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PREPACE.

Due to the increasing prectical appllestions
of rotating dlscs with temperature gradients, 1t has
been considered edvisable by the Author te approach
the tople from & general point of view end to selest
a most sultable applicaticn for a move detailed study.
In this way 1t is te be hoped thet the extent of the
dlscussion will be sufficlently brosd to apply
successfully to sll cases,
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INTRODUCTION

The rapidly ineveasing power demand of modern
times has led to the preferred use of large rotating
machines because they have great advantages from a
technical as well as from en economiecsl point of view,

: Par from the least important of the revolving
components of these machines is the rotating dise, which
plays s most coveted rele in superchargers, axial
compressors, and stesm end ges turbines. While design
problems exist in sll roteting bedies, only im "thin" disecs
do they become laborious, time-consuming and comple

#ith the trend of higher operating temperatures
found in recent steam and gas turbine developments,
thermel stresses as well ss centrifugel stresses are
becoming more and mwore importent and esnnot be neglected.
The investigation anéd research assoclated with the
additional thermel stresses have necessitated a great
inerease in time spent on design, and have revealed in
gsome cases that these stresses outwelgh those due to
centrifugel foreces. Compligcaticons in design have also
arisen due to the demand for dise materlals to undergo
plastic deformation by ylelding as & normal experience,

It has become aspparent that dlse stresses,
under the high temperature working conditions of teday,




Be

have few parallels in severity in normel engineering
pragctice and only limited sssistance can be obialned
from the known propertics of materials, which in other
eircumatences; are usually sufflclent for design. ‘
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Chapter 1
EHTRIFUGAL STRESSES IN ROTATING DIsCs

Roteting dise wheels sre subject to the triple
astion of radisl, tengentisl and axisl stresses, If
there is no sudden shange in thiclkmess at the hub, end
if the dlec %8 axislly "thin" in reletion to its dismeter,
axisl stresses may be neglected, The general assumptlon
is therefore accepted that thin rotating dises ere
subjected to two principal stresses, the redlal emd
tengential, These blaxlal stresses are, in the case of
& dise with no tempersture gradient, due to the cenirie
fugal forees of the wheel 1tself and to sny peripheral
lcading which the dise msy support. In the case of
steam and gas turbines there existz & rim loading cone
gisting of blades or "busckets" fitted around the periphery
by means of welding or sultable machined slots. The
effect of this losding 1s to ineresse the radlal stress

oughout the dise and to & lesser degres, the tangential,

The general stress distribution for a rotating '
disc of non wniform crosa-section with & rim losding ls
shown in dlagrems (la) end (Ib). The dise is & gas
turbine rotor of Inconel X with a speed of 8000 !
and a rim loeding due to blades of 26,000 ?:ﬁﬁ%x@it The
radial end tangentisl stress dlstributien for e solid
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dise with no bored hole at the centre 1s given in
diagrem (1p)s The two principal stresses are tensile
and equal & maximum at the dise centre or axls of
rotation, The redisl stress drops to equal the »im
loading stress at the periphery, The tangentisl stress
dreps to & value 'ixz tenaion that is determined W the
general dise contour, the speed end the radisl za&émgg
In dlsgram (la)} the centrifugel stresses for a dise with
& central bored hole of 5.5 inches dlsmeter are shown,
The effect of the hole is to reduse the m&iai stress to
gero at the inner yadiug end to act ss & streas ralser
with ﬁﬂyﬁ#’h- to the tangentlel stresses, producing e
concentration of extremely high tensile stress.

The action of the bub is important in its
strengthening effect on the vrest of the dise and the
restraint 1t offers may be more clearly understoed if
three separate hollow cylinders, one within the other,
are considered, The radlal expansion, belng s function
of the tangentlal weloeity of each ping or eylinder is
greatest for the outer ring snd lesst for the innermost,
Thus 1f the rings were welded together, the extent of
expansion of the outer cylinder ring would then depend
upon the restraint olfered by the next imner cylinder
which in turn would depend upon the restraint offered by
the innermost eylinder. Prem this ressoning it can be
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seen that the addition of material at eny radius of the
dise does not slways produce a strengthening effect.
There are three general comclusions that mey be deduced,
however, snd these ave that the hub is the restraining
portion of a rotating disc, that the larger the ratioc of
hub strength to dise inertis forees, the strenger the
disc and that e stronger hub restricts radlal expansion
to a great extent thus redueing the tangential stress®,
Should the hub, however, be very large, coine
elding with high dise stresses, axlasl stresses will be
present es is shown in dlsgram (2b)s The dise profile
shown is that of & General Mlectric Supercharger rotor,>
The design of the profile hesg been carried out in such
8 way as to produce an almost consbant value of the
radial and tangential stresses according to "thin® dlse
hoorys This streass is 27,400 P.85.I. 4Analysing the
dise, assuming there 1c g three dimensional distyribution
of stresses, revesls the errors of "thin" dlsc enalysis.
4t the eentral plene of the dlse the radial and tangential
stresses are both greater than that w@zmua for a "thin®
disc and at the surfece, the stresses are mush 1 ,
The axisl stress of dlagrem (2b) is caleulated at the
central plane of the dise and has o meximum of 8000 P,S,I,
in compression at the hub, This strese, while almost
negligible, sids the radlel and tengentlal tensile stresses
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in cousing ylelding, It can be seen that for all discs
with the seme or & smellor velue of hub thickness to rim
dlameter ratlo "thieck" dlse snalysis may be replaced by
& "thin® dise theory sssuming, of courge, sound materiel,
and that the material where the highest stresses oceur
in unbored discs ls fovoursbly situsted, being unaffected
by machining. The "thin" dlse stresses will represent
the sversge stress distribution scross the amisl éﬁﬁﬂ}
 of the dise.

