~ per 
eecond 1 that the number of useful times a derjvative 
may be experimentally deter~ined is approximately 10. 
The derivutive for any given flight case ie a constant 
and the main reason for repitit1ou8 determination 18 
inaccuracy in physjcal measurement1 the reason for 
the 8ugp,Asted re8triction to 10 evaluatione ie the 
natural bound~ry of the rapid highly damped respon8e 
to the new eteady Btate demanded by a conBtant 
incremental command signal. 

However, there may well be an advantage in introducing 
a mid-point linear interpolation digital comput er 
sub-routine to effectively double the Bampling 
frequency of the valuee of the response variables. 
For a given number of BolutionB 1 the addition~l records 
occurring immediately after the impul~e when the 
response vari~bleB are varying the mo9t will more 
than off8At the inaccuracy of linear i nt~rpolation, 
eBpecjally in the case of the rotary derjvvt1ves. 
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Forcing pitching JOOment due to Q is : 

l'orcing pitching aoment due to Q 1•• 

t,;:~· .~~f. . -~ ... , 
where f:\clf\Q s Cm i . K3 • !V 

0 
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~ output f'rc:a th• parallel Hrvo du• to n u a..-4 
or the rom: 

~ .. ~f n. dt 

~ output from the parallel aeno due to inorernental N 
commend eignal 11 ot the fol'lll 

~• ~:s N • dt 

where K1 • Ki , are constant for any given flight case and are 
positive in value. 
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DETERMINATION OF DERIVATIVES WITil PITCH DAMPER ENGAGED 

With the above in mind the OZ equation is more conveniently 
expressed as follows. 
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_j 

Let it be supposed that the above equation exactly expresses 
the side force equation and that physical measurements are 100% 
accurate c also that "ell" is known and very small. 

~ 

The unknowns in the equation are, Czo( • Cz.q c;q, Cz b 

. 
Now if the values of the variables C( , C(, q, q, n, Ti are 

sampled simultaneously at four different times, t 1 , t 2, t3, t4 

and the values are substituted into the OZ equation to form eqn. 

OZ • OZ , OZt, OZt : simultaneous solution of these equations 
t1 t2 J 4 

will yield values of CzC(' Cz.C(, Czq' Czb 

However in practice physical measurements are not 100% 
accurate. Hence some of the afore-mentioned derivatives would 
be evaluated with doubtful accuracy • .'his situation may be 
remedied by the formation of additional cases. 

It is intended that in some instances flight recording 
frequency will be 20 values per second. Supposing the incremental 
normal command acceleration remains a constant, the response 
variables may well attain almost steady values within 0.5 seconds 
of the step input. Hence in many cases it is only useful to sample 
the values at N distinct times where N 0.5 / .05. Hence the 
number of equations is restricted to Eqn. t 1 , Eqn. t 2----------Eqn. t6 

where (t3 - \ ) = (t3- \~) " (t4 - tJ) etc. = o.o5 sec. 

As time increases from the instance of the initial impulse command 
signal, the variation in the values of the response variables will 
become less. 
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Bence if it, 1a decided t.O form. 10 e e ts or 4 equationa, it is 
adTilnt.aeeoua t.o ut111ee comb et1ons of l::q11. t.1 ----?Q?l, t 5 ~ to 

the fll.lUieu:i-. ! et 011 t,.is ui,ed t.o ton en addition.al four 0osea, 
e.ltbous)l more are possible. 1.'entatively it 1a thougJ!t that incressed 
accuracy ~111 not be attained by more caaea. 

Hence the for.ftl8tion of the followill~ aelected cases on the 
nel'.t pe.se: 
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t, -(ci - Cz • CASE 1 tl, t2, t3, rt Cz ti, Cz'i;; )1 4 q' 

2 t2, t3' t4, t II ( II II II II \ 5' 

3 tl, t3, t ' t ' 
II ( II II II II ) 

4 5 3 

4 \• t ' t ' t II ( II II II II ) 
2 4 5' 4 

5 \• t ' t ' t ' 
II ( II II II II ) 2 3 '5 5 

6 tl, t2, t3' t6, II ( II II II II ) 
6 

7 t 1' t2, \1 \1 
II ( II II II II ) 

7 

8 \• t3, t I \• n ( II II II II ) 
4 8 

9 t21 t3, t I \1 II ( II n II II ) 
4 9 

10 tl, t2, t51 t6, II ( II II II II ) 
10 

C z0::: 1/n ((C-zC() 1 + (C zO( 2 -t - - - - - - - --+(C; ) 
ex n 

c; tf.. = 1/n ((cz a? l + (ci r1. 2 + - - - - - - - - - -t(Cz~)n 

etc. where n ~10 and n is the number of ca Ges formed , 
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The same procaE;s ,1 11_1 t,e appl ied t o t he pitchi :i,; mcmo;nt 
equation. 

Sim1lt1rly 

c~q= 1/n >(c;;;O: l + (c; ) + ---------- ----+ (c~0 l 
(___I 1 0( 2 n 

C; •o:.: 1/ n (( Crn •a ) + (~ ~ • ) + --------+(Cm • ) 
1 Cl 2 (t n 

et c. whe re n ,;;;;;;1 0 and n is the number of cases formed. 

the 
the 

The solution of the two longitudinal equations of motion yi elds 
values of Cz !, , Cm 6 . from t!!ese va} ues and the evaluation of 
effective der ivatives Crr.O , 'j zr. .O: etc ., the values of the free 

aircraft derivatives Gmd, Cm•o: may be determined. Now if the gt1 ins 
of t he servo-.'l!echanism syAtem are altered, new va l ue s of the effective 
derivtt tives ma1, be evaluated and the conse11uent reeponsa of the airc rc, ft 
to a n ttrbi trary commttnd signal, can be calculut.ed by the t1fore-me11 ti one r! 
step by step method of response determintttion. 



T ---- .. 

ol utio~s o 
a t h!!i l' 'than ?-r!'ltrio'tinr. 



AIRCRAFT 

REPORT N O __ 7_1~/ .::,_~t_n_b~/_l o ____ _ 
M-" 1..lON ONTARIO SHEET NO - ~16~·'-------- ·--

TECHNICAL DEPARTMENT 
PREPARED B Y 

1-----C_H_E_C t< £ D B Y 

Futhermore although wn attempt has been made to 
vjsual1se practical difficulties, temporary 
practical snags mir,ht well be brought to 11r,ht 
by a series of 'dummy run~•, experience fr om 
which would en~ure the smooth runn j ng of the 
proi;:ramme . 
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