The problem of determining the blaxisl stross
distribution in dlees 1s ome of the most complicated in
machine design, It has been spproached from completely
mathematical solutions, from graphical methods ‘
from finlte difference tabular sclutions,

The eomplete conditions whioch determine the
sentrifugsl stresses In a disc snd which must be
satisfied are as follows:®

ry - radius of any point in the dige
A -~ dise thickness at radivs R (4

nehes )
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6r -~ radlal centrifugal stress

6+ - tangentlsl centrifugel stress
p - Genslby of dlsc material

w - sagelar veloocity of the &lse
U .- radial deformation

E -  Young's Nodulus »

-w - Polgson's Ratic

The complete stress distribution is found by
the simultaneous solutlon of these three equations,
Tquation 1 represents the equilibrium conditions and is
found by censidering the equilibriumm of a small olement
of a roteting dise with axlel symetry, Equations 2 end
& represent the compatebllity conditions for & two-
dimensional stress distribution with mgi symzotry and
are found by determining the relations bebtween radisl and
tangentisl strains and the redisl deformation. If the
thickness can be glven as a funetion of the radius (1.6,

b= £(r) ) the velues of the radial and
tongential stress can be found as functions of the redius,
The effect of rim loeding must be considered slse and
this requires a slightly more compliested solution,

For discas with flat perallel sides, thet 1s
is constent, stress distributions have been determined
by Bimoshenko®. In some cases whers the thickness of o
disc does not wvary eppreclably from hub to »im, en




B

approximete stress snalysis may be porformed considering
& flat plate.

: To facilitate produetion, seme discs are
machined with flat, tepering sides: In this case the
thickness A 18 still a simple funckion of the redius
and the stress solution results in Infinite series,d

Iirregular profiles have been more sccourately
analysed by fitting a sulteble hyperbolic function to
the dise contour and detormining its egquation {(i.e.

h= kr™" )}y This methed was propesed first by Grubler
in 1606 and developed by Ir. 4. Stodola for use in
conjunction with turbine wheel stresses, Approximately
forty-five hours sre required to complete and to check
the esleulations which require long end involved
mathematienl manipulatlion befere they can yield the
desired design deta,

For dises whose profiles were not so sasily
emmsaé by one single sguatien sn adaption of the
fﬁr&g&% method wes proposed by R. Krouse
in 1947° By matching portioms of the dlse prefile with
severeal different hyperbolse and solving the resulting
equations of equilibrium snd compatebility & more
aceurate stress distribution was obteined, The length
of time for the caleulations was, of course, propor
ately incrensed,
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Dr, Carl 0, P, laval, during his studles of
rotating discs, proposed an equation of a disc's profile
which would sllow @& comstant value of stress to exist

pughout the dise. This eguation 1s of the type =

WHERE T6r

hs = Hus THIcKR NESS

and, of course, applies only to selld unbored discs,
Seversl various graphical and tabular finite

difference solutions have been proposed in recent years,

Possibly the shortest method of all these, for on

experienced mathematician, is that of €. H, Hartree,

The metheod is applicable to highly irregular profiles
of any shepe and is baged upom @& finite difference
solution of equations 1,2 and B . Trisl snd erreor
attempts are necessery and s keen mathematicel mind is
required to reduce the time consuming caleulations to 8
ninimun by accurate guesses.>

The sutstending graphical method is by C, ¥
HeDewell,’ A padius of curvature type of integration is
carried out graphiesily end while the method is ome of
trial and error, only three or four trisls sre neccssary
for an experienced person, :

The finite difference solution, in s tabuler
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form 18 probably the most widely sctepted method of today.
It is flexible 1n that sdjustments can be made so that
other dletributions such as thermel stresses can also be
ealeulated and superimposed on the centrifugal stresses.
Important contributions to this method have been made
by A« 8 Thompaon, W, Leopold, 8, S, Manson, M, B,
willenson snd M, Donath, The methods are, for the most
part, similar in many respects but eash hass its own
characteristics, A4ll involve the slmplest of tabulsr
caleulations and while lemgthy, can be performed by o
person with only limited mothematical kmowledge,

It may be concluded that; in general, discs
under the action of centrifugel forces only, lend
themselves to complete mathematliecal solutions. Irrvore
are, of course, introduced, where the dlge profile
cannot be acourately approxis
small and if of & necessity highe:
one of the finite difference

r agouraey is required,
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When & dise has heat spplied te its rim or to
its centre of rotation, a temperature gredient 1s set wp
and the heat flow 1s in o radial dlrection. Due to the
differentisl expansion within the dise, thermel strosses

sced, which vary in severity with the magnitude
of the gradient and with its steepness or slope., Supere
charger wheels, slthough guite smell, have radlel tempere

 ature gradients produced by het gases in passing through

the peripheral blading ot the rim. Axiel compressor discs

 on the other hand, have elther no gradient or a negative

one, with heating taking plece at the hub, As stwospherilc
air enters the azlsl compressor of & gas turbine slreraft
engine, the rim and blading of the first few stages are
cooled: Due %o the compression of the giy, the last
stages of the comprossor sre heated at the rim, The

hubs of all steges of the coupressor are, however, heated
by conductien from the rear of the engine end may be as
nigh aa 280° €. at meximum engine spsed. Sines the vim
tesperature of the lest few steges is also about this

temperature, no grodient exists here, The firet stoge
rotor; however, will have a negative termerature gradient
of sbout 200° ¢. or even greater during eold weather
gperation,




18s

Steam turbline and gas turbine dlses are heated
from the rim by hot geses and have positive temperature
gredients, The hub temperature of & stean turbine dise
is usually maintained as close to the rim temperature as
1s fessibly possible to reduce the gradiemt, With rim
temperatures as high 470° C. gredients of 200° ¢, would
ususlly exist. The gradient in o gas turbine dise,of the
order of 400° ¢, for present day operation, with blade
temperatures up te 750° C. end the rim st 600° ¢, The
gradient in 2 gas turbine roter is by far the severest
snd gives rise to stresses grester than those in any
other rotating dlse. The rate of change of the tempere
sture mear the rim may be proporticnal to the second,
third or even fourth power of the radlus at that polint,
The gradient will also vary during the engd
For a fast acceleration upon sterting up, the temperature
difference between the rim and hub will be s maximum,

At meximum engine speed, the rim is hottest but in this
cege the hub of the turbine dise is alse correspondingl;
hotter, |

The effect of the hot rim and cold hub, in the
csse of the gas turbine disec, so overshadows all other
cases of rotating dises with positlive tempersture
gradients, that the majority of the dlscussion that will
follow will be with reference to the ges turbine disec.
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411 comclusions that are drawn, however severs the
condltions, will apply %o all positive gradlent dises,
but %o & lesser degree of geverity.

In the cese of negetive gradients, there are
only & few instances of prectical importance, notably
the firet stege of an axlal compressor of a turboejet
engine, and the stresses induced in this case are low
in value. The effect, however, of negative gradients,
will be referred to from time te time and will be used
purposely as e contrast to the positive gredient effects,

Temperature gradients ave drawn in diagreams
{8) and {4) of chapter III ss a fumction of the radius
for o compressor first stoge dise end for e gas turbine
diss, The compressor dlse is typlesl of those pmsmiy
in operation in axiel flow Jet engines of the 5000 teo
8000 1b. thrust class, The turbine dise is the same
bored disc as shown in dlagrem (1)s The curves for both
discs represent the sssused design conditions and sre
not necessarily the gredients that would be cbisined et
erulsing speeds of the engines.

The messurement of the actusl gredients on
discs while rotating in operation 1s extremely 4iffiecult
and is pot ususlly ettempted, Test beds for discs have
been bullt at most engine manufeeturing plents end
tomperatures measured provide s ressonsble approximstion
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to the true conditions. The Lemperatures have been
meagured by thermocouples, optical pyrometers, end
thermionic peint with the thermocouples beling the most
successful. Thermionlec paints, slthough mest abtirsctive,
have not besen developed to the stage, as yet, vhers they
are completely reliable and accurate,

The hub snd rim temperstuves are, in most cases
of discs, easily obteinable. In cases of low valued
gredients of less than 200° ¢, the effect of the rate of
change of temperature with radius ie not so important
that 2 lineer or second degree functional relation
cannot be assumed. In gradients greater than this, &
close aspproximation to the true gradient is necessary.

It has been generally accepted in the cuse of steam and
gas turbines that the tempersture distribution is
proportional to the fourth power of the redius, In sowe
severe cases; however, the Iifth power has been lnown
to be used,®

Although it 1s desirable to reduce the megnitude
of gredients in dises, it 1s neot always possible., If the
hub of a dise with & positive gradient were heated, there
would be excessive radlal thermel expansion in most cases.
4 slight incresse would slso be produced in the centrifugsal
stresses, Nore lmportant thanm the restriction of radial
expansion is the proximity of the hub to e journsl bearing,
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In ges turbine Jet engines, the rear bearing is lmmed.
lately in frent of the turbine dises 4 hot bearing may
be realized in stationary engines but not in the
relatively 1light welght jot engines. To facilitate the
resr bearing in this case, cooling alr is introduced
and the upstream face of the dise's bhub is maintained
8t a suitable besping temmerature, Temperature gredients
in the axial direction of up to 300° 0. have often
existed sinece the downestveam face of the disc 1s usually
The effect of thies gradient cpuses symuetrical
bending of the dise in the lateral direction of its
axis,® Portunately this deflectlon 1s counteracted by
the effect of the gas bending moment on the disec's
blading whick cauges bending in the oppoaite dirvrection,
This condition 1a also present in steam turbines wheve
the temperature difference of the faces 1s less but the
effective diameter of the dises are much i&rgm,

age of combustion geses,
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Chapter IXX
TERMAL STRESSES IN ROTATING Dises

The offect of thermel gradients is to cause
differential expansion within e dise thus setting wp a
stress distribution, These stresses may be conalidered
8s 8 blaxiel distribution as in the case of centrifugal
stresses, As & result, the thermal stresses may be
added algebralely to the centrifugal stresses to detore
mine the totsl biaxial principal &ismémﬁ

The ealeulation of thermal stresses ls, for
the most part,; & repetition of the method used for
centrifugal stresses, In the sguilibrium equation (1)
the term representing the anguler veloeity of the dise,
is set to serc, The increase in the radisl end tengential
strain, o T, where <« ogquals the thormal coefficlent of
expansion and 7 is the temporature, ls added directly to
the twe compatability equatioms of redisl deformetion,

If T 4s replaced by a function of the radius, se

T2To+rAk»" and 4f < ip sspumed constent, there will
be no new variables used, snd no &ifficulties will be
introduced,

ifugsl stresses may be
ming en elastie meterial, but
the latter is slse depondent to some sxtent unon the
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temperature digtribution becsuss of the variation with
temperasture of Toung!s Modulus snd possibly slse of
Poisson's Ratlo, | |

In recent yoars the genersl trend hes been to
determine the two stress distributions by finite
difference tsbuler methods, The majority of those
1isted in Chapter t have been developed to scconmodate
the caleulstion of both piress systems.

As sn amiﬁ, the Donath Nethod mey be
diseussed briefly,’® 7The dlse is aivided inte a number
of rings whose thicknesses are eguael to ﬁﬁa mean wvalus
of the thicknesses of the corpesponding aiemmtag The
tempersture, thickness, cosfficient of expansion,
rpigsonts Ratio and Young's Hodulus are congidered as
changing in ebrupt steps but belng constant for any m&
ring, By sn ingenious sum and difference of stresses
§s§h§ﬁ;, Donath obtaine » tabular solution, In genoral,
;é;m; tabulstlion consiste of evalusting the complementery
{;_#ézz:%im fer centrifugel stressges and thermal siresses
ﬁmﬁ e perticular solution governed by the rim and hub
loading conditione., The aceuracy of the method depends
upen the relative sises of the rings into which the dise
is divided and the rellability of the velues of temperature,
cosfficlont of expsnsion and Youngls Hedulus, The therms
and centrifugsl stresses are calculated separstely snd it
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is desirasble to perform the caleulations this way bees
on one hand, 1t 1s possible to modify the thermal stresses
by a change in the disc cooling, without producing much
chenge in the eentrifugal stresses: on the other hand,

the centrifugal stresses can be modifled by a change !
speed or of dise profile, without producing much mm&

in the thermal stresses, ’

The tabulsr type of solution has the adwentage
that it may be adapied te punch esrd slectronlc computors,
These machines elimlnate an exceass of 90F of the man hours
expended in oaleulation,

A 80 to 50 man hour caloulation een be obtalned
in & matter of ninutes from a computing mechine, the
majority of the time being spent in setting up the glven
data and necessary informetion on special punch cards,.

A second adventege of tabular solutions i1s thet the
accuracy of the stresses determined, will be higher,

The dlsec may be divided inte eny number of rings or
stations, and as the nuwmber is increased, the diset's
profile is more accurately approximated, It is customary
to have the minimum gpeeing between stations at the hud
end the rim where the profile changes rapldly.

The tabular type of solution spplies equally
to both positive and negative tempersture gredients and
the only difference will be the distribution of strespes
Cetermined,

use
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The effect of present day negative gredients
in dises 1s net serious and relatively low stresses sre
produced, Taking the first stage
axisl gas turbine engine as sn example, the centrifugel
and thermal stresses are gshown in dlagrems (3a) and (3b),
Due o the eold rim and hot hub, there 1s less restriction
in the dise's central region and sxpsnsion st the rim is
promoteds The cool rim In its reole of preventing radisl
expansion, ¢suses thermal radisl compressive stresses to .

aghout the disc, except st the bore snd the rin
where 1t must be sere, The thermal tangential stresses
progress from compresslon due to expansion at the bore,
to high tension st the rin,

Upon combining the thermel and sentrifugel
stress dletributions, it 1s found thet the total radlal
stresses are decreased throughout the dise snd the
resulbant tangential siresses are decressed at the hub
and inereased considerably at the rim,

e to the nature of the operation ¢f the first
few stages of the compressor, it ia necessary only to
design on the baslis of the tensile tangential stress st
the rim, It can be seen from the dlagrams that stresses
in other portions of the dlse are much less 1n comparisen,
In an sceeptable deslgn, this hoop stress at the rim nust
not excesd the elastlc limit of the disc meterial taken
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at the temperature of the rim, Factors of safety are
usually not considered for seroplens ges turbine disecs
since the welight of & dise is an important factor end
the dlse thickness wlll incresse appreciably 1f a design
stress less than the elastle 1limit 1s used, In setusl
practice, should this stress be exceeded, plastic flow
would take plage st the rim only but the stress distri.
bution throughout the whole dise would be sltered. Dise
feilwre would only ccour vhen the average tangential
stress over a dlemetral section is equel to the yleld
strength of the ﬁﬁﬁ#ﬁ*i&hig‘

In the dlse of dlegrams (3a) end (5b) the
netk at the rim might capily be thickened with no adverse
effects on strength., The hoop stress would net be
decressed grestly at the rim and would be inereased nesr
the ecentre of the dises The redial stress would be decre
esged at the rim and increased at the hub, In this cese
more use would be made of the availsble understressed
portions of the dise, Also, with a decresse in hub
thickness as well, the total stress distribution at all
points of the dlse would fall,

Since in the dise shown, the stresses are not
severe, the contowr or profile is designed
as to be easlly machined and mess produced., Thus a
parallel sided centrs profile is chosen snd all curves

in such & wey
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are clirele m;m Also, & dise which has a slim hud
and tapers toward an incressing thicimess at the rim 1s
not & praecticel deslpgn since there ls s greater distyris
bution of mess ot & lerge radius which adds to the tobal
welght of the dlse snd, therefore, to the weight of the
engine as s whole,

The design of dlses with negative gradients
will not depend appreclably upen strength considerations
alone but will tend to be s problem bassed upon g currect
balance of the most deslrable design verlsbles,

The eoffect of positive gradients in dises is
sxootly opposite to that of negative gradients. The
turbine dise which is the important example of thie
type of gredient has o cool hub and a hot rim, and a5 a8
result expansion at the rim ls vestricted by the mb.

Thus the radisl stress L1s tensile throughout the dlsc snd
is zero at the rim and bore., If there is ne t’:m the
stress remaing falrly constant for ell values of the
rediuns except nesy the rim, The tangential thermel stress
is temsile at the hub resching a stress concentretlon
peak at the bore and is highl
The rim compression is due to the cool hmb's restrietion
on the expension of the rim. Typleal curves are shown
for an axisl flow jet engine turbine dise in dlagrans
(48) and (40).) 7he centrifugel stresses ere also shown

y compresgive at the pim,
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end the total elasstle stress distribution is drawn, With
this type of gradient the thermal stresses incresse the
#ﬁﬁﬂ%ﬂi radial thus necessitating thicker dises. %he
thermal tengential tensile stress concentretion st the

hub {(for this bored disc case) adde to the similay centrie
fugsl tangentlsl tensilec stress comcentration and a danger~
ous stress peak is rescheds In the dlagram it is 80,000
Ps8s1s At the rim, the thermsl hoop stress is reduced

by the centrifugel hoop stress but ls still in very high
compressions Thls peak value of compressive styress is

due to the degree of the temperatiwe varistion with the
radius. In dlsgrams (5) snd (6)° the varistion in thermsl
stresses 1s shown, for different positive temperature
gradients, and also for different hub thicknesses, In
{52) & linear temperature gradient is used and the
variation in hub thickneoss is from one to & factor of
five« The stresses ave for all purposes linear end the
rim compression is not excessive, In {B5b) the temperaturs
varistion is to the fourth power and the rim compression
is highly concentrated, Since there 1s very little
gradlent st the hub, the radial end tangential stresses
are slmost comstent in value, In dlagram {(6a) an elghth
powsr temperabure gradient ig shown, The stresses at the
centrs and at the hub sre quite constent ipn this case and
the concentration of compression et the hub ls extremely
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great, sgream {6b) the thermal stresses for a bored
dise of diegram (5a) are shown. Two dlsmeters of bores
are used to 1llustrate the stress rise due to the larger

bore. It may be geen thet average dise stresses from
the rim inward ere lowest for the sighth wsw gradiont
and grestest for the lincar gradient, The effect of b
thickening 1ls greatest in the case of the linear gradlent
and reduces hub stresses while increasing rim stresses.
These curves clearly illlustrate the effect of hub
stiffening. In the case of & bored dise, hub thickening
plays an important role in thet it removes the tensile
hub stress concentration while only elipghtly increasing
the rim compression.

lr, W. Leopold stetes four conclusions for
rotating dlses with positive tempersture gradients:

3. The siight semperature gradient is
mwzgm. as long as the slight compresslon values

obbalined do not become w&ﬁw than the tensile stresses
due to rotation,

8, Large temperature dients impose large
; sresaive stress in %ff; dise ond can only be
gmﬁmﬁks& aﬁ}m the dise to expand mw centrie

8. To increase the strength of a dise
functioning under temperature amﬁ&kim, directly
Wﬁm steps must be taken from those necessary te

trengthen the dise without a Wmﬁwa gradient,

é. Low values of the modulus of E and co-
efficient of empension result in m» values of thermal

stress,
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The first conclusion epplies to rotating dises
with hot rims where thermal stresses are low, This might
well apply to the majority of steam turbine dises, Oas
turbine dlsecs have such & large gradient thet the thermal
compression st the rim may egual seven times the centris
fugal tenslle stresses st the rin,

Conclugions two and three are true but cannot
successfully be applied to the gas turbine dise. &
thinning of the hub sectlon to reduce thermsl stresses
promotes very high centrifugel stresses by virtue of the
diss's abllity %o expand, If the centrifugal stresses
were of secondary importance in the reglon of the hub snd
the centre of the profile, this would be a partisl solution
to the problem, The centrifugsl stresses constitute at
least 3/4 of teotal strezses in the dlse, exeluding ¢
rin region, ‘
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Chapter IV

COMPARISON OF POSITIVE AND NEGATIVE
TEMPERATURE STRESSES

It 1s convenient at this polnt %o observe the
difference in the dise profiles snd in strosses, due %o
positive and mgaﬁw temperature gradients.

mpanying dlegrems (7a) and (7p)2°

two bored discs are shown, deaigned on similsr bases but
with opposite temperature gradients, The dlses are for
& sbtean turbine and are sbout 52 inches in dlameter
gxcluding bucket losding. The stress study was carried
sut to determine the offect of a hot or cold hub, the
rim temperature being held constent at 138° ¢, The

wadlent was about 100° ¢, in both cases and
the engine speed was 5000 R.P.M. The design calculetions
ware based upon a rim thickness of 1,10 inches, a bored
hub of B.18 inches dlsmeter, end s redisl centrifugal
rinm loading of 5000 P8, The maxinmum slloweble dise
gtress for the materisl used was to be 58,400 P,8.1,
The method of design used was that propesed by Holser
in 1813, en extremely lengthy, trisl and error typs of
caleulation determining total stresses only,

1% can be geen that the hub of the positive
gradleont dlse is necessarily lerge compaved m_ that of
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the negative gredient, The small hub ils necessary in
the case of the negetive gradient to reduce the tensile
leading at the rim which supportes the dlse, The outer
regions of this disc are well utiliszed with respect to
tangential stresses and the unususlly slim b, even
with the maximum stress of 38,400 P,8.1., proves
sufficlent,

Both discs sre approximately the ssme welight
desplite the effects of opposite gradients. The cooled
hub dise has much of its mass at the axis of rotation and
the hot hub dise hss & larger mess at a greater radius,

The offect of widening the hot hub 1s seen in
diegram (7c). This operation would, of course, be
necessary to support the dise¢ against gas bending forces
and exial vibration., Ineressing the thickness to 3.89
inches, the thickness ef the cooled lmb dlse, there is
a declded reduction in redisl stresses at the hub and
in tengentiel stresses in the same reglon,

If the temperature greadients shown were not
linear but varied as some power of the radius, the
tangential compression at the rim of the cooled hub dise
would bhecome larger and the hub stresses less. In this
cese some materlal could be removed from the hub, If
the gradlent varied to some power sbove one in the hot
hub dise the hub tengentlal stress would drop epprecisbly
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and the totsl tangential would be lower with the total
radial stress higher at the rim. Any rise In total
radiel stress in this case cen be reduced by addition
of material) at the hub,

The cold mub disc cannot be successfully
designed as 1s the one mentioned, when the temperature
gradlent ineresses by snother 300% C. Adjustment of
the profile can de 1lttle to counterast the tremendous
forees assoclated with large scale differentiel thermal
expansions
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DURING ONE Egmx m

A gas turbine dlse, whether from an axisl op
eentrifugel flow engine, 1s taken, before its firet run
to be free of resldual stress. The operation of an
sngine from warm-up and take-off to landing and englne
cooling may be considersd as ome complete eycle, The
temperature gradient imposed upen the turbine dlse is
constant only for steady flow conditioms such as
erulsing or idling. During the remsinder of the cyele,
the gredient changes continually. In diegram (8e) the
temperature curves are shown for the disc of a centrle
fugal flow ges turbine engine of imerican &@m@w
The curves are numbered

cycle.
CORDITIONS

STARTING I
STARTING 1T
STEADV-STATE  III, IV
STOPPING Y
STOPPING vI, vII

Usually beeasuse of the high tempersture and
high compressive stress at the rim of such a2 dise plastie
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yielding should cecour there and indeed for the dise
shown in dlagram (8b) operating under the sbove tempere
ature gradlents this does happen. The elastic 1limit for
this material is 80,000 P,5.I, st 260° ¢, end 60,000
P.8,1I, at 670% ¢, The plestic flow that takes place at
the rim alters the remaining stress distribution through
put the dlse, and the salculated elsstlc siresses are
not reached,

"lastlec and elestic dise stresses {eentrifugel
plus thermel) are shown in dlagrams {8b) to (10b) and
are those dlstributions corresponding

tempersture curves for one sngine eye

The plestle stresses illustrated have been
cealoulated by s method stiributed %o M, By ¥illenson
and 8. S, senson,*® successive approximstions with
known stress straln curves were utillized over a range
of four temperatures. Since plastic stresses have
arisen to sush importance in the last few years seversl
methods of saloulstion have been proposed, The general
progedure, however, is to include any departure from
linesr elasticlty in the compatebllity conditlions which
uson stress strain phenomens, When this
modificetion (whieh differs for cach method of approach),
to allow for any possible deperture from Hooke's Law
is made, the compatability equetions become true for any
values of stress,

8ra z LNy
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The equations of compatability, together with
the equilibriuwn equation, are treated by finlte difference
methods to produce & solutlon, The complex nature of
the methematics involved in this stress study 1s left
to more complete and highly technical mwmm’m*g‘s

In dlsgren (5b) the elastie and plastie
stresges are shown for the temperasture conditions of
Curve I of disgrem (8a), The gradient 1s 3 meximum in
this cese and the rim compression is also, resching s

dmum of 180,000 P,8.,1, Plastic ylelding takes pluce
under the high temperature at the rim as shown and o8 a
result the siresses decrease throughout the remsinder
of the dise,

Ag the temperature difference drops after the
wers up stege, the rim elastic compression reduces, s
seon in dlegram (9a) corresponding %o Curve III. The
decrense 1n stress at the edge of the rim is greatest
due to 1ts lesst resistance Yo plastle flow, Slightly
in from the rim edge, the plastic strosses remsin equal
to the elaatie strosses and ere still iIn high compression,
The temperature st this peint 1s not sufficient to cauge
a ylelding at thaet velue of stress. ‘

The sentrifugel stresses in this diagrem have
also increesed due o the increase in engine speed. In
dlagram {9b). the steady state stresses are shown, The
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reduction in the tempersture gredient hes ceused & still
farther reduction in rim compression and the plastie
stress, due to previous yilelding is seen reversing inte
tenslon, Diagrem {(10b} representing engine stopping or
slowing down, reveals the decreass in speed by a drop In
average stresses over the dises Rim cooling has ceused
the reversed plastic stress to become highly tensile
and the difference in plestic and elastiec stress has
ineressed over the hub snd centre of the dise to o
value of approximaetely 5000 P,8.Is Disgram {10b)}
iilustyates the extent of the reversed plastic stress
dlstribution at the rim, The peak concentration is
100,000 P.8,1, 7There are no centrifugal stresses since
the engine has stopped and only those dus to the sction
of plastic flow at the rim are left, This stress
distribution is ealled the residusl strese dlstribution
after the first cyele and constitubtes the sterting
stress system for the second cyele, The fensile
tangentisl stresses st the rim sre balanced by the
radlal and tangentisl compression throughout the
remeinder of the dlsc,

It 1s of intorest to note thet e dlsteibution
of ptresses similar %o this may be obtained by s
rotating dise of spproximately the same profile operating
under a negative gradlient where the dlse is wniformly




- hot throughout but decresses rapidly to s cool rim,
That is the temperature gradlent ss ordinapily drewn
would not be concasve upward but downward,
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Chapter VI
THE EFFECT OF EXCESSIVE POSITIVE
TEUPTRATURE CRADTENTS

In the sonstruction of gas-turbine wheels,
welding has been used st times to atbach the blsdes to
the rim of the discs The resson hes ususlly been, lower
coste, more repld fabrlcostlon and & stronger joint. The
experience of imerican and Britlish manufacturers with
the welded-hlade conatructlon has shown that Lreguently
¢racks have formed at the rim of the wheel end have us
a result, limited the useful 1ife of welded-blade
turbine discs.

It hes also been found thet bturbine discs
with inserted blades of the "fir-tree®, "dovetail® or
eyliindrical type reot, have dlscontinuous rims end sre
not subject %o orecking, The portion of the dlsc's rinm
between the roots of two bledes camnot support any
tangential stress end as a result there is only redlel
plastiec flow and no residusl siressess The tangentlel
concentration of residual stress will be below or
inside the root serretions of the dlse, end at this
poeint the temperature ls sufficlently low as te resirict
excessive resldusl stress.l®

The cracks that have formed in welded blade
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design follow redisl lines sg is suggested by the fact
that 1t 1s the tangentlal compenent of the residusl
stross vhich becomes oxcessives, In some axial flow Jet
engine discs of 28 inches diameter the eracks have grown
to & depth of gome 85 inches in the [irst cyecle.

The sxtent of this depth depends upon the
magnitude of the residusl stress pesk and the tensile
strength of the material, While these oracks do not
lead to lmmediste faillure of the dise, they do tend to
grow durlng the cooling perled following each succossive
eyele of operatlions The growth of the cracks, however,
becomes less end less due to the faot that the rpim
rezion conteining the cracks can support ne tangentisl
stress during succeeding oyeles, and there 1z leas
probabllity of plastic flow and large residusl stresses
in the reglon inelde tho crack roots vhere the temperature
is less sovere,

If the ductllity of the dlse materisl is hig
es in garbonesteel, the reslstance to crecking ls great,
The rin tempersture is sufficient to ceuse the dise
material st the rim to lose its hardness and to allow
plastic flow even sfter cooling.

In dlses of low duectility such as tool stesl
where the hardness number is large, rim erscking ccours
most esaily. The bpitile resistence offered to plagtic




36,

flow causes fine oracks %o begln st sny rin surfece
irregulsrity and to grow quiekly. In bored discs with
central holes where the hub gection 1s thin, oracks

may also be propagated, The redisl stress 1s zero at
the bore and the tengentlal tenslle stress 1s very high,
Crocks in the hub are not common with duetile steels
but may oceur et unpellshed bores that have hLecome
strain herdened in some way.
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Chapter VIX

THE EFFECT OF PLASTIC FLOW DURING
CONTINUED CICLIC oPERATION

If the dise materlal were elsstic, the stress
distribution resuliing from engine stopplng and dlse
cooling would be obtained by subtpacting the total
elastic stresses from the finsl running stress distrie
bution. It has boen seen, however, that plestie flow
tekes plsce over the period of & cyele end there 1s 8
modification of the stress distributions DIue to the
high tensile residual stress that results; vlastle flow
may ocewr agein at room temperature,

Beginning with the resultant plastic residusl
atress at room temperature, the effect of the second
engine operation cyele may be determined. The complete
stress distribution of the second cyele will be slterecd
in secordance with the magnitude of the final plastic
residual stresses of the first eyele, Similarly, the
stress state of the third and fourth eyeles will depend
upon the extent of the residual siresses of the second
and third,

n disgrams (11b), (12a) end (18b) the
tangentlal elastic and plastic stresses for three
engine oyelss are shown, The profile of the dise was
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the seme as thet of diegram {2) and the meterisl was
"Stayblade”, an sustenitic steel of low elsstie 1limit,®
The eyelle tomperature distribution was slmost identiecal
with thet of dlegrem (8e) end the engine sposd was
approximately 11,000 R.P.Y,

In the firet cycle dlagram the plastic

lding at room temperature results in o drep of

G000 P.8.I¢ in the rin residual stress. Starting with
this stress for the second ecyocle the mean
stresses throughout the disc are lower with less
gompression at the plm, There ig still g&aﬁ#i& flow
during engine running but of s smeller magnitude then
in the first cyele. The residusl stresses lmmediately
upon cooling ere greater at all points than in the
previous eycle and the elostlec tenslle at the rim has
become 86,000 P.S.1.; an incresse of 6000 P,5,1I. This
is due to the cumuletive effect of plastic flow at the
rim. The reduction of rim stress due to plastic flow
at rouom temperature for the second cyele is, of courss,
greater and the starting sbtress distribution for the
third engine eyele 1s, as o result, lerger than for the
second or first cycles,

In the third ¢ycle the same procedure takes
plece but in this case the change in the respective
stress dlstributions is less snd 1t eould be guessed

elastie
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that the fourth cycle stresses would be slmost identlecal
s thass of the thied,

411 stressss wore calouleted on the baslas of
the initlsl stress-strain dlagram of the meterlal
ecmitting eny strein herdening srising from previous
eyeles, Although it wes not assumed in this cese that
the strain was ceyelic the infeormation present at the
date of the investigetlion sugsested that under the
present disc temperatures, cyellic etrain would usualily
follew, as dld the ecyeile sbress,”

The procedure used in the plastie strees
calculations as spplied to the stress strain dlsgrams
for the material was only spproximate, snd while it
leads after a few eyeles to & condition of stress, the
ealeulated strain would not generslly be eyeliec even 1f
in prectice it proved to be so. This #mm: oceur due to
the errors introduced by the assumption that at heating
up, 81l the plastic strain ocours st an upper dlstyil.
bution of temperature and when stopping ell the plastle
streln ocours at the low tempersture, 4lso, anobher
most important difference from practlce arises from the
faet that the strain and temperature cyeles slter the
giress strain characteristics of the metel, This factor
has recently been the subject of wmuch investigatlon.

Until the effects of both plastie strain end
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operating temperstures in modifying the stress-strain
charscteristics of & material are lmown with falr
agouracy, some conventiomal use of stress-strain
disgrems in the initlal conditlon was found to be
neceossary. It was recommended at that time thet the
equivalent tensile plastic straln saleulsted for each
previous cycle be trested as vunmuletive in finding the
part of the stress-strain disgrem to be employed for
the eyele under consideration,® Thus there would be a
strain herdening offect represented by the sum of sll
eguivalent tensile plastisc stralns, for the eycles
preceeding the one under examinstion. Further, 1t wes
recommended thet only stralns for the same part of the
eyole be taken together, or in other words, the strain
seourring upon heating end cooling sre sssumed te be
quite independent snd affect only thelr respective
stress-strain dlagrems, No sllowsnoce, however, was
made for strain herdening in deriving the stress for
dlagrems (11b), (128) and (12b) whieh, as previously
noted, were based upon the Initisl stress strain
igroms unaffected by previous plastic strain,
Referring to disgrem {12s) it will be seen
that if ylelding cceours during the first eycle at the
isner part of t}sé dlsec, as it does with "Stayblade",
the lower stresses in the seceond and third cycles would
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not cause further plastic deformation and the imner
part of the dise would behave thersafter in an slastic
menner, This is becsuse the atress is less then the
new elsstic limit of the materisl bLrought sbout by the
previous yielding end provided for by the convention
recommended sbove, AU the ocuter part of the disc plaastic
strain ocours at each cycle unless it is suppressed by
pn inerease 1n the elsstic 1Lmit brought sbout by the
preceeding cyeles of temperature snd strsin., The rim
is subjected Yo sliternste compression asnd extension in
which compression oceurs largely at the higher vin
tenmperatures and extenslon at the lower temperatures,
An 1des of the order of tungentlsl strain to be acoommow
dated 1s afforded by noting the differential thermal
expansion of the rim inside the blade voot due to its
temperature in excess of the axis temperature. This
wes taken to be £50° ¢, for the "Stayblede" dise. The
differential expansion resulting wes 0089 inches per
ineh,® :

If 81l dise materials behave similerly to the
"stayblede" dise with the exzcention that they may
probebly have & higher elsstile limit, it eppears that
except for creep, which has not been discussed, virtuslly
slastic conditioms would be developed in sll dlses
500° ¢, et the

opereting with an upper temperaturs of
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inside of the blade roots. OCumuletive creep would, if
pregsent, exercise s disturbing effect and ez this
factor _wﬁxﬁ assume increasing lmportance st highey
temperatures 1t must not be lest to view,

If st the beglmning of s running perlod, that
is, sfter heatling end ylelding, the siress distribution
were shown by {12b) creep would supplement the
plastic strain produced Ly ylelding snd reduce the
tangential compressive stress st the rims The tangential
ereep strain would be clesrly compreasive since 1ike
plestic straln, its tyve would be determined by the
aslgebralc sign of twice the tangentisl stress minus the
radisl stress.® The redlel stress is tensile and
positive and the tangentlal stress 1z compressive and
negative, Thus both princlipsl stresses contribute
comprossive tengential strain, There would be pere
oupressive strain when the tangentlel stress is
tengile and equal to one half the radisl stress, If 1t
becames greater than ome helf the radial stress the
tangentiel creep streln would be positive and tensile,
The effect of the tenslle creep strain In this case
would be to roduce the tangentisl stress at the pim of
the dise. In both sases, oreep resulte in a reduction
in the stresses causing the creep and the genersl
behaviour at first spprosches creep relaxation conditioms,
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Cenerally unless vory high rim temperatures and redisl
Joading were used, oreop would slow up rapildly. If
plastic strain of the outer part of & dise occeurs when
the dise cools down, 1t would operste in the direction
of neutrellzing the preceeding creep as ls evident from
disgrem (12b),

In the “"Stayblade® dise problem examined, it
was concluded thet because of the slowing up of the
ereep rate, and action of plastic strain in cancelling
greep, the radlal loading and temmeraturs at the outer
part of the disc were not high enough to produce
‘excessive cresp. This is ldkely to be the positien,
generally, in pl1l well designed dlscs, because i the
blade fastenings ave adequate from & creep stendpoint
the conditions in the disc sdjecent would ususlly be
more sultable,




CORCLUSION

: The thermal stresses imposed on a rotating
dise by the action of temperature gradients may be
superimposed directly upon the prineipal centrifugal
stresses along with any residusl stresses that may
have existed previous to rotation. Positive and
nezative temperature gradients produce exactly opposite
thermal stress éistributi@ﬁs, each of which have their
own desirable or undesirable characteristics depending
wpon the slops and ssgaitude of the gradfents. In .
general t&erﬁai stresses due to siight gradients that
aprroach linearity are in most aprlications considered
beneficial while those aﬁﬁztﬁ excessive graéiéﬂta of
the "high power" type tend to produce hiph concentrsted
stresses dangerous to disc strencth, 7

Due to the nature of the use of the dises in

high temperature power plants, vositive taag&rﬁtwra
gradiﬁnts'ef excessive magnitude have beconme by far the
most important., The most severe comditions of peak
stress, plastie flowy, and creep, appear at the rinm
where the temperature is highest and where it has the
greatest range. Oiven the temperature distribution,
very little can be done by design to ease the working
conditions because thelr severity arises largely fronm

 the temperature distribution alone and changes in the
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dise profile, within moderate limits, has negligible
influence upon thermasl stress.

If the temperature distribution is evelie in
nature, as in most applieations it is, the disc rinm
may undergo plastic deformation by yvielding as s normal
experience, either for a limited number of cycles or,
under more severe conditions, throughout its life.

It is at the rim,; therefore, that the working
conditions differ so much from normal engineering
practice, and new information concerning dise material
properties and performence under these conditions are
necessary. Examination of the problem reveals 2 need
for more complete high temperature stress strsin characteristics
of disc materials, and extensive tests and studies of
the ability of disc materials to endure for an appropriate
life, the expected cyeles of plastic as well as elastie
stress and strain,
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